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The exact recursion relations are used to study the mixed half-integer spin-(3/2, 7/2) Blume-Capel Ising ferri-
magnetic system on the Bethe lattice. Ground-state phase diagrams are computed in the (D o/q|J|, Dg/q|J])
plane to reveal different possible ground states of the model. Using the thermal changes of the order-parameters,
interesting temperature dependent phase diagrams are constructed inthe (D 4 /|J|, kT /|J|), (D g /\J|, kT /|J|)
planes as well as in the (D/|J|, kT /|J|) plane where D = D 4 = Dp. It is revealed that the system exhibits
first- and second-order phase transitions and compensation temperatures for specific model parameter values.
Under the constraint of an external magnetic field, the model also produces multi-hysteresis behaviors as single,
double and triple hysteresis cycles. Particularly, the impacts of the ferrimagnetic coupling J on the remanent
magnetization and the coercitive fields for selected values of the other physical parameters of the system are
pointed out. Our numerical results are qualitatively consistent with those reported in the literature.

Key words: recursion relations, Blume-Capel ferrimagnetic system, ground-state, Bethe lattice, hysteresis
loops

1. Introduction

A significant technological and industrial revolution that humanity has experienced in recent decades
is due to the numerous experimental research [[1H4] and theoretical studies [SH8] carried out by researchers
in fundamental sciences. In condensed matter physics, most of these research has focused on studying
the thermodynamic and magnetic properties of various types of materials used in many applications
today [9H11]. Systems composed of mixed half-integer spins [5, [12H20] are of great importance in
condensed matter physics due to the various interesting magnetic properties they exhibit, including
critical behaviors, compensation properties, reentrance, and hysteresis. These properties are sought after
in these types of systems through various methods such as Monte Carlo simulation [12} |17, [19-21]],
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effective field theory [6l 122]], mean-field approximation [23]], renormalization group method [24], exact
recursion relations [25]] and so on.

The study of ferrimagnetics systems attracts an increasing attention due to their complex magnetic
properties, which are exploited in nanotechnology applications [26H28]], especially in data storage de-
vices [29H33]]. The case of the ferrimagnetic Blume—Capel model with mixed spin-(3/2, 7/2), which
has been the subject of several recent investigations, and has shown rich magnetic properties both in
the presence and absence of an external magnetic field. The magnetic behavior of this system has been
studied using the Monte Carlo simulation method [21} 23]]. The bilinear antiferromagnetic interactions
between nearest neighbors and ferromagnetic interactions between second neighbors were considered,
revealing the presence of multiple hysteresis loops, exchange bias phenomenon, compensations, and
magnetization discontinuities in the system. Other studies have been conducted on the same model
without considering the interactions between second neighbors. For instance, the ferrimagnetic complex
[Cr(CN)4(11-CN),Gd(H,0)4-(bpy)]s.4nH,0.1.5nbpy was examined using the mean-field approximation
with the Bogoliubov inequality [34], showing compensation behaviors at low temperatures. The effects
of an external magnetic field on the total magnetization of this complex were also investigated using
Monte Carlo simulations [20], revealing single, double, triple and quintuple loops for different values of
the crystal field strengths in the sublattices.

While it is true that the Blume—Capel model with mixed spin-(3/2, 7/2) on a square lattice, with
only ferrimagnetic interactions between nearest neighbors, has already been sufficiently studied, yielding
interesting results, it remains important to verify and expand upon these results using other calculation
methods. Additionally, the study of phase diagrams in the planes formed by temperature and two ionic
anisotropies, as well as the effect of ferrimagnetic coupling on coercive field and remanent, which are
addressed in this work using the exact recursion relation calculations, have not yet appeared in the
literature for our model.

This article is structured as follows: section 2] is devoted to the description of the model and to the
methodology used. Results are presented and discussed in detail in section [3] followed by the conclusion
in section

2. Model and formalism

In this work, we have considered the Blume—Capel model of ferrimagnetic Ising (J < 0) type with
mixed spins on the Bethe lattice consisting of a bipartite configuration of sublattices A and B of spins.
Each site of sublattice A is occupied by a spin-3/2 (spin-s) with four discrete values +3/2 and +1/2, and
site of sublattice B is occupied by a spin-7/2 (spin-o-) with eight discrete values +7/2, +5/2, +3/2, and
+1/2. The spins of the two sublattices alternate on the lattice, with a spin-s occupying the center. The
Hamiltonian describing this system may be written as follows:

H:—JZSl'O'j—DAZS?—DBZO']%—/’!(ZS,'+ZO']‘), 2.1
J J

<i,j> i i

where J represents the bilinear interaction parameter between spins of the two sublattices. D4 and D g
are the crystal fields acting on the sites of sublattices A and B, respectively, and /4 is the external magnetic
field uniformly applied to the lattice.

The approach based on exact recursion relations (ERRs) used in this work is elaborately described in
reference [25]. In this approach, the partition function is defined as follows:

zZ = Z e PH = ZP(SPC)

Conf Spc

> ewfslr s,.gj+DAng+DB;0-;+h(ZS,.+;g,.)]}, 22

{s, 0} <i,j> i i

where P(Spc) is considered to be an unnormalized probability distribution over spin configurations,
Spc = o, s, etc. The probability distribution of spin configurations relative to a central spin sg is
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expressed as follows:

q

P({so}) = exp [,B(DAs(z) +hso) | 1—1 Q,,(solcrl(k)). (2.3)

k=1

The function Q,, in equation (2.3) accounts for the interactions between the central spin and the ¢ nearest
neighbor spins o-lk, forming the k-th generation of spins, and is calculated as follows:

Qn(s0|0'1(k)) =exp [,B(JS()O'l(k) + DB(O'I(k))2 + ho-l(k))] ﬁ On-1 (O'l(k)|S§l)), (2.4)
I=1
with
Qn-1 (e P15) = exp [B(I5 o1 + Da(s3P) + hsi)] ﬂ Qn-a(s]ori™) (2.5)
andp=qg—1.
Let us now introduce the partition function per branch of the sublattice A as follows:
gn({s0}) = D" Qulsol{on}). (2.6)
{o1}

By using equation (2.4), equation (2.6) explicitly becomes:

gn(s0) = ZGXP [B(Jsoot + Dot + hay)|g7_ (o).

g

Taking into account the different values of o (+7/2, +5/2, +3/2,4+1/2), the partial partition function
gn(80) explicitly becomes:

exp [B(7Js0/2+49Dg/4+Th/2)|g" (7/2)
exp [B(5s0J/2+25Dp/4+5h/2)|g"_(5/2)
exp [B(3Js0/2+9Dp/4+3h/2)]|g"_(3/2)

9n(S0) [B(
[5(
5(
[B(Jso/2+ Dg/4+h/2)]g" (1/2)
[B(-
[5(-
[5(-
[5(-

+ + 4+

exp
B(—7Js0/2+49Dg/4+Th/2)|g" (7/2)
exp [B(—5s0J/2+25Dg/4+5h/2)| 4" (5/2)
exp [B(—37s0/2+9Dp/4+3h/2)|g"_(3/2)
exp [B(—Jso/2+ Dp/4+h/2)]g"  (1/2). 2.7)

= exp

+ + 4+

For each of the four values of 5o (£3/2,+£1/2), we can calculate a partial partition function. Thus, for
N 13/2

gn(£3/2) = exp [B(£21J/4+49Dg/4+7h/2)|4" (7/2)
+ exp [B(£157/4+25Dg/4+5h/2)|4" (5/2)
+ exp [B(£97/4+9Dg/4+3h/2)|g"_(3/2)
+ exp [B(£3J/4+Dp/4+h/2)]4" (1/2)
+ exp [B(F21J/4+49Dg/4—Th/2)]|g"  (-7/2)
+ exp [B(F 157/4+25Dg/4 - 5h/2)|g" | (-5/2)
+ exp [B(F9J/4+9Dg/4-3h/2)]4" (-3/2)
+ exp [B(F3J/4+Dp/4—h/2)|g"  (-1/2). (2.8)

43601-3



M. Kake et al.

for s¢ =

+1/2

gn(£1/2)

+ 4+ + + 4+ + o+

exp [B(£7J/4+49Dp/4+Th/2)|g"_(7/2)
exp [B(+5J/4+25Dp/4+5h/2)|g"_(5/2)
exp [B(£3J/4+9Dp/4+3h/2)]|g"_(3/2)
exp [B(£J/4+Dp/4+h/2)|g" (1/2)

exp [B(F7J/4+49Dp/4-Th/2)|g"_ (-7/2)
exp [B(F5J/4+25Dp/4-5h/2)]g" [ (-5/2)
exp [B(F3J/4+9Dp/4-31/2)|g" [ (-3/2)
exp [B(FJ/4+Dp/4-h/2)]|g"_ (-1/2).

(2.9)

By analogy to (2.6), one can introduce the partition function per branch of the sublattice B as follows:

gn-1(01) = Z exp [B(Js201 + Dasy + hs2) | g7, (s2).

52

By summing over the four (04) values of s;, one can explicitly get

In—-1(01)

Then, it follows that:

and

In-1 (i7/2)

gn-1(£5/2)

In-1(£3/2)

gn-1(£1/2)

+ + 4+

exp [B(3J01/2+9Da/4+30/2)]g" ,(3/2)

B(Jo1/2+Da/4+h/2)]|g" ,(1/2)

[(
exp [B(—3J01/2+9Da/4 - 3h/2)| 4" ,(=3/2)
[5(

exp [B(—Jo1/2+ Da/4—1h/2)]g" ,(-1/2).

+ o+ o+ + o+ o+

+ + o+

exp [B(£21J/4+9D4/4+3h/2)]|g" ,(3/2)
exp [B(£7J/4+Da/4+1/2)]g" ,(1/2)
exp [B(F21J/4+9D /4 -31h/2)]g" ,(-3/2)
exp [B(F7J/4+Da/4-h/2)]|g" ,(-1/2),

exp [B(£157/4+9D4/4+3h/2)]|g" ,(3/2)
exp [B(£57/4+Da/4+h/2)|g" ,(1/2)

exp [B(F157/4+9D /4 - 31h/2)]g" ,(-3/2)
exp [B(F5J/4+Daf4-h/2)]|g" ,(-1/2),
exp [B(£9J/4+9Da/4+31/2)]g" ,(3/2)
exp [B(£3J/4+Da/4+0/2)|g" ,(1/2)
exp [B(F9J/4+9Da/4-3h/2)|4" ,(=3/2)
exp [B(F37/4+Da/4—1/2)|g" ,(~1/2),
exp [B(£3J/4+9Da/4+3h/2)]g" ,(3/2)
exp [B(£J/4+Da/4+h/2)]g" ,(1/2)

exp [B(F3J/4+9Da/4-3h/2)|4" ,(-3/2)
exp [B(FJ/4+Da/4—h/2)]g" ,(-1/2).

(2.10)

@2.11)

2.12)

2.13)

(2.14)
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By utilizing equations (2.8)—(2.9) and then equations (2.11)—(2.14)), one can compute the exact recursion
relations, defined, on the one hand, as the ratio of the functions g,, for spin-3/2

9n(3/2) _ 9n(1/2) _ 9n(=3/2)

Xi=—F, Xo=—"—F—, X3=——=, (2.15)
gn(=1/2) gn(=1/2) 9n(=1/2)
and, on the other hand, as the ratio of the functions g,,—| for spin-7/2
- 2 _ 2 - 2
y, = 1(7/2) e 1(5/2) oy I 1(3/2) ’ (2.16)
gn-1(=1/2) In-1(=1/2) gn-1(=1/2)

gn-1(1/2) Ys = In-1(=7/2) Yo = gn-1(=5/2) Y, = gn-1(=3/2)

gn-1(=1/2)’ gn-1(=1/2) gn-1(=1/2) In-1(=1/2)

The pursued objective is to obtain the order parameters in terms of these relations in equations (2.13))
and (2.16)). Thus, the magnetization of sublattice A, being considered as the central spin, is given by

Ma=2"">"soP({s0}) = 27" )" soexp [B(Dasg + hso) ] gt (s0) (2.17)

{s0} S0

Yy =

and is derived in terms of exact recursion relations as follows:

M, = [36,8(9DA/4+3h/2)Xf1 + eﬁ(DA/4+h/2)X2q
3eﬁ(9DA/4—3h/2)X3q _ e,B(DA/4—h/2)]/[2(6,8(9DA/4+3h/2)X;1
+ DA X4 | PODAA3ND x4 | B(Da4=h/2))] (2.18)
Similarly, the magnetization of sublattice B is explicitly calculated as follows:

+ eﬁ(Dg/4+h/2)y4 _ 7eﬁ(49D3/4—7h/2)Y5q _ Seﬁ(25D3/4—5h/2)Y6q

_ 3eﬁ(9DB/4—3h/2)Y7q _ eﬁ(D3/4—h/2)]/[2(6,8(49DB/4+7h/2)Y1q

4+ oBAIDE/4-Th[2) qu + eﬁ(25D3/4—5h/2)Yg + 65(903/4—3;1/2)1/74 + eﬁ(DB/4_h/2)):|. (2.19)
With the expressions of magnetizations established, one can readily determine the equations for the

critical temperatures. It is worth noting that a second-order transition occurs when magnetizations vanish
continuously, while a first-order transition is characterized by a discontinuity in the nullification of the

magnetizations.
At the critical temperatures, the following relations must be satisfied as follows:
My = 3ePePald[x7 — X1 + PLAXT — 1] =0 (2.20)
and
Mp = TePPPrlyd _yd] 4 5e2PDuldyl _yd)
+ 3Dyl _yd] 4 PeLBlAyd — 1] =0. (2.21)

The conditions (2.20)) and (2.21)) are satisfied when X; = X3 and X, = 1, while Y| = Y5, V2 = Y5, Y3 = 15
and Y, = 1.
Explicitly, we have

Xy =X; = [e*PeDPr/4cosh(21B8.J/4)YP + e¥PePE/* cosh(158.J /4)Y)
+e%PeDEl% cosh(9B.J [4)YY ePePEl* cosh(3B.7/4) ]
X [e*PPE/* cosh (78T [4)YT + e*PePr/4 cosh(58. /4)YY
+6%8<D/4 cosh (3B, [4)YY + PP/ cosh(B.T /4)] ', (2.22)
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Yi=Ys = [e9BCDA/4 cosh(218:.J/4) XV + ePeDal4 cosh(7B:7/4)]
X [e%5ePAl% cosh(3B.J [4)XP + PPt cosh(B.T 14)] 7, (2.23)
Ya=Ys = [e%PPaltcosh(158.0/4)XT + PP cosh(58.7/4)]
X [%PPal cosh(3B.0 [4)XP +ePPal* cosh(B./4)] ', (2.24)
and
;=Y = [eg'BcDA/4 cosh(9B.J/4) X[ + ePeDal4 cosh(3B.7/4)]
X [Pl cosh(3B.J [4) XD + PPl cosh(B.J [4)] . (2.25)

In order to elucidate the compensation behavior in the model, we introduce the total magnetization
expressed as follows:

1
Mrp = E(MA'*'MB)- (226)

For this purpose, we recall that the compensation temperature, denoted as Teomp, is the temperature at
which the total magnetization of the system vanishes before the transition. It is also the temperature at
which the absolute values of the sublattice magnetizations are equal, i.e., at Tcomp

MT(Tcomp) =0 and |MA(Tcomp)| = |MB(Tcomp)| #0. (2.27)

3. Discussions of the numerical findings

3.1. Ground states phase diagram

In order to determine the existence domains of the various ground states of our system, we have
constructed the phase diagram in the (D 4/q|J|, Dg/¢|J|) plane in the absence of magnetic field (& = 0).
These ground states correspond to the states of minimum energy and are obtained by comparing the values
of the internal energy Hy per site for different spin configurations. This energy Hy can be expressed as
follows:

H()=Si0'j—L(DAS%+DBO'2). (31)
qlJ| !

Taking into account the ferrimagnetic interaction (J < 0) and the possible values for the spins of type-s

and type-o-, we find eight spin configurations; namely (%, —%), (%, —%), (%, —%), (%, —%), (%, —%), (%,

=3). (3, -3), and (3, -3).

The comparison of energies for these different spin configurations has led to the ground state phase
diagram constructed in the (D 4/q|J|, Dp/q|J|) plane for all values of the coordination number ¢ in
figure[I] In this figure, one can observe the existence of multiple phases lines as well as the multicritical
points; namely A (— ‘7—1, —11—2), B (- %, —%), C(-1, —‘7—1), D (- %, —%) andE (- ‘1—‘, —%), where at least
three phases coexist. This initial result is in excellent agreement with the one reported in reference [34]
where the ground state phase diagram of the same model is constructed in the same plane but for g = 4.

3.2. Thermal and compensation behaviors

The previous section devoted to the construction of the ground states phase diagram allowed us to
identify the various ground states exhibited by our system, as well as their range of existence. These will
be utilized in the current section to verify the saturation values of the magnetizations M4 and Mp of
the two sublattices of the system. The magnetization curves plotted here, obtained through numerical
resolution of equations (2.20)—(2.21)), have been the subject to the analysis for various values of D 4/|J|

43601-6
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0.25 T T T T
(1/2; -7/2)
ok (3/2;-7/2) ]
=2 (12;-512)
B
(1/2; -3/2)
. -0.25 o
%_ \ (3/2; -5/2)
" D
(=)
0.5+ E
(1/2; -1/2) (3/2; -3/2)
-0.75F E
(3/2; -1/2)
_1 1 1 1 1
-3 -2 -1 0 1 2
D,/qlJ|

Figure 1. Ground states phase diagram of the model in the (D 4/g|J|, Dp/q|J|) plane. Here, g denotes
the coordination number.

and Dp/|J| in the absence of the magnetic field (#/|J| = 0). The initial thermal variations of the
magnetizations analyzed are illustrated in figure 2| for D 4/|J| = 4.0 and selected values of Dg/|J| as
indicated in the figure. As can be observed, My starts from its saturation value of % for all values of
Dg/|J|, while Mg exhibits at T = 0 seven saturation values: —%, -1, —%, -2, —%, -3, and —% respectively
for Dg/|J| = =3.5,-3.0,-1.95,-1.5,-1.2,—1.0, and —0.50. Note that for each value of Dg/|J|, the
magnetization value M, decreases, while Mp increases with temperature and both eventually vanish

continuously at a common critical temperature 7., which increases with the increase of Dg/|J|.

' D,/||= 4.0
M, A

[

D,/J|=-3.5

0 5 10
KT/|J|

Figure 2. Thermal behaviors of the sublattice magnetizations M4 and Mp for D o/|J| = 4.0, ¢ = 4 and
given values of D g/|J| as indicated on the curves.

When D 4/|J| = —6.0 (see figure 3), we can clearly observe in panel a, i.e., for Dg/|J| < —0.52,
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the magnetizations curves exhibit thermal behaviors similar to those observed previously, with the only
difference that the magnetization M4 starts from its saturation value of % for all values of Dg/|J|. For
-0.52 < Dg/|J| < —0.45 (figure[3p), the system also exhibits first-order phase transition. Indeed, within
this range of Dg/|J|, there has been a first-order transition between the phases: (%, —%) and (%, —%);
(3.-2) and (3,-1); (3,-3) and (3, -1), where the first-order temperature denoted as 7; decreases as

2)>\2-72 2
D g/|J] increases. For values of Dg/|J| > —0.45 (figure ), the model only shows second-order phase
transition where only the phase (3, —1) persists.
1 2 2
“ S
T

-1 -1.0

KT/|J| KT/|J| KT/|J|

Figure 3. Thermal behaviors of the sublattice magnetizations M4 and Mp for D o/|J| = —6, ¢ = 4 and
selected values of Dpg/|J| as indicated on the curves. Here, the model exhibits second- and first-order
phase transition temperatures.

In figure 4] where the thermal behaviors of the magnetizations are still being analyzed, for Dg/|J| =
0.25, the magnetization of sublattice A exhibits three saturation values: %, 1, and %, respectively, for
D4/|J| = -8.0,-7.0, and 4.0, while Mg = —% at T = O for these same parameters. These various results
found in figures 2] [3] and [] are in perfect agreement with the ground states phase diagram and reveal
the key critical behaviors of the model for specific values of the system parameters. These behaviors are
qualitatively similar to those reported in reference [35], where another model of mixed half-integer spins

is studied.

M D/lJ|=0.25

10

KT/|J|

Figure 4. Thermal behaviors of the sublattice magnetizations M 4 and Mg for Dp/|J| = 0.25, ¢ = 4 and
selected values of D 4/|J| as indicated on the curves.
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Dy/JI=-2.0 ' '
D,/lJ|=-0.25
= 0 :
-0.001
-0.002 }
-0.003
-0.004 -
0 1 2 3 4
KT/|J|
Figure 5. Thermal behaviors of the total magnetization My for Dg/|J| = =2, ¢ = 4 and selected values

of D 4/|J| as indicated on the curves. The model shows only one compensation temperature for specific
values of the model parameters.

In order to clarify the existence of compensation behavior in the system, we have examined the
thermal variations of the total magnetization M. As shown in figure [5| calculated for Dg/|J| = -2.0
and —1.5 < D4/|J] < 0, the thermal behaviors of the total magnetization reveal the presence of the
compensation phenomenon in the system, since the curves of the total magnetization nullify once before
the phase transition.

Furthermore, all these curves almost pass through the same compensation point. We can thus conclude
that the compensation behavior is not affected by the increase in the value of D 4/|J|, while the critical
temperature 7, increases with the increase of D 4/|J|. This latter result is in complete agreement with
the one found in reference [34]], with the difference that the critical temperatures are lower than those
reported in the cited reference, as expected.

15

KT/|J|

0 T t = |

-4 -3 2 -1 0
D/|J|

Figure 6. Finite temperature phase diagrams in the (D/|J|, kT, /|J|) plane for ¢ = 3,4, 5 and 6. The solid
and dashed lines refer to the second- and first-order phase transition lines, respectively.
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3.3. Phase diagrams

In this section, we present the phase diagrams obtained from the analysis of the thermal variations of
the magnetizations M 4, Mp, and My. Thus, we present the phase diagrams in the (D /|J|, kT /|J|) plane,
in the (D 4/|J|, kT /|J|) plane as well as in the (Dpg/|J|, kT /|J]) plane. In these diagrams of interest, the
solid and dashed lines represent the second-order and first-order transition lines, respectively. In addition,
the compensation lines are indicated by dotted-dashed lines.

The first phase diagram, as shown in figure [6] is displayed in the (D/|J|, kT/|J|) plane for the
given values of the coordination number g. The second-order transition lines separating the ordered
ferrimagnetic phase from the disordered paramagnetic phase start at low temperatures for all ¢ and are
nearly horizontal for large negative values of D/|J| until near D/|J| = —%. After this specific value
of D/|J|, these transition lines increase with the increase of D/|J|, and as this latter tends towards
infinity, they once again become nearly horizontal. As for the first-order transition lines, they start around
D/|J| = —% and at high temperatures near the corresponding second-order transition line, then gradually
decrease until they disappear as D /|J| increases. It should also be noted that each of these transition lines,

for each value of ¢, separates the ferrimagnetic phase (%, —%) from the ferrimagnetic phases (3,—3) or

(3,-2) or (3,-3) or (4,-3) oreven (1, -2) depending on whether D/|J| tends towards large positive

values. It is important to mention that the found results in this figure show a certain resemblance with
those of references [25, 135]].

The next phase diagram is calculated, as shown in figure[7(a-b), in the (D 4/|J|, kT /|J|) plane with
varying values of Dg/|J|. For Dg/|J| < —0.25 (figure[7p), the critical lines exhibit similar behaviors to
those of the previous figure. On the other hand, when Dg/|J| > —0.25, i.e., in figure , these critical
lines start at high temperature and increase exponentially as D 4/|J| approaches infinity. It is also worth
noting that the critical temperature increases with a simultaneous increase of D 4/|J| and Dg/|J]|.

8F 15
6 L
r)
B 4
2t D /|J|=-5.0 |
, . . (a) (b)
0 . . .
-8 -4 0 4 8 0—8 -4 0 4 8
D,/ D,/|J|

Figure 7. Finite temperature phase diagrams in the (D 4/|J|, kT /|J|) plane for ¢ = 4 and given values of
D p/|J| as indicated on the transition lines.

The last phase diagram depicted in figure [§]of this manuscript is constructed in the (Dg/|J|, kT /|J|)
plane with variation of the D 4/|J| values in each case. As shown in figure[8h, for D 4/|J| < 0, the critical
lines exhibit similarity to those in figure [7p, with the only difference that the critical temperatures are
higher here. As observed in the inset of figure[8p, for all values of D o /|J| (D 4/|J| > 0), all compensation
lines originate from the specific value Dp/|J| = —2.0 and at zero temperature, and then increase with
the increase of Dg/|J| to terminate near the corresponding critical line. However, the critical behavior
remains the same as in the previous cases.

3.4. Hysteresis properties

In this section, we have presented the various results obtained concerning the hysteresis behavior
of the system. For this purpose, we have analyzed the influence of parameters such as temperature,
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anisotropies, and the ferrimagnetic coupling parameter on this hysteresis behavior.

2 15 o)

D,/WI=-5.0

Dg/|J| N]

Figure 8. Finite temperature phase diagrams in the (D g/|J|, kT /|J|) and (Dg/|J|, kTcomp/|J/]) planes
combined for ¢ = 4 and given values of D 4/|J| as indicated on the transition lines. Here, the solid and
dotted-dashed lines refer to the second-order phase transition and compensation lines, respectively.

3 KT/|J|=0.25 3 KT/|J|=1.0

20 10 0 10 20 20 -10 0 10 20

3 3
KT/|J|=1.6 KT/|J|=1.8

) N I |
5771510 5 0 5 10 15

-15-10 -5 0 5 10 1

3 — —
KT/|J|=4.5 KT/|J|=5.0

. I I )
5 10 15 -15-10 -5 0 5 10 15
h/|J]|

(e)

3 .
-15 -10 -5 0O
hi|J|

Figure 9. Hysteresis properties of the model for D 4 /|J| = 0, Dp/|J| = —1.5 and given values of the
temperature as shown in the figure.
Initially, we investigated the influence of temperature on the hysteresis behavior in the system with
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the fixed value of a crystal field acting on the sites of one sublattice, while the second one was considered
to be zero. Figure [9] obtained for D4/|J| = 0 and Dg/|J| = —1.5 reveals the existence of a multi-
hysteresis behavior in the system. Indeed, the number of hysteresis loops changes from three to one before
disappearing as the temperature increases. As depicted in this figure, when k7'/|J| < 1.8 (figure[Pp—c), the
system exhibits three hysteresis loops, including a central loop connected to two lateral loops that gradually
vanish as the temperature rises. In figure[9[d-e), i.e., for 1.8 < kT/|J| < 4.5, only one hysteresis loop is
observed, which already disappears when kT'/|J| = 5.0 (figure[9f), this latter temperature being higher
than the critical temperature (k7. /|J| = 4.9099) at which the system transforms into its paramagnetic
phase for these same parameter values.

In figure[10] depicted for D o/|J| = 1.0 and D g/|J| = 0, the observed hysteresis behaviors are similar
to those analyzed in the previous figure, with the only difference being that they appear in different
temperature ranges. Indeed, the multi-hysteresis behavior emerges for k7/|J| < 1.0 (figure [I0p). The
sole loop, with decreasing size and width, is observed for 1.0 < kT/|J| < 8.0. At kT/|J| = 8.5, the
hysteresis behavior disappears for the same reason mentioned in figure [Of.

3 KT/J|=0.25 ' 3 KT/|J|=1.0

20 -10 0 10 20 20 -10 0 10 20

KT/|J|=8.0

KT/|J|=5.0

, , . (9@ , , . (d)
20 -10 0 10 20 -20 -10 0 10 20
h/|J| h/|J|

KT/|J|=8.5

, , G
20 -10 0 10 20
h/|J|

Figure 10. Hysteresis properties of the model for D 4/|J| = 1.0, Dg/|J| = 0 and given values of the
temperature as shown in the figure.
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Figure |11 exhibits hysteresis behaviors for the fixed temperature value (k7'/|J| = 0.5) and the given
values of the crystal field chosen uniformly for the sublattices, i.e., Da/|J| = Dg/|J| = D/|J|. As can
be observed in this figure, the uniform crystal field has an impact on the hysteresis behavior in our
system. Indeed, when D/|J| < —1.9, no hysteresis loop appeared, while for —1.9 < D/|J| < —1.25 and
D/|J| = —1.25, respectively, three and one loop are observed with widths and sizes that remain constant
when D/|J| > 0. Thus, the coercive field and the remanent magnetization are not affected by the increase
in the positive uniform crystal field.

D,/lJ|= Dy/|J|=-4.0 D,/N|= Dy/l|=-1.9

0

LD,/l|= Dy/|d|=-1.3 'D,/l|= Dy/|d|=-1.25

-1 , , @] -1 : (d);
-10 -5 0 5 10 -10 -5 0 5 10
D,/lJI= Dy/|J|=0.0 ' D,/|J|= Dy/|J|=6.0
1 1t
h
= 0Of 0
-1 1 -1
, . ) ) . R U)
-10 -5 0 5 10 -10 -5 0 5 10
h/|J| h/|J|

Figure 11. Hysteresis properties of the model for k7'/|J| = 0.5 and selected values of D 5 /|J| = Dg/|J|
as shown in the figure.

Finally, we also investigated the influence of the ferrimagnetic interaction J on the same behavior in
the system. As depicted in figure[T2] which illustrates the total magnetization as a function of the external
magnetic field 4, the multi-hysteresis behavior is indeed exhibited in the system for other parameters, i.e.,
for D4/|J| =0, Dg/|J| = —1.5 and kT /|J| = 0.5. For J < —1.0 (figure[I2p-b), only a single hysteresis
cycle is observed. The case where three hysteresis loops appear, i.e., for —1.0 < J < —0.75 (figure[12k),
is extensively discussed in the previous figures. As the value of the ferrimagnetic interaction increases,
the width and size of the central loop observed in figure [I2k shrink, and it disappears, leaving only the
two lateral loops, as evident for J = —0.75 (figure [[2d). These two lateral loops, under the influence of
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the increased magnetic interaction, vanish, and a single central cycle reemerges when —0.5 < J < —0.25,
only to disappear again for values of J > —0.25. This final result has allowed us to clearly observe that
the interaction coupling has an impact on the size and width of the hysteresis loops.Thus, there is a
dependence between the interaction coupling and the coercitive field 4. on one hand, and the remanent
magnetization Mg on the other hand; the coercitive field /4. and the remanent magnetization Mg being
two important characteristics to comprehend the magnetic behavior of materials.

J=2.0

J=-4.0

-20  -10 0 10 20 -20  -10 0 10 20

J=-05 ' ' J=-0.25

3 . @

-10 -5 0 5 10 -10 -5 0 5 10
h/|J| h/|J|

Figure 12. Impacts of the ferrimagnetic coupling J on the hysteresis loops of the model for D 4/|J| = 0,
Dpg/|J| =-1.5and kT/|J| = 0.5.

In figure [I3] we depict the dependence between the ferrimagnetic interaction coupling J and the
coercive field 4. and remanent magnetization (Mg). In figure , when J < —0.75, the coercive field
gradually decreases and becomes zero at J = —0.75. For —0.75 < J < —0.5, the coercive field changes
direction, i.e., it increases progressively and reaches a maximum value (he¢max = 1.35) at J = —0.50.
Beyond this last value of J, the coercive field gradually decreases to become zero definitively starting
from J = —0.25. From figure[I3p, it is evident that Mg = 1.0 indicating that the ferrimagnetic interaction
coupling does not affect the remanence when J < —1.75. Beyond this value of J, the remanence exhibits
a behavior similar to that of the coercive field observed in figure[I3p. These results illustrated in figure[I3)]
are valuable for making appropriate parameter choices depending on whether one intends to use this type
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of material as a soft material (low coercivity) which finds applications in the design of transformers,
inductors, electromagnet cores, and other electromagnetic components, or as a hard material (high
coercivity) used in various applications, including speakers, electric motors, hard disks, etc. This last
result aligns perfectly with the ones reported in reference [[20].

(@ 1 ' ' ' ' "~ (b)]
MR
0.5}
0 0
3 025 2 -15 -1 05 O 3 025 2 -15 -1 05 O
J J

Figure 13. Impacts of the ferrimagnetic coupling J on the coercitive field and remanent magnetization of
the model for D 4/|J| =0, Dg/|J| = —1.5 and kT /|J| = 0.5.

4. Conclusion

In this paper, we have investigated the critical, compensation, and hysteresis behaviors of a mixed
spin-3/2 and 7/2 ferrimagnetic Ising system on the Bethe lattice using the method based on exact
recursion relations. Through the thermal variations of magnetizations and phase diagrams in multiple
planes, we have demonstrated that the studied system exhibits first- and second-order transition as well
as compensation behaviors. Furthermore, we have discovered that the system, under the influence of
an external magnetic field, exhibits one, two, or three hysteresis loops, the size and width of which
depend on the system parameters. It is thus evident that the system displays a multi-hysteresis properties.
Comparing our results with those existing in the literature especially to those reported in references [34]
where the same model is investigated for ¢ = 4 corresponding to the square lattice by means of mean field
approximation, our results are not only in perfect agreement with their results but also more interesting.

It is worth noting that the compensation and multi-hysteresis properties exhibited by this study offer
opportunities for designing materials and devices with specific magnetic characteristics, suitable for a
variety of technological applications. A thorough understanding of these properties enables us to optimize
the performance of magnetic materials and expand the possibilities in fields such as data storage and
magnetic sensors. As our future work, we plan to investigate in detail the effects of the interaction coupling
between second neighboring atoms on the magnetic properties revealed by the present study by using not
only the recursion relations technique but also the Monte Carlo simulations technique which is known as
one of the most reliable methods for studying complex systems.
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AocnipKeHHs KPUTUYHOI, KOMMNEHCaLinHOI Ta ricTepesncHoi
noBeAiHKn y ¢pepomarHiTHiA moaeni baroma-Kanens i3
HaniBLinum cniHom-(3/2, 7/2): TOYHi peKypCUBHi
CniBBiAHOLUEHHSA

M. Kake, C. 1. B. XonTiHdiHaeZZ M. Kapimy™E p. xyery® E. An6aiipar®,
P. A. A. Eccydy™ A, Knagony™

L IHCTUTYT pi3nko-maTeMaTUUHNX Hayk, [laHr6o, beHiH

2 BuLuia HauioHanbHa TEXHOONIYHA LLKOAA MaTeMATUYHOIO MoAentoBaHHA A6omeli, beHiH
3 diznuHMiA dakynbTeT yHiBepcuTeTy Abomeir-Kanasi, beHiH

4 JlabopaTopis TeXHIYHNX HayK i NPMKNaZHOT MaTeMaThKu

5 BuLya HauioHanbHa LWKOAa eHepreTnkmy Ta TeXHIYHUX Hayk, Abomeli, beHiH

6 diznunnii dakynbTeT yHiBepcmTeTy Epgpkiec, 38039, Kalicepi, TypeuuunHa

7 JNlabopatopis npuknagHoi ¢isnkm, Abomeir, beHiH

TouHi pekypcuBHi CniBBiAHOLLIEHHS 3aCTOCOBAHO A/ AOCNiAKeHHS depumarHiTHoi cuctemn baroma-Kanena
I3iHra 3i 3milaHyM HaniBLiMM cniHOM-(3/2, 7/2) Ha rpaTui beTe. Ana BUABNEHHSA PI3HUX MOXIUBUX OCHOBHUX
cTaHiB Mogeni, B nnowwuHi (D 4/qlJ|, Dp/q|J|) oTpmaHo da3osi giarpamy 0CHOBHOTO CTaHy. Bukopucrtosy-
UM TeMNepaTypHyY 3aNeXHiCTb MapameTpiB NopsAKy, NobyaoBaHO AOCUTL LikaBi ¢pa3oBi giarpamu y naoLmMHax
(D /), kT /\ ), (DB/|J|, ,kT/|J|) 1a (D/|J|, kT/|J|), 88 D = D4 = D p. BusiBneHo, wo s nes-
HUX 3HaYeHb NapameTpiB MoAeni B cucTeMi MatoTb MicLe Ga3oBi nepexoAn NepLUOro Ta Apyroro pogy, a Takox
iCHYIOTb TOYKM KOMMeHcaLii. [py NeBHMX yMOBAaX Ha 3HAY€HHS 30BHILLHLOrO MarHiTHOro Mons MojeNb Takox
Ma€ baraTo-rictepesviCHy MoBegiHKY 3 HasBHICTIO OAMHAPHOrO, MOABIIHOrO Ta MOTPIiHOro LMKAiB. Jlocnifxe-
HO BMMB $pepuMarHiTHoro 3e'a3ky J Ha 3aMLLKOBY HaMarHiYeHiCTb i KOEPUUTWNBHI MO 415 NEBHUX 3HaYeHb
di3nyHMX napameTpiB cuctemn. OTpMMaHi YNCIOBI pe3ynbTaTh SKICHO Y3roAXyTbCs 3 4aHUMU, BiJOMUMU 3
HayKoBOI /liTepaTypu.

KnrouoBi cnoBa: pekypcuBHi cniBBigHOLLEHHS, pepuMarHitTHa cuctema baoma-Kanens, ocHOBHWIA CTaH,
rpatka bere, netni ricrepesucy
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