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We investigate a two-dimensional nonlinear oscillator with a position-dependent effective mass in the frame-
work of nonrelativistic quantum mechanics. Using the Nikiforov-Uvarov method, we obtain exact analytical ex-
pressions for the energy spectrum and wave functions. Based on the canonical partition function, we derive
key thermodynamic quantities, including internal energy, specific heat, free energy, and entropy. Our results
show that, unlike the one-dimensional case, where the specific heat is unaffected by the nonlinearity param-
eter 𝑘 , the two-dimensional system exhibits a strong 𝑘−dependence. At high temperatures, the specific heat
becomes temperature-independent for fixed values of 𝑘 , in line with the Dulong–Petit law. However, these be-
haviors occur only for negative values of 𝑘 . These findings highlight the impact of effective mass nonlinearity
on macroscopic thermodynamic quantities and suggest that tuning the parameter 𝑘 could serve as an effective
strategy for enhancing the performance of quantum devices, including thermal machines and optoelectronic
components.
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1. Introduction

In quantum mechanics, nonlinear systems are obtained by studying quantum problems modeled by
a quantum oscillator on three-dimensional spherical and hyperbolic spaces[1–4] or in curved space in
general. Others are considered as variable mass systems with enormous interests due to their various
applications in different fields of physics such as semiconductor fabrication [5], quantum liquids [6],
helium clusters [7], the study of electronic properties of inhomogeneous crystals. In fact, some particles
such as free electrons can have a different mass than the electrons that evolve in crystals. This mass
varies according to the position occupied by the electron in the crystal and its sign depends on that
of the nonlinearity parameter. This nonlinearity parameter can be positive or negative [8–10]. From a
geometric point of view, the study of variable mass systems in two dimensions proves that they are not
only integral but super-integral. This implies mathematical difficulties because of the kinetic energy term
comprising a position-dependent mass [5, 11–14]. In [12], it is shown that a nonlinear system has periodic
solutions whose frequency depends on the amplitude. It has also been proven that there is a conjugation
relation between this nonlinear system and the linear harmonic oscillator on spaces of constant curvature,
the two-dimensional sphere S2 and the hyperbolic plane H2. In [15], it is shown that variable mass
systems treated in one dimension exhibit the form invariance [16] and realize finite-dimensional Lie
algebras such as the Heisenberg–Weyl algebra, 𝑠𝑢(1, 1) and 𝑠𝑢(2). Other studies have been carried out
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on effective mass systems such as the supersymmetric approach to coherent states in the sense of Barut
and Girardelo [17], the approach using transport and dispersion properties of heterojunctions [18] and
the Schrödinger factorization method approach [11, 15, 17, 19–21].

Indeed, it is important to determine the thermodynamic properties of a harmonic oscillator with
effective mass because of its uses in statistical thermodynamics, quantum mechanics, and solid-state
physics. These properties allow us to model physical systems such as phonons in a crystal lattice or
electrons in a semiconductor. In such a lattice, the vibration of atoms around their equilibrium position
effects the heat capacity of the material. The knowledge of the thermodynamic properties of a harmonic
oscillator with position-dependent mass helps optimize optoelectronic devices where the thermal response
of electrons impacts the behavior of lasers, diodes, and transistors. Motivated by these applications, we
decided to study the thermodynamic properties of a harmonic oscillator with variable mass using the
Nikiforov-Uvarov method. This method is very useful in solving the Schrödinger equation for variable-
mass systems. Recently, in [22], the method is used to study the Schrödinger equation with a general
ambiguity, a position dependent mass Morse potential. More recently, in [23], this method is used to
search for the exact one-dimensional solutions of the position dependent mass Schrödinger equation
with pseudoharmonic oscillator and its thermal properties thermodynamic properties. However, the
two-dimensional of the thermodynamic properties of variable mass systems has not been done.

In this work, we proposed to study the two-dimensional quantum model of a variable mass system
using the well-known techniques of the Nikiforov-Uvarov method [24–27]. We analytically determine
the wave function and the energy spectrum of the system. Then, we evaluate the partition function from
which we study the behavior of the thermodynamic properties of the system. Our study reveals that the
effect of the nonlinearity parameter on the thermodynamic properties is considerable. It has been shown
that in one dimension [17] the specific heat does not depend on the nonlinearity parameter but in our work
in two dimensions we find that the specific heat is effected by the nonlinearity parameter 𝑘 and remains
insensitive at high temperature. This result is also considerable since the specific heat is a function of the
structure of a substance.

The work is organized as follows: in section 2, we define a nonlinear system whose mass depends
on the position. Then, section 3 is devoted to the determination of the wave function and the energy
spectrum from the Hamiltonian of the two-dimensional system. In section 4, we calculate the partition
function and then different thermodynamic functions such as average energy, heat capacity, free energy
and entropy. Finally, the last section contains a conclusions.

2. Two-dimensional nonlinear oscillator

The study of the nonlinear oscillator problem is of great importance in classical and quantum
mechanics because the problem plays a leading role in the explanation of a large number of realistic
physical phenomena. Thus, a nonlinear bi-dimensional oscillator is a two-dimensional system that is
described by a nonlinear differential equation. It can be studied using the Lagrangian and Hamiltonian
formalisms. It was recently shown in [12] that there is a generalization to 𝑛 dimensions preserving the
symmetry characteristics. This is the only generalization to 𝑛 dimensions for which the kinetic term is
a quadratic function in the velocities, which is invariant under rotations and under the two vector fields
generalizing the symmetries of the one dimensional model [11, 17] In particular, the two-dimensional
generalization studied in [12] which was not only integrable but also superintegrable is given by the
following Lagrangian,

𝐿 =
𝑚(𝑟)

2
[
𝑣2
𝑟 + 𝑘 (𝑥𝑣𝑦 − 𝑦𝑣𝑥)2] − 1

2
𝑚(𝑟)𝛼2𝑟2, 𝑣2

𝑟 = 𝑣2
𝑥 + 𝑣2

𝑦, 𝑟2 = 𝑥2 + 𝑦2, (2.1)

where 𝑘 = 𝛿2/𝜆 represents the nonlinearity parameter on which the mass depends. 𝛼 is the frequency of
the oscillations while 𝑚(𝑟) represents the variable mass of the system. There are several variable mass
models in the literature[15]. In this work, we choose the variable mass whose expression is given by

𝑚(𝑟) = 𝜆

1 + 𝛿2𝑟2 , (2.2)
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with 𝜆 being a real parameter and 𝛿 a constant that measures the force of oscillator linearity.
The Hamiltonian corresponding to the Lagrangian (2.1) is given by

𝐻 =
(1 + 𝛿2𝑟2)

2𝜆
(𝑃2

𝑥 + 𝑃2
𝑦) −

𝛿2

2𝜆
(𝑥𝑃𝑦 − 𝑦𝑃𝑥)2 + 𝛼2𝜆𝑟2

2
(
1 + 𝛿2𝑟2) . (2.3)

It should be noted that the 𝑘−dependence is introduced in two distinct ways: the first is through the
global factor (1 + 𝛿2𝑟2)/𝜆, which is the most direct extension to 𝑛 = 2 of the one-dimensional fac-
tor (1 + 𝛿2𝑥2)/𝜆; the second is term 𝛿2

2𝜆 (𝑥𝑃𝑦 − 𝑦𝑃𝑥)2, which represents a genuinely two-dimensional
contribution that is absent in the one-dimmensional case. This additional term considerably effects the
properties of the system.

Now, we can use the polar coordinate system. Thus, we have

𝑥 = 𝑟 cos 𝜃, 𝑦 = 𝑟 sin 𝜃, 𝑟2 = 𝑥2 + 𝑦2, (2.4)

𝑝2
𝑥 + 𝑝2

𝑦 =
𝜕2

𝜕𝑟2 + 1
𝑟

𝜕

𝜕𝑟
− 1
𝑟2 𝐿

2
𝑧 , 𝐿2

𝑧 = − 𝜕2

𝜕𝜃2 . (2.5)

The eigenvalue equation of the Hamiltonian (2.3) is given by[
− (1 + 𝛿2𝑟2)

2𝜆
𝜕2

𝜕𝑟2 − (1 + 𝛿2𝑟2)
2𝑟𝜆

𝜕

𝜕𝑟
+

𝐿2
𝑧

2𝜆𝑟2 + 𝛼2𝜆𝑟2

2
(
1 + 𝛿2𝑟2) ]𝛹 (𝑟, 𝜃) = 𝐸𝛹 (𝑟𝜃) , (2.6)

with ℏ = 1. We can write the wave function𝛹 (𝑟, 𝜃) as follows

𝛹 (𝑟, 𝜃) = 𝑈 (𝑟)e−i𝑚𝜃 , (2.7)

with 𝑚 = 0,±1,±2, . . .. The above equation becomes,[
− (1 + 𝛿2𝑟2)

2𝜆
𝜕2

𝜕𝑟2 − (1 + 𝛿2𝑟2)
2𝑟𝜆

𝜕

𝜕𝑟
− 𝑚2

2𝜆𝑟2 + 𝛼2𝜆𝑟2

2
(
1 + 𝛿2𝑟2) ] 𝑈 (𝑟) = 𝐸𝑈 (𝑟). (2.8)

To solve this equation, we use the Nikiforov-Uvarov method which is one of the analytical methods
used to solve the Schrödinger equation that resists standard methods. Its differential equation generalized
hyperbolic type [28][29] is presented in the form:

𝛹 ′′ (𝑧) + 𝜏(𝑧)
𝜎(𝑧)𝛹

′ (𝑧) + 𝜎̃(𝑧)
𝜎2(𝑧)

𝛹 (𝑧) = 0. (2.9)

The most convenient parametric form of (2.9) [25] is written

d2𝛹 (𝑧)
d𝑧2 + 𝑎1 − 𝑎2𝑧

𝑧(1 − 𝑎3𝑧)
d𝛹 (𝑧)

d𝑧
+ 1
𝑧2(1 − 𝑎3𝑧)2

[
−𝜖1𝑧

2 + 𝜖2𝑧 − 𝜖3
]
𝛹 (𝑧) = 0, (2.10)

with

𝜏(𝑧) = 𝑎1 − 𝑎2𝑧, 𝜎(𝑧) = 𝑧(1 − 𝑎3𝑧), 𝜎̃(𝑧) = −𝜖1𝑧
2 + 𝜖2𝑧 − 𝜖3, (2.11)

𝜏 is a polynomial of degree not greater than 1. 𝜎(𝑧) and 𝜎̃(𝑧) are polynomials of degree not greater
than 2.

The functions 𝜋(𝑧) and the parameter 𝜅± are defined by:

𝜋(𝑧) = 𝑎4 + 𝑎5𝑧 ±
√︁
(𝑎6 − 𝜅𝑎3)𝑧2 + (𝑎7 + 𝜅)𝑧 + 𝑎8, (2.12)

𝜅± = −(𝑎7 + 2𝑎3𝑎8) ± 2
√
𝑎8𝑎9. (2.13)
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For the method to be valid, the function

𝜏(𝑧) = 𝜏(𝑧) + 2𝜋(𝑧), (2.14)

would have to satisfy the condition that its derivate must be negative. This condition is met when using
𝜅− expression. In this approach, we find different solutions of the system.

The weight function 𝜌(𝑧), from Nikiforov-Uvarov method, is given by the following relation:

𝜌(𝑧) = 𝑧𝑎10−1(1 − 𝑎3𝑧)
𝑎11
𝑎3

−𝑎10−1
, (2.15)

and

𝑦𝑛 (𝑧) = 𝑃

(
𝑎10−1, 𝑎11

𝑎3

)
𝑛 (1 − 2𝑎3𝑧). (2.16)

Part of the general function

𝑃
(𝑎,𝑏)
𝑛 (1 − 2𝑧) = Γ(𝑛 + 𝑎 + 1)

𝑛!Γ(𝑎 + 1) 2𝐹1(−𝑛, 1 + 𝑛 + 𝑎 + 𝑏, 1 + 𝑎, 𝑧), (2.17)

represents the Jacobi polynomial [30]. The second part of the general function is given by:

𝜙(𝑧) = 𝑧𝑎12 (1 − 𝑎3𝑧)−
𝑎13
𝑎3

−𝑎12 , (2.18)

The general solution 𝜒(𝑧) = 𝜙(𝑧)𝑦𝑛 (𝑧) is then

𝜒(𝑧) = 𝑧𝑎12 (1 − 𝑎3𝑧)−
𝑎13
𝑎3

−𝑎12𝑃

(
𝑎10−1, 𝑎11

𝑎3

)
𝑛 (1 − 2𝑎3𝑧). (2.19)

We use the following relation to explicitly determine the energy spectrum of the system:

𝑎2𝑛 − (2𝑛 + 1)𝑎5 + 𝑛(𝑛 − 1)𝑎3 + (2𝑛 + 1) (𝑎3
√
𝑎8 +

√
𝑎9) + 𝑎7 + 2𝑎3𝑎8 + 2

√
𝑎8𝑎9 = 0, (2.20)

with the different parameters [25, 31]

𝑎4 =
1
2
(1 − 𝑎1), 𝑎5 =

1
2
(𝑎2 − 2𝑎3), 𝑎6 = 𝑎2

5 + 𝜖1,

𝑎7 = 2𝑎4𝑎5 − 𝜖2, 𝑎8 = 𝑎2
4 + 𝜖3, 𝑎9 = 𝑎3𝑎7 + 𝑎2

3𝑎8 + 𝑎6,

𝑎10 = 𝑎1 + 2𝑎4 + 2
√
𝑎8, 𝑎11 = 𝑎2 − 2𝑎5 + 2(√𝑎9 + 𝑎3

√
𝑎8),

𝑎12 = 𝑎4 +
√
𝑎8, 𝑎13 = 𝑎5 − (√𝑎9 + 𝑎3

√
𝑎8). (2.21)

The radial differential equation is given in the form

d2𝑈 (𝑟)
d𝑟2 + 1

𝑟

d𝑈 (𝑟)
d𝑟

+
[

2𝜆𝐸
1 + 𝛿2𝑟2 − 𝑚2

𝑟2(1 + 𝛿2𝑟2)
− 𝛼2𝜆2𝑟2

(1 + 𝛿2𝑟2)2

]
𝑈 (𝑟) = 0. (2.22)

3. Spectre of the system

The NU method is based on solving a second-order linear differential equation by reducing it to
a generalized equation of the hypergeometric type. Using the appropriate coordinate transformation
𝑧 = −𝛿2𝑟2, this equation can be rewritten in the following form:

d2𝑈 (𝑧)
d𝑧2 + 1 − 𝑧

𝑧(1 − 𝑧)
d𝑈 (𝑧)

d𝑧
+ 1
𝑧2(1 − 𝑧)2

(
𝜇𝑧2 + 𝛾𝑧 − 𝜔

)
𝑈 (𝑧) = 0, (3.1)

with

𝜇 =
𝜆𝐸

2𝛿2 − 𝛼2𝜆2

4𝛿4 , 𝛾 =
𝑚2

4
− 𝜆𝐸

2𝛿2 , 𝜔 =
𝑚2

4
. (3.2)
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By identification, we find

𝑎1 = 𝑎2 = 𝑎3 = 1, 𝜖1 = −𝜇, 𝜖2 = 𝛾, 𝜖3 = 𝜔. (3.3)

The expressions for the other coefficients are as follows:

𝑎4 = 0, 𝑎5 = −1
2
, 𝑎6 =

1
4
− 𝜇, 𝑎7 = −𝛾, 𝑎8 = 𝜔,

𝑎9 = 𝜔 − 𝛾 − 𝜇 + 1
4
, 𝑎10 = 1 + 2

√
𝜔,

𝑎11 = 2 + 2

(√︂
𝜔 − 𝛾 − 𝜇 + 1

4
+
√
𝜔

)
, 𝑎12 =

√
𝜔,

𝑎13 = −1
2
−

(√︂
𝜔 − 𝛾 − 𝜇 + 1

4
+
√
𝜔

)
. (3.4)

From the relations (2.12) and (2.13) we find

𝜋(𝑧) = −1
2
𝑧 ±

√︂(1
4
− 𝜇 − 𝜅

)
𝑧2 + (𝜅 − 𝛾)𝑧 + 𝑚2

4
, (3.5)

𝜅± = −
( 𝜆𝐸
2𝛿2 + 𝑚2

4

)
± |𝑚 |

2

√︂
𝛼2𝜆2

𝛿4 + 1. (3.6)

The physically acceptable expression for 𝜋(𝑧) is the one for which

𝜏(𝑧) = 𝜏(𝑧) + 2𝜋(𝑧), (3.7)

has a negative derivative. Using the expression for 𝜅− , the appropriate forms of 𝜋(𝑧) and 𝜏(𝑧) are given
respectively by

𝜋(𝑧) = −1
2

[(
1 + |𝑚 | +

√︂
𝛼2𝜆2

𝛿4 + 1

)
𝑧 − |𝑚 |

]
, (3.8)

𝜏(𝑧) = −
(
2 +

√︂
𝛼2𝜆2

𝛿4 + 1 + |𝑚 |
)
𝑧 + 1 + |𝑚 |. (3.9)

The derivative of 𝜏(𝑧) gives us

𝜏′ = −
(
2 + |𝑚 | +

√︂
𝛼2𝜆2

𝛿4 + 1

)
< 0. (3.10)

The relation (2.15) allows us to write the weight function in the form

𝜌(𝑟) = (−𝛿2𝑟2) |𝑚 | (1 + 𝛿2𝑟2)

√︂
𝛼2𝜆2
𝛿4 +1

. (3.11)

The relations (2.16), (2.18) allow us to write respectively

𝑦𝑛 (𝑟) = 𝑃

(
|𝑚 | ,

√︂
𝛼2𝜆2
𝛿4 +1

)
𝑛 (1 + 2𝛿2𝑟2), (3.12)

𝜙(𝑟) = (−𝛿2𝑟2)
|𝑚|
2 (1 + 𝛿2𝑟2)

1
2+

1
2

√︂
𝛼2𝜆2
𝛿4 +1

, (3.13)
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with

𝑃

(
|𝑚 | ,

√︂
𝛼2𝜆2
𝛿4 +1

)
𝑛 (1 + 2𝛿2𝑟2) = Γ(𝑛 + |𝑚 | + 1)

𝑛!Γ( |𝑚 | + 1)

× 2𝐹1

(
−𝑛, 1 + 𝑛 + |𝑚 | +

√︂
𝛼2𝜆2

𝛿4 + 1, 1 + |𝑚 |,−𝛿2𝑟2

)
. (3.14)

The general radial solution 𝑈 (𝑟) = 𝜙(𝑟)𝑦(𝑟) is then

𝑈 (𝑟) = (−𝛿2𝑟2)
|𝑚|
2 (1 + 𝛿2𝑟2)

1
2+

1
2

√︂
𝛼2𝜆2
𝛿4 +1

𝑃

(
|𝑚 | ,

√︂
𝛼2𝜆2
𝛿4 +1

)
𝑛 (1 + 2𝛿2𝑟2). (3.15)

The total wave function is then written as

𝛹 (𝑟, 𝜃) = 𝐶𝑛,𝑚(−𝛿2𝑟2)
|𝑚|
2 (1 + 𝛿2𝑟2)

1
2+

1
2

√︂
𝛼2𝜆2
𝛿4 +1

𝑃

(
|𝑚 | ,

√︂
𝛼2𝜆2
𝛿4 +1

)
𝑛

(
1 + 2𝛿2𝑟2)ei𝑚𝜃 , (3.16)

with 𝐶𝑛,𝑚 the normalization constant.
Using the relation (2.20) and setting 𝑘 = 𝛿2/𝜆 we can write the expression of the energy spectrum of

the system in the form

𝐸𝑛𝑟 ,𝑚 = (2𝑛𝑟 + |𝑚 | + 1)
√︁
𝛼2 + 𝑘2 − 𝑘

[
2𝑛2

𝑟 +
𝑚2

2
+ (2𝑛𝑟 + 1) (|𝑚 | + 1)

]
, (3.17)

with 𝑘 < 0.

4. Thermodynamic properties

Let us now study the thermodynamic properties of our system. Thus, the partition function is calculated
to determine the thermodynamic functions, namely: internal energy, heat capacity, free energy and
entropy. The partition function can be expressed as follows [25, 32]

𝑍 =

𝜆∑︁
𝑛=0

e−𝛽𝐸𝑛 , (4.1)

with 𝜆 being the upper bound, 𝑘B represents the Boltzmann constant and 𝛽 = 1/𝑘B𝑇 .
Using the Poisson summation given by [25, 33]:

𝑁∑︁
𝑛=0

𝑓 (𝑛) = 1
2
[
𝑓 (0) − 𝑓 (𝑁 + 1)

]
+

𝑁+1∫
0

𝑓 (𝑥)d𝑥. (4.2)

We find

𝑍 =
1
2
(
e𝛽 (𝑎̃−𝑑) − e−𝛽𝑐̃

)
−Ω, (4.3)

with

𝑎̃ = 𝑘 ( |𝑚 | + 1) −
√︁
𝛼2 + 𝑘2, 𝑏̃ = −(3 + |𝑚 | + 2𝜆)𝑘 +

√︁
𝛼2 + 𝑘2,

𝑐 = (2𝜆 + |𝑚 | + 3)
√︁
𝑘2 + 𝛼2 − 𝑘

(
2𝜆2 + 𝑚2

2
+ 6𝜆 + 5 + 2𝜆 |𝑚 | + 3|𝑚 |

)
,

𝑑 = |𝑚 |
√︁
𝜆2 + 𝛼2 − 𝜆𝑚2

2
, Ω =

1
2𝑘

√︂
π

2
e−

𝛼2𝛽
2𝑘

(
𝑎̃ erf (√𝜂)√︁

2𝜂
+ 𝑏̃ erf (

√
𝜗)

√
2𝜗

)
,

𝜗 = − 𝛽𝑏̃2

2𝑘
, 𝜂 = − 𝛽𝑎̃2

2𝑘
, erf (𝑧) = 2

√
π

𝑧∫
0

e−𝑡
2
d𝑡. (4.4)
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Average energy 𝑈:

𝑈 = − 𝜕

𝜕𝛽
ln 𝑍 = − Λ(

e𝛽 (𝑎̃−𝑑) − e−𝛽𝑐̃
)
− 2Ω

, (4.5)

where

Λ = (𝑎̃ − 𝑏̃)e𝛽 (𝑎̃−𝑏̃) + 𝑐e−𝛽𝑐̃ + (𝛼2𝛽 + 𝑘)Ω
𝑘𝛽

− 1
2𝑘𝛽

e−
𝛼2𝛽
2𝑘

(
𝑎̃e

𝑎̃2𝛽
2𝑘 + 𝑏̃e

𝑏̃2𝛽
2𝑘

)
. (4.6)

Heat capacity:

𝐶 = −𝑘B𝛽
2 𝜕𝑈

𝜕𝛽
, (4.7)

𝐶 =
1
2
𝑘B𝛽

2

[
(𝑎̃ − 𝑏̃)2e𝛽 (𝑎̃−𝑏̃) − 𝑐2e−𝛽𝑐̃ − 𝜀

[e𝛽 (𝑎̃−𝑑) − e−𝛽𝑐̃] − 2Ω
− 2Λ2

( [e𝛽 (𝑎̃−𝑑) − e−𝛽𝑐̃] − 2Ω)2

]
, (4.8)

where

𝜀 = − 1
2𝑘2𝛽2 (𝛼

4𝛽2 + 2𝛼2𝛽𝑘 + 3𝑘2)Ω − e−
𝛼2𝛽
2𝑘

4𝑘2𝛽2 𝜍,

𝜍 = 𝑎̃e
𝑎̃2𝛽
2𝑘 (𝑎̃2𝛽 − 2𝛼2𝛽 − 3𝑘) + 𝑏̃e

𝑏̃2𝛽
2𝑘 (𝑏̃2𝛽 − 2𝛼2𝛽 − 3𝑘). (4.9)

Free energy:

𝐹 = − ln 𝑍

𝛽
=

ln 2 − ln
(
e𝛽 (𝑎̃−𝑑) − e−𝛽𝑐̃ − 2Ω

)
𝛽

. (4.10)

Figure 1. (Colour online) Partition function as a function of temperature for different values of the
parameter 𝑘 In (a): 𝜆 = 200, in (b) 𝜆 = 300, in (c) 𝜆 = 400, in (d) 𝜆 = 500.
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Entropy:

𝑆 = 𝑘B𝛽
2 𝜕𝐹

𝜕𝛽
, (4.11)

𝑆 = 𝑘B

[
− ln 2 + ln

(
e𝛽 (𝑎̃−𝑑) − e−𝛽𝑐̃ − 2Ω

)
− 𝛽Λ

[e𝛽 (𝑎̃−𝑑) − e−𝛽𝑐̃] − 2Ω

]
. (4.12)

The partition function and thermodynamic function curves are plotted as a function of temperature
for different values of the non-lineraty parameter 𝑘 . In figure 1, we see that the partition functions
increase monotonously with temperature for each fixed value of the nonlinearity parameter 𝑘 . The curves
are insensitive from 𝜆 = 300. For clarity, we have used the larger 𝜆 = 500 to plot all thermodynamic
functions. In figures 2 and 3, we note that the average energy increases as the temperature increases.
The specific heat increases rapidly for low temperatures and then becomes an almost constant value at
high temperatures. The free energy decreases while the entropy increases as the temperature increases.
We also note that the effect of the parameter 𝑘 is more apparent at the level of the average energy for
lower temperatures but the effect is felt at the level of the specific heat, free energy and entropy for higher
temperatures.

Figure 2. (Colour online) (a) average energy, (b) heat capacity, (c) free energy, (d) entropy as a function
of 𝑇 for different values of parameter 𝑘; 𝑚 = 1 , 𝑘B = 1 and 𝜆 = 500.

We note that, in [21], the authors focused on the construction of new exactly solvable one-dimensional
potentials by deforming shape-invariant potentials, highlighting theoretical effects such as the noncom-
mutativity between mass and momentum operators, as well as a modified Hermiticity condition. Their
analysis reveals considerable structural modifications in the energy spectra and potential shapes as a
function of the mass parameters, with fundamental implications in quantum mechanics. In our study, we
investigated a two-dimensional nonlinear oscillator with position-dependent effective mass, applying the
analytical Nikiforov-Uvarov method in order to rigorously determine the wave functions, energy spectra,
and thermodynamic properties of the system. Our results show that the nonlinearity parameter directly
effects the thermodynamic functions, particularly the specific heat, which may have practical applications
in the optimization of quantum devices such as thermal machines and optoelectronic components.
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Figure 3. (Colour online) (a) average energy, (b) heat capacity, (c) free energy, (d) entropy as a function
of 𝑇 for different values of parameter 𝑘; 𝑚 = 2 , 𝑘B = 1 and 𝜆 = 500.

5. Conclusions

In this work, the Nikiforov-Uvarov method has been applied to study a two-dimensional nonlinear
oscillator with a position-dependent effective mass. This approach has enabled us to exactly determine
the energy spectrum and the corresponding wave functions. From these results, the canonical partition
function has been evaluated, allowing the derivation of key thermodynamic quantities such as the mean
energy, specific heat, free energy, and entropy.

Our analysis has shown that, for each fixed value of the nonlinearity parameter 𝑘 , the mean energy
and entropy increase with temperature, while the free energy decreases. The specific heat has been
observed to increase with temperature before reaching a saturation value, consistent with the Dulong–
Petit law. Notably, this constant value decreases as the parameter 𝑘 decreases, highlighting a direct effect
of nonlinearity on the thermal behavior of the system. A similar dependence on 𝑘 has been found in the
behavior of entropy.

These findings are in agreement with the previous one-dimensional studies, but reveal a key dis-
tinction: in two dimensions, the specific heat depends on the nonlinearity parameter 𝑘 , unlike in the
one-dimensional case. This result is particularly significant, as it illustrates how a macroscopic thermo-
dynamic quantity can be strongly affected by the quantum characteristics of the system. Furthermore, we
have found that meaningful thermodynamic behavior is obtained only for certain negative values of 𝑘 ,
suggesting that tuning the effective mass via this parameter may offer a promising route for optimizing
quantum devices, such as thermal machines and optoelectronic components.
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Generalised two-dimensional nonlinear oscillator

Термодинамiчнi властивостi узагальненого двовимiрного
нелiнiйного осцилятора iз залежною вiд положення
ефективною масою

С. Е. Бокпе1, Ф. А. Досса2, Г. Й. Х. Авоссеву1
1 Iнститут математики та фiзичних наук, Унiверситет Абомей-Калавi, 01 BP 613 Порто-Ново, Бенiн
2 Лабораторiя прикладної фiзики, Нацiональний унiверситет наук, технологiй, iнженерiї та математики
(UNSTIM) Абомей, BP: 2282 Гохо Абомей, Бенiн

Дослiджується двовимiрний нелiнiйний осцилятор iз залежною вiд положення ефективною масою в рам-
ках нерелятивiстської квантової механiки. Використовуючи метод Нiкiфорова-Уварова, ми отримуємо то-
чнi аналiтичнi вирази для енергетичного спектру та хвильових функцiй. На основi канонiчної функцiї роз-
подiлу отримано ключовi термодинамiчнi величини включно з внутрiшньою енергiю, питомою теплоєм-
нiстю, вiльною енергiєю та ентропiєю. Отриманi результати показують, що, на вiдмiну вiд одновимiрного
випадку, коли параметр нелiнiйностi 𝑘 не впливає на питому теплоємнiсть, двовимiрна система демон-
струє сильну 𝑘-залежнiсть. За високих температур питома теплоємнiсть стає незалежною вiд температури
для фiксованих значень 𝑘 , що вiдповiдає закону Дюлонга–Птi. Однак така поведiнка спостерiгається лише
для вiд’ємних значень 𝑘 . Цi результати пiдкреслюють вплив нелiнiйностi ефективної маси на макроско-
пiчнi термодинамiчнi величини та свiдчать про те, що налаштування параметра 𝑘 може служити ефе-
ктивною стратегiєю для пiдвищення продуктивностi квантових пристроїв, включаючи тепловi машини та
оптоелектроннi компоненти.

Ключовi слова: нелiнiйний осцилятор Нiкiфорова-Уварова, термодинамiчнi властивостi
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