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Correlation functions in concentrated ionic systems are studied within the mesoscopic theory at the level of the
Gaussian approximation. The previously neglected fluctuation contribution to the inverse charge-charge corre-
lation function is taken into account to verify the accuracy of the previous results. We calculate the correlation
lengths and the amplitudes and show that the fluctuation contribution does not lead to significant changes of
the results. We also derive necessary conditions for the presence of both, the oscillatory and the monotonic
decays of the charge-charge correlations that must be satisfied by the noncoulombic contributions to the in-
verse charge-charge correlation function. At the level of the Gaussian approximation, these conditions are not
satisfied. Extension of the theory beyond the Gaussian approximation is necessary to verify whether the asymp-
totic decay of the charge-charge correlations is monotonous or oscillatory, as suggested by the surface force
apparatus or by the SAXS experiments, respectively.
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1. Introduction

Concentrated ionic systems such as water in salt electrolytes or ionic liquids (IL) attract increas-
ing attention in the recent years because they can find various practical applications [1H6]. Classical
theories [7]], however, were developed for dilute electrolytes, and their predictions, although correct for
small densities of ions, are completely wrong when the distance between the ions becomes comparable
with their diameter. This is because the assumption of point charges is not valid, and oppositely charged
neighbors occur with a larger probability than likely charged neighbors. It’s already nearly 100 years
ago that Kirkwood hypothesized that the monotonous decay of charge-charge correlations should change
to an oscillatory decay for sufficiently large density of ions [8]. The transition from the monotonous to
the oscillatory decay is now known as the Kirkwood line [9]]. The period and the range of the corre-
lation function are important parameters characterizing the charge ordering that in turn may influence
conductivity, capacitance, etc.

The question of the structure of concentrated electrolytes and its effect on various physical properties
is a big challenge for experiment, simulations and theory. Unfortunately, different experimental techniques
lead to significantly different results [10H17]]. Similarly, different simulations and approximate theories
lead to the results that disagree with one another [18-31]]. Thus, there is no consensus concerning
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the validity of experimental techniques, simulation methodologies and theoretical assumptions, and
the fundamental question of the structure of concentrated electrolytes in various thermodynamic states
remains open.

A lot of discussion was initiated by the measurements of disjoining pressure between crossed mica
cylinders confining various electrolytes or IL mixtures [10H12]. For sufficiently large /g p, where Ig o«
B =1/(ksT) and p are the Bjerrum length and the number density of ions, respectively, the decay length
A of the force satisfied the scaling A3 /Ap ~ (a/Ap)™ where n = 3 and Ap o« 1/ \/E is the Debye length.
In these experiments, the force decays in an oscillatory way for short distances between the cylinders,
and for large distances, a monotonous decay with a very small amplitude was observed. Atomic force
microscopy (AFM) did not confirm the anomalous underscreening for silica surfaces [[16]. We should
note that unlike the charged mica surfaces, the silica surfaces were weakly charged or neutral. Finally, the
authors of recent small-angle X-ray scattering (SAXS) experiments concluded that the asymptotic decay
of correlations is oscillatory, and n = 1.5 for the considered conditions [32].

It is very difficult to obtain the asymptotic decay of charge-charge correlations G..(r) from simu-
lations, and different results were reported [22} [25] 26, 29-3 1}, 33]]. Very recently, the oscillatory decay
followed by a monotonous decay with a small amplitude was obtained in simulations by Hértel, and his
result was fitted to a sum of oscillatory and monotonous decays [34]. Such a sum is a possible solution
of the equation derived by Kjellander in his dressed-ion theory [34].

On the theoretical side, different approximations were done by different authors. Kjellander developed
the dressed-ion theory, but in practice it is difficult to obtain explicit results from his equations [18},[35].
The DFT predictions are consistent with the AFM measurements and yield n = 1.5 [27} 28]. With the
size of the ions taken into account in calculations of the electrostatic energy, n = 2 was obtained by Adar
et. al. [21]]. In a recent article [36], the effect of ion association on the screening behaviour of confined
electrolytes was studied using the DFT. It was found that » = 1.5 in the model without association, which
is contributed by the charge correlation, and n = 3 in the model with association, which is contributed by
the density correlation. In our mesoscopic theory, both the size of the ions and the variance of the local
charge are taken into account. Our results do not agree with the simple scaling [37]]. Rather, the obtained
decay length of G..(r) can be approximated by A;/Ap ~ (a/Ap)" only at short intervals, with n = 1.5
close to the Kirkwood point, and n = 3 for a/Ap > 2.5. The asymptotic decay of G..(r) in our theory is
oscillatory. Since different results were obtained by different methods, the question of the dependence of
the type and degree of order on the density of ions and temperature remains open.

In this work, we reconsider our mesoscopic theory. In our previous studies, the effect of density-
density correlations on the charge-charge correlations was neglected, because the corresponding term
was expected to be negligible compared to the remaining terms in the expression for the inverse correlation
function. In this work we verify whether the assumption that significantly simplified the calculations was
justified. We show that the charge-charge correlations are weakly affected when the term neglected in
our previous studies is included at the level of the Gaussian approximation.

We should mention that although our mesoscopic theory was developed independently, it can be
considered as a particular approximation of the exact collective variables (CV) theory developed by
Prof. Yukhnovskii. The CV method, proposed initially in the 1950s [38, [39] for the description of
the classical charged particle systems, was developed later for the study of a number of problems of
statistical physics, in particular, for the study of the second order phase transition [40} 41]]. In [42], a link
between the mesoscopic theory and the CV theory was established for the case of the restricted primitive
model of electrolytes with additional short-range interactions. More specifically, it was shown that after
some approximations in the exact microscopic CV action one can arrive at the functional of the grand
thermodynamic potential considered in [43]].

The framework of the mesoscopic theory for electrolytes and IL is briefly summarized in the next
section (section [2). In section [2] we also present the equations for the inverse correlation functions in
the Gaussian approximation. These equations should be solved self-consistently, but in practice it is a
technically difficult task. In section [3] we present our assumptions and approximations that are valid in
a limited range of plg, but significantly simplify the problem. Explicit expressions for the parameters
characterizing the asymptotic decay of the correlation functions are presented in section 4] The results
are shown in section [5] In section [6] we discuss the question of the asymptotic decay of the charge-

23601-2



Mutual effect of charge- and number-density correlations in ionic liquids

charge correlations at a more general level. In general, the inverse charge-charge correlation function
in Fourier representation, C..(k) = 1/G (k) contains a k-dependent contribution associated with the
Coulomb potential, and additional contribution 8J.. (k) resulting from short-range interactions or from
fluctuations. We obtain necessary conditions that must be satisfied by 8J..(k) in order to obtain the
asymptotic monotonous decay of G .. (r) for large plg in addition to the oscillatory decay with a shorter
range. We show that these conditions cannot be satisfied in our theory at the level of the Gaussian
approximation. The last section contains our conclusions.

2. Brief summary of the mesoscopic theory for electrolytes and IL

The formalism of the mesoscopic theory was developed in a series of works and was applied to
different systems with competing interactions in [37, 44-47]. In this theory, we consider mesoscopic
densities p; (r) = 6£;(r)/m, where ¢;(r) is the fraction of the mesoscopic volume around r covered by the
particles of the species i. The main idea of this theory is to perform the summation over all microscopic
states in the expression for the grand potential in two steps. In the first step, we sum over all microscopic
states compatible with the given p; (r), and in the next step over all fields p; (r). The first summation leads
to the Boltzmann factor with the microscopic Hamiltonian replaced by the grand potential, Q,, in the
presence of the constraints imposed on the microscopic states, i.e., with fixed p; (r). Since the mesoscopic
fluctuations are frozen when p;(r) is fixed, the resulting grand potential can have the mean-field form.
In the second step, the summation over all the mesoscopic densities of exp(—BQ.,) is performed. For
the summation of exp(—8€.,) over the smooth fields p;(r), we can apply the field-theoretic methods. In
particular, we can make the self-consistent Gaussian approximation. The systematic construction of the
mesocopic theory is described in detail in ref. [37].

In the case of ionic systems, we identify the mesoscopic volume with the cube having the edge equal to
the ionic diameter a. For simplicity, we limit ourselves to the restricted primitive model (RPM) of charged
hard spheres with equal diameter a and the same valence of the anions and the cations in a structureless
solvent with the dielectric constant €. This model proved to be valid for small size asymmetry with
a = (a++a-)/2 and with specific interactions negligible compared to the Coulomb potential. Due to the
symmetry of the RPM, it is convenient to introduce a dimensionless number and charge density,

p=pstp-, C=pi—p-.

In the self-consistent Gaussian approximation, the grand potential functional of ¢, p takes, in kg7 = 1/
units, the form

palic. o)) =puolic. o) ~1n [ Do [ Duesp (- pHol(e.p .01 e

where

Quol(2. )] = Ueole] + f drfi(6(), (1)) — f drp(r). 22)

The first and the second terms in (2.2)) represent the internal energy and the entropy contributions,
respectively, in the presence of the constraints ¢, p imposed on the microscopic states, and u is the
chemical potential of the ions. fj, is the free-energy per unit volume of the mixture of hard-spheres with
equal sizes in the local-density approximation with

Bfn=p+Inpi+p_Inp_+Bfex(p),

and we assume the Carnahan-Starling approximation for B fex (). If only the Coulomb potential is taken
into account, then the internal energy for a given c is

dk 4n COSké(k)é(—k), 2.3)

0(r—1)
r 2n)3 k2

BUco [C] = IEB \[ dr; J dl’C(I’])—c(rl + r) = IEB ‘[
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where é(k) denotes the function ¢ in Fourier representation, k£ = |k|, and

62

- kgTea

I

is the Bjerrum length in a-units. Length and k are in a and 1/a units, respectively, in the whole article.
In (2.3), the contributions to the internal energy from overlapping cores of the ions are not included.

The second term in is the contribution from the mesoscopic fluctuations ¢(r) = ¢(r) — ¢ and
W (r) = p(r) — p of ¢ and p, respectively, and in the self-consistent Gaussian approximation

1
IBHG [E’ 00, l//] = E j dry J dr; (¢(r1)ccc(r)¢(r2) + ¢(rl)c/)p(r)¢(r2) + 2¢(r1)Ccp(r)t//(r2)),

with r = |r; — 3|,
5%BQ

Ceelr) = 6¢(ry)oc(ry)

and with C,,(r) and C,(r) given by analogous expressions. Note that with the Boltzmann factor
proportional to exp(—BH), the correlation functions (¢ (r1)¢(r2)) = Goc (|11 —r2|) and Gy, (11 —12]) =
(Y (r1)y(rs)) in Fourier representation are G (k) = 1/Cec(k) and Gpp(k) = l/épp(k), respectively,
since in equilibrium ¢ = 0 and C, = 0.

Note that there are two contributions to C.. from the two terms in Q [see (2.1)]. In the fluctuation
contribution to C., we have functional derivatives of the functionals C.., C,, and C,,, multiplied by the
correlations of the fluctuations [37]]. We neglect the fluctuation contribution to the higher-order functional
derivatives of BQ (i.e., the functional derivatives of C,pg) and for n + m > 2 assume

5™ (BQ) "M (BLeo)

~

Sc(ry)...6c(rn)0p(Tnet) ... 0p(Cnem)  6c(r1) ... 6¢(X)Sp(Tns1) - .. 6P (Tnim)
= Amn(c,p)o(r1 —=12) ... 0(Cntm—1 — Tmin)

where
0" (Bfn)

Am,n(cvp) = ancamp .

This approximation is analogous to the self-consistent one-loop approximation in the field-theoretic
approach.

Note that the charge waves with the wavelength 2x/k are energetically favored for k > m/2 (see
(2.3)), because oppositely charged close neighbors give a negative contribution to the energy, and the
variance of the local charge,

T
. dk 2k
Clk)=| —5—
) (21)% Co(K)

@)= o (2.4)

should be taken into account. In the mesoscopic theory, the cutoff A = 21/2 is defined by the shortest
wavelength 2a of the charge wave. Local fluctuations of p are not energetically favored since the energy
does not depend on p [see ], and large local density fluctuations are not expected. Thus, (%) can
be neglected. With the above assumptions, the equations for the inverse correlation functions in the
self-consistent Gaussian approximation take the forms [48]

dnlgcosk 1 1

Cec (k) » — > + E(‘/’z) + BJec (k) (2.5)
and |
Cop(k) = Az + ;<¢2> +BVsi(k), (2.6)
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with (¢?) given in ,
Plect) =~ j dr e G (r)Gpp () @.7)
and
A2
BV (k) = ——= J dre* TG (r)? - 2 Jdr e®TG,,(r)2. (2.8)

The last term in (2.5])) was neglected in our previous studies, because it is proportional to the product
of the amplitudes of the charge and density correlations. The fluctuation-induced effective interactions
Vyirin @ are proportional to the square of the amplitude of the charge-charge correlations. Thus, the
last term in (2.5)) is expected to be of a third order in the amplitude of the charge-charge correlations. For
this reason we assumed that this term is much smaller than (¢?)/p> and can be neglected. The integral,
however, is proportional to the decay length of the correlations, and if this length is large, the neglected
term may in principle become relevant. Moreover, the neglected term depends on k and therefore may
change the period of the charge oscillations.

Note that when the last term in (2.5) is neglected, the charge fluctuations influence the number-density
correlations, but the charge-charge correlations do not depend on Cy,,. This makes the problem of self-
consistent solution of the two equations much simpler. With the last term in (2.3) included, the mutual
effect of the charge and density correlations is taken into account. In this work we determine this mutual
effect of the correlations in the case of large p/g, where Ceoe (k) has a deep minimum for k¢ > 0.

3. Assumptions and approximations

We assume that BJ.. is a small correction, therefore it only weakly influences the pronounced
maximum of 1/C.(k) that we observed for large /g p in the absence of the last term in (2.5). For large
values of Igp, we can expand Cee(k)ina Taylor series about the deep minimum at k = ko, and truncate
the expansion. Since C.. (k) is an even function of k, we can Taylor expand C...(k) in k2, and make the
approximation

f Ak 2k ~f dk 2k o
J@r2 Cecth) ) 2P Cu(l)’ '
with

Cee(k) = Co(k) = Cec(ko) + Bo(k* — k)%, (3.2)

that is valid for k =~ k(. Formally, the above equations are the same as in the absence of the last term in
. When ,chc is taken into account in , however, the parameters k), écc(ko) and Bv take on the
values that depend on the density-density correlation function [see ] that in turn depends on Cec (k).
We assume that in the presence of a small correction in (2.5)), we still have 1/ Ca(ko) > 1 for large Igp
and the main contribution to the integral in (3.1I)) comes from the neighborhood of ko. Due to this and
since 1/C, (k) decays sufficiently fast for increasing k > w, the contribution from k € (7, ) to the
integral on the right- hand side of (3.1)) is negligible [37]] and the - approximation is justified. We stress that
the approximation (| is not valid when the maximum of 1/C.. (k) is not high and narrow, i.e., when
Igp is not sufﬁciently large [37]).
The parameters ko, écc(ko) and SBv can be obtained from the value of écc(k) at the minimum given
by
dC:.;I.( (k) _0,
k=ko
and from the second derivative at ko. The approximation (3.2)) leads to the correlation function in the
real space of the form
A.sin(ar)e” "

Gcc(r) ~ Ga(r) === s (3.3)

r
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where the parameters A, @p, @1 can be obtained by equating equation (3.2) with the inverse Fourier

transform of (3.3),

4a§0512 + (k2 - cy% + (yé)2
8raga A,

As the parameters in are determined by the first and the second derivative of C..(k) given in
and by its value at the minimum, we have 3 equations for A, o, @;. Moreover, for the approximation (3.3))
we have (¢?) ~ G,(0) = A.a;. Note, however, that 8J..(k) [see ] depends on both, the charge-
charge and the density-density correlation functions. Therefore, the equations relating A., @g, @) with
Cee(k) depend in addition on the density-density correlations.

Let us focus on the density-density correlations [see (2.6)]. As noted in [48] 49], the fluctuation-
induced effective interactions ﬂVﬂ(k) take on a negative minimum at k = 0, and the expansion

éa(k) = éu(k)_l =

(3.4)

BV (k) ~ BV1(0) + BVak? + O (k%) (3.5)
together with lead to the asymptotic decay of the density-density correlations of the form

Aer/¢
Gpp(r) = f, (3.6)

with the corresponding Fourier transform

éﬂ/)(k)_l = épp(k) = %(i +k* | + 0(k4)- (3.7

nA, | &

The parameters A, and £ can be obtained by equating li with 1) where ,BVfl(k) should be approx-

imated by (3.3).
In principle, we have a mathematically trivial problem of solving 5 equations for 5 unknowns

Ac, Ap, ap, aq, €. In practice, the resulting expressions are not so simple. We present the explicit forms
of the equations in the next section.

4. Explicit forms of the self-consistent equations for the correlation func-
tions

Let us first present the explicit expressions for SJ..(k), ,BVfl(O) and 8V>. When G (r) and G, (1)
are approximated by (3.3) and (3.6)), respectively, we obtain from (2.7)

Bhu(k) = AN [ sinkn)sin(ar)e™ /& mAcAp o\
ptk p*

7

where
(@o+& )2+ (k+a1)?
(@ +& N2+ (k—ap)?|

F(k) = %ln

This function depends on the characteristic lengths, and does not depend on the amplitudes. For clarity,
we do not display all its arguments.

From (2.8), (3.3) and (3.6) we obtain the explicit expressions for the fluctuation-induced effective
density-density interactions in the Taylor expansion (3.5)),

2 A2 o} 2 42
BVa(0) = ———C L 12 A% @.1)
f 2p* a/o(a'g + a%) 3,07

23601-6



Mutual effect of charge- and number-density correlations in ionic liquids

and

Vs = 4.2)

3
T Ag(l ao(3a%—a§))+2nA§,oA5(§)
]

3pt 8 \ag  (af+a})? 3
These parameters depend on all the lengths and the amplitudes. The above forms will be used in our

equations for the parameters of the correlation functions.
To simplify the notation, we introduce

d™(cos(k)/k>
By (ko) = T
k=ko
and d"F (k)
Fn(kO) = P
di™ g,
forn=0,1,2. .
The condition for the minimum of C. (k) takes the form
AA,
4lgB (ko) = e Fy (ko). (4.3)

By equating (3.4) and (3.2) and using the second derivative of Cec (k) we obtain

nAcApFy(ko)  (af - ap)

Cee(ko)" = 4nlp By (ko) — 4 = : (4.4)
P J'Ea’l(loAC
Next, we introduce
AcAp 4lBBl(k0)
=G(ky) = ———~, 4.5
e (ko) Fr (ko) 4.5)

where {@.3)) was used, and from (#.4) we obtain the expression for the amplitude in terms of the lengths

02—02

Ae = L0 . 4.6
n2aao(4lg B2 (ko) — G (ko) Fa(ko)) 0

For A, we obtain from @

_ p*G(ko)

Ay, = A “@.7

where A, is given in (4.6) as a function of e, @1, & and kg. The remaining equations concerning C.. (k)
obtained by equating (3.4) and (3.2) and using (@.5) are

k= at —af, (4.8)

~ 1 Acaq Qo]
Cec(ko) = 4nlpBo(ko) + — + —=— — nG (ko) Fo(ko) = : (4.9)

ol Jel 2nA.

Finally, by equating (2-6) with (3.7) and using (3.3]) we obtain the last two equations
1
= BV 4.10
inA, BV2 (4.10)
and { A
(03] A
—— = Ay o+ —=— + BVy(0), 4.11

yry Wik U BVyi(0) (4.11)

where (#.2) and (@.1)) should be used.

The parameters in the approximate forms of the correlation functions, (3:3) and (3.6) are solutions
of the set of equations (#.6)—(@.I1). Since the amplitudes and k are given in (#.6)—@8), the 3 equations
for avg, a1, &, @.9)-@.11)), should be solved numerically.
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Figure 1. The correlation length of the charge—charge correlations 135 a function of the Bjerrum length
Ig for the fixed dimensionless density of ions p = 0.8 obtained with a solution of the equations (#.9)—
(@TT) (solid line). The results obtained without the last term in (2.5)) are shown for comparison: from the
approximate analytical theory with the approximation (3.I) (dashed line) and with a numerical solution
(dash-dotted line) [37] .

@ 21 ®)

T T T T
1.8 2.0 22 24 26 2.8 1.8 2.0 2.2 24 26
plB plB

Figure 2. The correlation length ¢, 1 of the charge—charge correlations as a function of plg obtained
numerically as solution of equations (#9)-@-TT) (solid line) and without the last term in (dashed
line) for the fixed dimensionless density of ions p = 0.7 (a) and for the fixed Bjerrum length /5 = 4.6 (b).

5. Results

The correlation lengths of charge—charge and density—density correlations, @, l'and ¢, calculated using
equations (#.9)—@.TT)), are shown in figures[TH4] The results are obtained for the ranges of dimensionless
ion density p and Bjerrum length /g for which the condition (3.1)) is satisfied.

In figure |1} the dependence of a; ! on the Bjerrum length I for fixed high ion density p = 0.8 is
compared with our previous results [37)] obtained without the last term in (2.5 from the approximate
analytical theory (dashed line) and with a numerical solution (dash-dotted line). It is seen that the lines
@y !(Ig) obtained with and without the last term in are almost parallel and ¢, ! obtained from
(#@.9)—@.11) is closer to the results of the analytical theory converging with them for /g > 2.4.

The correlation length «; I calculated numerically with and without the last term in 1) is shown
as a function of plg for fixed p = 0.7 [figure @(a)] and for fixed Iz = 4.6 [figure E],(b)]. For the fixed
density of ions, o, ! depends on plg almost linearly for plg > 1.8. For the fixed Bjerrum length /g, @, !
also increases almost linearly with plg but it occurs for larger plg. Both the solutions lead to a similar
behaviour of a5 ' (pl).

In figure[3](a), we compare the dependences of the correlation length of density—density correlations
£ on plg for the fixed density of ions p = 0.7, obtained numerically with and without the last term in (2.5)).
Being almost the same in both cases for small p/g, & obtained from the solution of equations (.9)—(4.1T))

23601-8
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Figure 3. The correlation length £ of the density—density correlations. Panel (a): obtained numerically as

a solution of the equations (#.9)—(@.TT) (solid line) and without the last term in (2.3) (dashed line) for the
fixed dimensionless density of ions p = 0.7. Panel (b): with numerical solution of equations @.9)-@.TT)
for the fixed dimensionless density of ions p = 0.6 (dashed line) and p = 0.7 (solid line).

12
1,=4.6

y
p=0.7 !

1 84
10 )
1

_________ (a)
T 0 . .
25 3.0 3.5 4.0 0.40 0.45 0.50 0.55 0.60

Figure 4. The correlation lengths oy 1 (solid lines) and ¢ (dashed lines) of the charge—charge and density—
density correlations, respectively, as functions of the Bjerrum length /g for the fixed dimensionless
density of ions p = 0.7 (panel a) and as functions of the dimensionless density of ions p for the fixed

Bjerrum length /5 = 4.6 (panel b).

077 p=0.7 057 1,=46 )
0.6
0.4 <
0.5
joN
< 04+ ——A, <034 ]
<‘b -~ -Ap ?) _A
0.05] 1 < 42l . |
0.044 ~ 4 )
0.03] < ]
0.02 Sl ] 0.1 1
0.01] ~~__ ] -~
0004@®  TTT=--—--_d ] T T e e __ ]
. . . 001 @) ' ' '
25 30 35 4.0 0.40 0.45 0.50 0.55 0.60

Figure 5. The amplitudes of the charge—charge and density—density correlation functions, A.. (solid
lines) and Ay, (dashed lines), as functions of the Bjerrum length /g for the fixed dimensionless density
of ions p = 0.7 (panel a) and as functions of the dimensionless density of ions p for the fixed Bjerrum

length /g = 4.6 (panel b).

increases with increasing plg more slowly than ¢ obtained when the last term in (2.5) is neglected.
Figure [3| (b) shows the correlation length & as a function of the Bjerrum length /g for two fixed ion

densities p = 0.6 and p = 0.7.
The correlation lengths of the charge—charge and density—density correlations, @ "and &, are shown
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in figure [ as functions of the Bjerrum length /g for the fixed ion density p = 0.7 [panel (a)] and as
functions of p for the fixed /g = 4.6 [panel (b)]. Asin ﬁgure we have almost a linear dependence of «, -1
on /g (or on p). For the fixed p, the correlation length ozo is larger than the correlation length ¢ for /g < 4

A similar behaviour is observed for the fixed /g for p < 0.6. It is worth noting that the crossover point
separating the charge-dominated and density-dominated regimes shifts towards a higher concentration
as the dielectric constant decreases [27,, 28 136]]. The crossover point for the both cases shown in ﬁgure[z_f]
is at plg = 2.8 corresponding to a/Ap = 6. For the RPM, the crossover point at a/Ap ~ 3 was obtained
theoretically [23]] and from the simulations [27]. Such a rather large difference may be due to the fact that
our theory does not take into account the packing of hard spheres for high densities.

In figure [5] the amplitudes of the charge—charge and density—density correlation functions, A.. and
App, calculated using equations (#.6)—(#.7) are presented for the same values of fixed p and /g as in
figure E} For both, the fixed p and the fixed /g, A, increases and A, decreases with an increase of /g and
p, respectively. Moreover, A, ~ 0.001 is two orders of magnitude smaller than A. for /g > 4 for fixed
p = 0.7 and for p > 0.6 for fixed /g = 4.6.

6. Discussion

In this section we discuss the controversial issue of the asymptotic decay of the charge-charge
correlations at a more general level. The experiments 11} [12] and recent simulations [34] suggest that
G.c(r) is a sum of terms with oscillatory and monotonous decays, with the latter having long range
and small amplitude. The decay lengths are determined by zeros of C..(k) extended to the complex ¢
plane. In our mesoscopic theory, there is a pair of complex-conjugate poles or two imaginary poles of
Gee(q) = 1/Cee(g) when the contribution to C.. associated with the correlation of the simultaneous
charge and density fluctuations,

Blec(r) = —(@(x)Y (r)¢(r)Y (12))/p* = =G e (r)Gpp (r) [ p*, (6.1)

is neglected. In (6.1I), r = |r; — 12|, and the approximate equality on the right-hand side holds in the
Gaussian approximation. Thus, when the only dependence of C..(k) on k comes from the Coulomb
potential, G..(r) either consists of two terms decaying monotonously, or exhibits an oscillatory decay.
The inclusion of the fluctuation contribution li to C..(r) brings additional dependence of Cee (k) on k,
and it might lead to an additional pole of G .. (¢). This pole in turn might lead to additional monotonously
decaying term in G . (r) that exhibits an oscillatory decay for large density of ions. In any case, an extra
k-dependent term in C.. (k) is necessary for additional zero of C..(q) on the complex g-plane.

We have shown, however, that in the mesoscopic theory at the level of the Gaussian approximation,
the coupling of the charge and density fluctuations does not lead to a significant change of the correlation
functions. In the Gaussian approximation, the contribution associated with the simultaneous charge and
density fluctuations has the form given by (2.7). In the mesoscopic theory, however, the packing of hard
spheres for large densities that leads to an oscillatory decay of Gpp(r) for small distances with the period
about half the period of G . (7) is not taken into account. We also neglected noncoulombic interactions and
fluctuation contributions to the higher-order correlation functions, assuming {¢(r)¥ (r1)¢(r)¥ (1)) =
Gcc(r)Gpp(r). It might be possible that our approximation for the k-dependent contribution to Cec(k)
other than the one following from the Coulomb interactions is oversimplified.

Before developing various extensions of our theory, it is instructive to consider an inverse problem.
We assume that G..(r) is a sum of the oscillatory and monotonous decays, and put a question: what are
the necessary conditions that should be satisfied by the fluctuation contribution to Cc (k) that comes from
the charge-density coupling [equation(6.1)]. Since the monotonous decay found in experiments 11} 12]
and simulations [34] is long-range, the small k behavior of Ccc(k) is relevant. We postulate that the
Taylor-expanded term following from the charge-density coupling has the form BJ..(k) = co + c2k? +
c4k*+0 (k). The expansion can be truncated for c4 > 0, because we require Ce...(k) > 0 for k > 0in the
single-phase region. To determine the decay lengths, we consider k2C.(k), and the Taylor expansion of
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(2.5) valid for &k < 1 takes the form

2E (k) = 4nlB[1 . (—anB +pg! +co)k2 N (RZB/6+02)k4 N (—nlB/18O+C4)kél'

47‘51}3 47tl]3 411:[13

The above equation indicates that the Stillinger-Lovett conditions [50] [G (k) = k2/(4nlg) for k — 0]
are held in the self-consistent Gaussian approximation considered in this work.
We define P(x) = 1 + byx + box? + b3x> with

_ —2mly +pg' +co _nlg/6+co _ —nlg/180 + c4
1= 47y

by=————, b3= (6.2)

471?[]3 ’ 47‘51]3

In general, if b3 > 0 then P(x) has a real root x,, < O corresponding to k,, = i+/|x;,|. In addition, P(x)
has either two more real roots or a pair of complex-conjugate roots. Large correlation length means small
|x;m|, which implies large b; > 0.

The oscillatory decay of G..(r) is associated with the real part of the root of Cee (a1 +iag) = 0 that
is a1 =~ 2, and the Taylor expansion may be not valid for this region of k. We assume that the oscillatory
decay of G..(r) for large plg can be determined by the vicinity of the minimum of C..(k), and is
only weakly affected by the charge-density coupling. This assumption is based on the semi-quantitative
agreement of such approximate theory with simulations of the RPM. In fact, the precise value of kg
obtained in our theory with neglected 5J.. is somewhat different from the simulation results. We require
that BJ.. (k) does not lead to a large shift of the minimum of C....(k), and

dCcc(k)  4nmlgsin(k)  8nlgcos(k)
dk k2 k3

+200k +4c k3 =0

holds for k ~ kq. This is possible when ¢, + 2C4k§ ~ 0 and we conclude that the minimum of C’cc(k)
with and without the charge-density coupling can occur at similar kK when ¢, < 0.

The necessary conditions for the existence of the monotonous and oscillatory decays of G..(r) are
by > 0,by < 0,b3 > 0. The large decay length of the monotonous decay can occur when b; > 1,
because P(x) = 0 for x < 0 with |x| < 1 only for a very large slope of P(x) at x = 0 when P(0) = 1.

For ppg that is not very small, b > 1 is possible for large cg, which in turn implies b; = co/(4nlp).
Note that when b > b», b3 the decay length is approximately b, because kzécc(k) ~ 4nlg[l+b1k>+
...] for k < 1. If we require that the decay length should be Vb o plp as in the experiments, we obtain
¢ = Blec(0) « pI3.

The above discussion shows that the charge-charge correlation function could contain a monotonously
decaying contribution for large plp if the necessary condition BJ..(0) > 4nlg was satisfied. The above
and the scaling for the correlation length of the asymptotic monotonous decay of G..(r) would be
simultaneously satisfied if

BJec(0) = Ap*L3 > 4nly, (6.3)

where A > 0 is a proportionality constant that must satisfy A > 4xn/(plg)>.

In the Gaussian approximation 8J... (0) can be large and positive when the integral of G .. (r)G op (1)
is negative. In this approximation and with ordering of hard spheres and noncoulombic interactions
both neglected, the above necessary conditions cannot be satisfied by the correlation functions that have
physical meaning. The question whether in some extensions of our theory the necessary condition (6.3)
as well as by < 0,b3 > 0 (see ) can be satisfied remains open.

7. Conclusions

We have shown that the addition of the previously neglected fluctuation contribution to the inverse
charge-charge correlation function does not lead to a significant change of the results, as long as we
restrict ourselves to the Gaussian approximation in our mesoscopic theory. The presence of the term with
the correlation between simultaneous charge and density fluctuations [the last term in (2.3)] makes the
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problem of self-consistent solution of the equations for the charge-charge and density-density correlations
much more complex. To make the problem tractable, we limited ourselves to a rather small ranges of the
density and the Bjerrum length, where the simplified equations are valid. Our results confirm that within
the Gaussian approximation, the previous results concerning the correlation functions remain valid on
the semi-quantitative level.

We also derived necessary conditions for the existence of a monotonous decay in addition to the
oscillatory decay of G .. (r) for large p/g. We have shown that these conditions cannot be satisfied within
our theory at the level of the Gaussian approximation.

Beyond the Gaussian approximation, additional terms are expected on the right-hand side in (6.1,
and extension of the present theory is necessary to verify whether these terms can lead to a change of
BJc.(0) that is big enough to allow for fulfilling the necessary conditions for the asymptotic monotonous
decay of G .. (r) for large plp.

Note that if only the charge changes in the mesoscopic region and the number of ions remains constant,
then an ion is replaced by an ion with the opposite charge. If only a number of ions changes and the
charge remains zero, then a pair of oppositely charged ions enters or leaves the considered region. Two
ions are engaged in these events. Simultaneous fluctuations of the local charge and density, ¢(r)y (r) are
associated with a single ion entering or leaving the considered mesoscopic region. Thus, the simultaneous
charge and density fluctuations can dominate, even though at the mathematical level they are represented
by the four-point function. A more careful study of (¢ (r;)y (r;)@(r2)¥(r2)), going beyond the Gaussian
approximation can shed more light on the asymptotic decay of G..(r). We shall focus on this question
in our future studies.

Let us finally comment that the mesoscopic theory can be applied to the studies of concentrated
electrolytes near a charged electrode [S1,52]] or between two electrodes [49]. In addition to the charge
distribution, it is possible to calculate a differential capacitance of the double layer or of a planar capacitor,
as well as the disjoining pressure [49]]. The effects of the oscillatory decay of the charge density with the
distance from the electrode on the capacitance of the double layer have been determined so far only for
very small voltage in [S2]. A more detailed analysis in the future studies can shed light on the properties
of the capacitance, including the anomalies found in simulation and theoretical studies [53}154]].
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B3aeMHMiA BNAMB Kopensyii ryCTUHM 3apaay i Yncina 4acTUHOK
B iOHHMX piANHAaX i KOHLLEHTPOBaHNX eNleKTponiTax

0. MNauaraH®, A. LisxZ

IHCTUTYT i3nKM KOHAEHCOBaHMX cucTeM HauioHanbHoI akagemii Hayk YkpaiHu 79011, m. /lbBiB,
By/1. CBeHUiLbKOro, 1, YkpaiHa
IHcTUTYT QismyHoi ximii Monbcbkoi akagemii Hayk, 01-224 Bapluaga, MonbLua

KopensiuiliHi ¢yHKUiT B KOHLLEHTPOBaHMX iOHHUX CUCTEMAX BUBYAOTLCSA B paMKax Me30CKOMiYHOI Teopii Ha piBHi
rayccoBoro HabnuxeHHs. ®nykTyauiliHuii BHeCOK B 0bepHeHy kopensuiiiHy GyHKLito “3apsa-3apsa”, SKum pa-
Hillle HeXTyBa0Cs, BPaxoBYETbCS ANSA NepeBipKy TOYHOCTI NonepejHix pesynbtatis. My po3paxoByemo Kopens-
LifHI ZOBXWHM Ta aMNAITyAN | NOKA3yeEMO, LLLO BpaxyBaHHS GNyKTyaLiiHOro BHeCKY He MPU3BOANTbL A0 CYTTEBUX
3MiH pe3ynbTaTiB. TakoX MU BUBOAMMO HEObXiAHi YMOBM ANs icCHYBaHHSA K OCLMASLIAHOTO, Tak i MOHOTOHHOTO
3aracaHHs Kopensuili “3apsa-3apsaa”, ki MatoTb BUKOHYBaTWCA ANS HEKYNOHIBCbKMX BHECKIB B 06epHeHi kope-
NAUiAHI GyHKUIT “3apag-3apaa’. Ha piBHi rayccoBoro HabauxXeHHs Lji yMOBU He BUKOHYTbCS. HeobXigHUM €
pO3LUMPeHHs Teopii 3a paMKM rayccoBoro HabAMXeHHs AN Toro, o6 nepesipuTy, Y1 acCUMNTOTMYHe 3araca-
HHS Kopensiuii “3apsa-3apsaj”’ € MOHOTOHHUM YU OCUMAALIHMM, SK Lie 6yl10 OTpMMaHo, BiANOBIAHO, B ekcre-
pYMeHTax 3 BUMIpIOBaHHS MOBEPXHEBUX CUA UM B eKCreprMeHTax MeToAOM ManoKyTOBOrO PeHTreHiBCbKOro
PO3CiHHS.

KnrouoBi cnoBa: kopessiyiiiHa QyHKUIS “3apaj-3apsag”, KopensayiiiHi JOBXVHY, KOHLEHTPOBAaHI eleKTPoAiTH,
Me30cKorivyHa Teopis
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