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cesses in the ionic solution-porous medium system. A system of equations is obtained for the nonequilibrium
single-ion distribution function, the nonequilibrium average value of the energy density of the interaction of so-
lution ions, and the nonequilibrium average value of the number density of particles in a porous medium. Using
the fractional calculus technique, a generalized diffusion equation of the Cattaneo type in fractional derivatives
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1. Introduction

Studies of the structural and thermodynamic properties of charged particle, ionic, and ion-molecular
systems, starting in 1954, were among the most important in I. R. Yukhnovskii’s work based on the orig-
inal method of collective variables [[1H3]]. Such a statistical approach, which is still relevant [4], made it
possible to consistently describe the screening effects for ionic and ion-molecular systems and obtain an-
alytical expressions for pair distribution functions in the approximations of the fourth group coefficients.
Such pair distribution functions of ions, molecules (dipoles) were used for calculations in the appropriate
approximations of diffusion coefficients and time correlation functions for ion-dipole systems [5]], calcu-
lations of dynamic structural factors “mass—mass”, “mass—charge”, “‘charge—charge” for ionic melts NaCl
within the framework of generalized hydrodynamics [6]]. Unary and pair distribution functions of ions
and molecules in spatially inhomogeneous systems obtained in the collective variable method [3] were
applied in the studies of transfer (diffusion) coeflicients in spatially inhomogeneous systems: “electrolyte
— membrane — filtrate” (modelling of reverse osmotic processes of purification of aqueous solutions) [7],
“aqueous solutions of radionuclides — soil” (modelling of radionuclide migration processes in groundwa-
ter in the Chernobyl zone) [8], “aqueous solutions of radionuclides — fuel-containing masses” (modelling
of the interaction processes of aqueous solutions of radionuclides with fuel-containing masses in the
New Safe Confinement of the “Shelter” object in the Chernobyl zone) [9} [10]]. It is important to note
that reverse osmosis membranes, soil, and fuel-containing masses are porous systems that interact with
aqueous solutions containing ions of different types with different properties.

Mathematical modelling of ion transport in porous systems from the point of view of modern
technologies for creating new current sources, water purification devices, biological membranes, channels,
etc. [L1H22] remains relevant. This direction of research allows for a deeper understanding of these
processes and their control.
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It is important to use the statistical theory of diffusion processes in the “electrolyte — porous medium”
system with equal consideration of both the electrolyte and the porous medium. In the vast majority
of studies, non-equilibrium thermodynamic equations [23] with constant diffusion coefficients are used
to describe electrodiffusion processes of ions, in particular in systems ‘“electrolyte—electrode”. At the
same time, an important feature of these systems is their significant spatial heterogeneity, when the
diffusion coefficients are functions of spatial coordinates and time, i.e., the time correlation functions
“flow—flow” (j(r;;1)j(ry;¢’)) in each of the phases and between the phases. In modern conditions of
using current batteries, one of the important processes is a rapid charging of the battery electrodes
with the corresponding charge carriers. In this case, we have a situation where, as the corresponding
charge carriers accumulate, the structure and properties of the storage material (electrode) will change
accordingly, in particular the porosity of the material. A change in the structure and porosity leads to
a change in the resistance of the storage material. It increases, and further accumulation by ions of the
material becomes more problematic due to polarization, diffusion and structural processes in the storage
material itself. Obviously, there must be a certain balance between the possibility of accumulation of
charge carriers and the applied charging voltage. In this regard, it is necessary to equally take into account
non-equilibrium processes for particles for the electrolyte and the porous medium.

A statistical theory for describing electrodiffusion processes of ion transport in the “electrolyte —
electrode” system, taking into account spatial heterogeneity and memory effects, was proposed in the
works [24-29]], using the method of non-equilibrium statistical operator (NSO). In particular, exper-
imental and theoretical [25-27, [29] studies of subdiffusion impedance for a multilayer GaSe system
with encapsulated -cyclodextrin, which has a fractal porous structure, were carried out. From the point
of view of theoretical studies, generalized electrodiffusion equations of the Cattaneo-type in fractional
derivatives [29] were applied.

In a recent work [30]], a kinetic approach was applied to describe ion transport processes in the ionic
solution-porous medium system based on the Enskog—Landau kinetic equations [31]] for ions, which are
obtained from a chain of BBGKI equations with modified boundary conditions. By solving the Enskog—
Landau kinetic equations for charged solid spheres and constructing hydrodynamic equations, analytical
expressions for the coefficients of mutual diffusion, thermal diffusion, viscosity, and thermal conductivity
were obtained for stationary processes, taking into account the porosity of the medium.

In this work, the kinetic approach is applied to the description of ion transport processes in the system
“ionic solution — porous medium”. In the second section, the non-equilibrium particle distribution
function for the system “ionic solution — porous medium” is obtained using the Zubarev’s method of
the non-equilibrium statistical operator [32H34]]. The non-equilibrium properties of the ionic solution are
described within the framework of the agreement of kinetics and hydrodynamics, and the particles of the
porous medium within the framework of the diffusion (subdiffusion) description. A system of equations
is obtained for the non-equilibrium single-ion distribution function, the non-equilibrium average value
of the energy density of the interaction of solution ions (taking into account the interaction with the
particles of the porous medium) and for the non-equilibrium average value of the number density of the
particles of the porous medium. In the third section, using the fractional calculus technique [35}[36]], a
generalized diffusion equation of the Cattaneo-type in fractional derivatives is obtained to describe the
processes of subdiffusion of particles in a porous medium.

2. Non-equilibrium statistical operator for the ionic solution-porous
medium system

We consider a system of an ionic solution that interacts with a porous medium, diffusing in it.
Positively and negatively charged ions of the solution can penetrate the structure of the porous medium
and move in it, interacting with particles of the porous medium (matrix). We take the entire volume
of the system to be equal to V = V; + V,, where V] is the volume occupied by the ionic solution, and
V; is the true volume of the porous matrix. By introducing the volume V), of the porous space of the
matrix, we can determine its porosity: ¢ = Vpor/V = 1 — Vi /V. We consider the ionic solution with
certain dielectric properties without explicit consideration of the molecular subsystem, and the porous
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matrix as formed by structureless moving particles of the & species. Examples of a porous medium can
be biological systems (macromolecular structures), polymeric, composite materials, electrode materials,
which in the processes of their interaction with ionic solutions can change structurally, which is extremely
important to take into account. Unlike an ionic solution, a porous medium as a liquid can be considered
as an amorphous or partially amorphous structural system, the particles of which can diffuse due to
structural displacements, changing the structure of the material over a long time. In reality, electrode,
membrane structures in the processes, in particular, ion transport in them, undergo significant changes
due to temperature, polarization and other factors. Such changes can occur very slowly by subdiffusion of
particles of the porous medium due to interaction with, in particular, in our case, an ionic solution during
along relaxation time. Therefore, we assume that the particles of the porous matrix can perform very slow
diffusional motion for a long time of the subdiffusion type [37] ((R(#) — R(0))?) = 2D,t"[1/T(1 + v)],
where D,, is the coefficient of “anomalous” diffusion of particles of the porous medium, R(¢) are the
coordinates of the particles, ¢ is time, I'(1 + v) is the gamma function, the parameter v varies in the
interval 0 < v < 1. The reason for such subdiffusion processes can be the interaction of particles of
the porous medium with solution ions, the change in the pore space when they are filled with an ionic
solution, and other factors. Considering the system in this way, we have fg = 1— ¢ — the volume fraction
of the porous matrix, f; = s;¢ — the volume fraction of the pores filled with an ionic solution, where
s; is the degree of filling the pores with an ionic solution (at s; = 1 is complete saturation of the porous
medium with ionic solutions) and f;, = (1 — s;)¢ is the volume fraction of incomplete filling of the pores
with an ionic solution. We assume that the kinetic energy of the solution ions is much greater than the
kinetic energy of the particles of the porous medium.
The Hamiltonian of such a system, an ionic solution — a porous matrix, can be represented as:

eA rit Na.Ny
Z [p) - (/ )] +Z Z oy (1,11)
a,j=1 ay j,l
Ng,Ng
£ d)mg:(rj,Rl)+Zzzaegp(rj,t)+H§, 2.1)
a,é .l

where the indices j, / number the solution ions of the type a, y, with masses m, m,, and p;, r; are the
momentum vector and the coordinate vector of the j-th ion of the solution, P;, R; are the momentum
vector and the coordinate vector of the /-th particle of the porous matrix, N, is the total number of
ions of the type a; @y (rj,17) = q)iily(r 7T + <I>]§$g(r 7,17) is the pair potential of interaction between
ions of the type @, y; @ ¢(r;,R)) = (I)Sh (r;,R)) + d>]°”g(r 7, Ry) is the pair potential of interaction of
ions with particles of the porous matrix, Wthh have short -range and long-range contributions. A(r;;1),
@(r;; 1) are the total vector and scalar potentials of the electromagnetic field created by ions of valence
Z, and the external field, e is the electron charge and c is the speed of light. In what follows, we do
not consider vortex electromagnetic processes of order £, but only potential contributions from ¢(r;;1).
H¢ is the Hamiltonian of the particles of the porous matrix, which includes the kinetic and potential
parts. In addition, at this stage of the research we do not take into account the possible influence of the
electromagnetic field on the particles of the porous matrix, which may be associated with the processes of
polarization and changes in its dielectric properties. Although in reality, in many cases, in particular for
electrodes (for instance, dipole superparamagnets of the type (8-CD(FeSQ,)) in semiconductor layered
structures, such as GaSe, InSe [27, 29, [38} 139]), biological membranes, and macromolecular structures,
such consideration is important.

The non-equilibrium state of an ionic solution, when interacting with a porous matrix, is com-
pletely described by the Liouville equation for the non-equilibrium distribution function of all par-
ticles p(x1, ..., XN, |X1,.... Xn,:1) = p(xNe, XNe ) (where the notations are introduced: xe =
X15+++sXNy> Xj =Pj, L, XNe = Xi,... ,XNg, X, =P, R)

0

= (wa,XNf;z) +ilnp (xN«,XNf;t) -0, (2.2)
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with Liouville operator

Na NaN,
. p; O 0 0 0
1LN(Z‘) = — T —(Da (l",l‘l) (———
0;1 Ma arj ay jl arf 7 ap] 5[’1
Ne.Ne
¢ g P
—Z Z _‘[q)af(rj,Rl)+Zae‘10(rj;t)] Ce—
@ i ar; op;
~ P 0 ) 0 0
+ — == ——Pse (R, Ry) (— - —)
2ime ORy EZ;‘ ; IR, oP;  OPp
Na.Ne
S0 d
- o Pea(RyT)) - . 2.3
2 7 R ga(Rirs) P, (2.3)

To find the non-equilibrium distribution function p(xVe, XN¢:¢) we use the approach proposed in the
works [40-43]] of a consistent description of the kinetics and hydrodynamics of non-equilibrium processes
of a system of interacting particles in the Zubarev’s method of the non-equilibrium statistical operator,
based on the Liouville equation with the source:

0
Ep (xN",XN‘f;t) +iLlyp (xN", XNf;t) =—c (p (xN", XNf;t) — Orel (xN", XNf;t)) s 2.4
which selects the retarded (¢ — +0, after the thermodynamic transition) solutions of the Liouville
equation under given initial conditions. As such an initial condition for the solution of the Liouville
equation (Cauchy problem) we choose:

p (xNa$XN§;t) = Qrel (-xNa’XNg;tO) ’

t=ty
when the ionic solution and the porous matrix are considered as interacting subsystems at the initial time.
In this case, pPre] (xN o, XNe, 1) is the relevant distribution function of ions and particles of the porous
matrix, which is obtained according to [40-43]] from the condition of the maximum of the Gibbs entropy
functional while maintaining the normalization conditions for the distribution and the given parameters
of the abbreviated description of the non-equilibrium state of the ionic solution; (A, (x))" = fo (x;1) is the
non-equilibrium single-particle distribution function of ion species a, (& (r))’ is the non-equilibrium
average energy of interaction of solution ions and particles of the porous matrix, (/iz(R))’ is the non-
equilibrium average value of the density of particles species & of the porous matrix and has the following
structure:

Prel (xN“,XNf;t) = exp

-0 - [arprn swte) - Y [ dranen i

_IB(H‘E _ZJdRﬂf(R;t)ﬁg(R))], (2.5)
&
where ®(7) is the Massier—Planck functional:

(1) = J dr'(x, X) exp [ - J dr B(r,1) &in (1) = ) J dx aq(x,1) Ag (%)

—,B(Hf —ZJdRuf(R;t)ﬁg(R))]. (2.6)
&

Here, 7i4(x) is the microscopic phase number density of ion species a:

Nuf
fla(x) = ) 8(p—p)d(r—1)), @.7)
j=1
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N¢
iz (R) = Y 6(R-R)) (2.8)
=1

is the microscopic density of particles of the porous medium, and

Ng,N- Ng,N,
A 1 >Ny a>IVeg
MOEEDY ZI] Doy (1), 1) S(r =) + ) zl] D (r), R 6(r = 1)) (2.9)
a, Js a J>

is the microscopic energy density of the interaction between solution ions and porous matrix particles.
The Lagrangian parameters S(r, ¢) (the inverse of the non-equilibrium temperature of the system “ionic
solution — porous matrix”), a,(x,t) and u¢ (R, ) are determined from the self-consistency conditions:

Eint(0) = Ein(0))rs (Ao (X)) = (Aa (X)), (2.10)
(Ag(R)) = (g (R))Ly-

In this case, the ionic solution has a temperature of 8~'(r,7), and 8~! is the temperature of the
porous matrix. (...)!, = deN oo (XN, XNesr), (L) = fdl“N cooo(xNe, XNest), dTy =
dx;...d (dX;...dXn )
(i) — o, dx = drdp, dX = dRdP.
Next, we use the general solution of the Liouville equation taking into account the design procedure
in the NSO method, which can be presented in the form:

0 (xN",XNS‘;t) = Orel (xN",XNf;t)

t
- j dr’ e T (1,0') [1 = Pra(t) | il ore (3, XN45 1), 2.11)

— 00

where € — +0 after the limiting thermodynamic transition, which selects the retarded solutions of the
Liouville equation with the operator iLy. Tiei(#,1") = exp, { - ;, dt'[1 — Py (¢)]il N} is a generalized
time-dependent evolution operator taking into account the Kawasaki—Gunton projection P(?). The
structure of P () depends on the relevant distribution function @ (xN o xNe. t). Having revealed the
action of the operators (1 — Py (#)) and iL x on the relevant distribution function oy (xN a XNe. t’), for
o(xNe, XN¢: 1) we obtain

o(xNe, XN 1) = ora (xNe, XNe 1 1)

+ { > J dx’ J e T (1,1)) [1 = P(") ] iLniy (x)ay (x', 1)
Y —c0
#[ar [ e T 1= PO Ly (OB )

t
+ J dR’ J e DT (1,") [1 = P(t')] il nig (R)Bus (R, r')}
X oret (xN, XNes 1) d, (2.12)
where P(t) is the generalized Mori operator, which is related to the Kawasaki—Gunton operator:

Pre1 (1) AQrel (1) = 0rel (1) P(2) A
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and has the following structure:

P(t)A—<A>rel+Zj e S B 0 G| + [ de 5 (1) o)

< >rel A A t

The non-equilibrium distribution function contains the generalized fluxes [1 — P(¢')JiLn7,, (x),
[1=P(¢')iLn&in(x'), [1=P(¢')]iLn7i£(R’), as well as the Lagrangian parameters a,, (x’, 1), B(x’,t"),
Bug (R, 1) [determined from the self-consistency conditions (2.10)], which describe the corresponding
non-Markovian transport processes in the system. Using the non-equilibrium distribution function for the
parameters of the abbreviated description of non-equilibrium processes (74 (x))’, (&in(r))’, 6¢fig (R))’,
using the following relation:

<na(x)>t = <na(x)>rel +((1 - P(t))ﬁa(x»t,
—(Elm(l'))t = (i (1))fg + (1 = P(1)&im (V)"

<n§(R)>’ = (g (R))yg + (1 = P(0)ig (R))',

we obtain a system of equations for ion transport in the system “ionic solution — porous medium”:

t
(9 A 4 C
G0 (0) = o+ 3 [ @ [ €06 r'sn ) ay () o
Y —c0
t
+ J dr’ J e (x,v¥';1,1") B(r, 1) dr’

JdR/ f &(t’ —t)‘p f(x R':1, f)ﬁﬂg(R, t)dt, (2.13)

t
a A A ’ ’ ’ ’ ’ ’
) = G+ Y [ @ [ L) 4y
Y —o0
t
+ I dr’ J e g, (r, v 1,1) (X', 1) dr’

t
+JdR’J 2W=0oE (0, R;1,1") B (R, 1) dr’, (2.14)

<ng(R)>’ Zjdx'f 2D Y (R, x5 1,1") ay (X, 1) i’
+ J dr’ J s('=0 ¢ (R,x';t,t') B(Y, 1) dt’

JdR, j S0 ol (RRs1,0) fug (R, 1) dr’, (2.15)
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where

A . A 1 a a a
Na(x) =ilnfig(x) = - — Jo(p, 1) — —- [ZFW(P, r)+ Faf(p, r)+ZeeE(p.1;1)|, (2.16)
Y

Mg OT ap

Ja(p.r) = > pi6(p-p)s(r—r))
j=1
is the microscopic momentum density of ion species « in the space of momentum and coordinates, and
J dpjo(p,r) = Pe(r) is the microscopic momentum density of ion species a.

)
Fay(p.r) = Z oy Loy (1) 1) 6(p—p;) 6(r —1;),
j J

NNf
Foe(p.r) = Z ar; Dae (£ R) 3(p = p)) 6(r = 1))

are the microscopic densities of interaction forces between ion species @ and vy and ion species @ and
particles & of the porous matrix in the space of momentum and coordinates,

Na
E(p.rif) = » E(r;i0)(p-p,) 6(r—r))
J
is the microscopic density of the electric field created by ions of the type @ in the space of momentum

and coordinates. The electric field E(r) is created by the ions of the solution according to the microscopic
Lorentz-Maxwell equation:

% E(r) = Zﬂ:ZGeﬁa(r).

The action of the Liouville operator on &j,(r) and on 7i¢ (R) gives the following result:

bin() = LN S = Y Z PS Ky (r) 6~ 1))

(17]
a N(lNy p N(l Nf
“ J<I>m/(r,,r,)6(r—rj)+z Z — Fag(rJ,Rl)é(r—r,)
ay j=1,l=1 a j=1,l= l
e (R) = iLyiig (R) = ——— - P4 (R)
n = n =" s
£ NAg me OR ¢

where f’g(R) is the microscopic momentum density of the particles of the porous matrix, Fo, (r;) =
ZZ‘; a%q)ay (rj,r;) are the forces acting on the j-th ion of the a-type from the ions of the y-type;
Foe(r;,Ry) = aiR,q)af (r;j,R;) are the forces acting on the ion of the type @ from the side of the
porous matrix particle £. The transport equations (2.13)—(2.15)) describe non-Markovian processes of ion
transport in the system “ionic solution — porous medium”, taking into account the dynamics of the porous
matnx particles. The transfer kernels ¢, (x,x";t,t"), 2. (x,v';t,1"), (,onf(x R';t,1"), pee(r, Y5t 1),
gog,, (r,R’;t, 1), go,m (R, R’;1,t") have the following structure:

ap(t,1') = ((1 = PO)ATra(1,1) (1 = P(t') By, (2.17)
where {A, B} = {14(x), &n(r),7ig (R)}. The transfer kernel data are associated with the corresponding
generalized transfer coeflicients, in particular:

p
PEE(RR:1,1) = —= - DEE(RR1,1) -

OR

T (2.18)
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where
t
rel

’ ’ 1 D ’ "N\ ’
D (RR31,1') = —((1 = P(1) Pe(R) Tra (1,4 (1 = P(1) £ (R))
£
is the generalized diffusion coeflicient of the particles of the porous matrix. For the ionic subsystem:

(2.19)

P i) = - D) -
+iﬁ-<(1—P(t))° () T ) (1= P D By () + Z, eE(x': 1) >t, 9
My or Ja rel\/, . 022 % ; » ap’
i.<<1—P<r>> Foy (5) + ZaeB(x:0)| T (1) (1 = P f)>"i. 0
" op (; T LB )rel ’ W]y o
- <<1 - P(r))(;m(x) + zaeE<x;r>)Tml<r,r’><1 ~P(1))
><(;er(x/)+ZyeE(x';t’))>re]- T (2.20)
where . . .
Dy (x,x"58,1") = (1 = P(1)Ja () Tt (£,') (1 = P(¢' )y (x)) (2.21)

are the generalized diffusion coefficients of ions in the space of momentum and coordinates, and for @ = ¥
Dt (x,x";t,t"), D, (x,x";t,¢") are the generalized diffusion coefficients of positively and negatively
charged ions, while Dy, (x, x";¢,#') is their mutual diffusion. 3, Foy (x) = X, Fay (x) + Fag(x) is the
sum of the microscopic forces in the space of momentum and space acting on the ion of the type « from
the ions of the type y and the particles ¢ of the porous medium. The next two terms in (2.20) describe
the momentum-space and time correlations between the forces F, (x), ¥ = {y, €}, the ion electric field
E(x;t) and the ion momentum density jy (x”). The fourth term in describes the momentum-space
and time correlations between the forces F,, (x), ¥ = {y, &} and the ion electric field E(x; 7), in particular
the term

t, - —_—

rel ap/

corresponds to the polarization processes created by the electric field of the ions. At the same time, the
term

—;—p (1= P(1))ZaeE(x; DTt (1,") (1 = P(")) ZeE(x'; 1))

’

t
rel

—a% : <<1 = P(1) D Fay ()T (t,/)(1 = P(t')) D Fyp (x'>>
X X’

contains

’

t
(2.22)
rel

{ppuxlstt) = <(1 = P(1) D Fay ()T (t,)(1 = P() D By (x’)>
X X’

which is the generalized friction coefficient of ions of the a-type and y-type taking into account the
interaction F, £ between ions and particles of the porous medium. Cross-correlation functions

"o

| op”

re

—;—p : <<1 = P(1)) ) Fay ()T (1,1)(1 - P(r’))zyemx';r'))
X

describe the interaction between the microscopic forces F,¢ and the electric field E(x’;¢") created by
the ions. Also of interest are the cross-correlation functions:

(1= PO) (1.0 (1 = P ZyeB1)

t

rel ’ a_p/’
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which can reflect the influence of the electric field created by ions on their momentum density jy (x") in
the space of momentum and coordinates with evolution in time. The transport kernel @]} as we can
see has a structure of the Fokker—Planck type with the corresponding derivatives g 6(19)’ in the space of
momentum and coordinates.

In conclusion, equation (2.13)) describes non-Markovian processes of ion transport by diffusion,
friction, electric polarization, and mutual diffusion of ions with particles of a porous medium. The
transport equation for (&, (r))’ mainly describes heat-conducting processes for ions in a given

system. By the method of moments, by projecting the first equation (2.13) onto the moments (1, p, 2 ) of
the non-equilibrium single-particle distribution function {7, (x))’, together with equation (2 we can
obtain a system of generalized hydrodynamics equations for the ionic subsystem with the correspondlng
generalized coeflicients of viscosity, thermal conductivity, and thermal diffusion. The resulting system
of transport equations (2.13)—(2.15) can describe both fast and slow non-Markovian processes of ion
transport in a porous medium. In this model, we do not specify the Hamiltonian H ¢ of the porous medium.
However, such porous materials, as we have already noted, can be electrode organic and inorganic
composite materials, membrane structures for water purification and solution separation, biological
membrane structures, and others, in which components (ions, molecules, macromolecules) can have
charge, dipole, quadrupole, and magnetic moments, which must be taken into account in H¢.

In the next section, we consider the subdiffusion model for particles of a porous medium.

3. Subdiffusion processes of particles of a porous medium

As aresult of the interaction of ions with particles of a porous medium over a long time, its structure
changes. To describe these processes, we assume that the non-equilibrium state of particles of a porous
medium is close to the equilibrium state. Therefore, we introduce dug (R;t) = pg (R;t) — pug as the
deviation of the non-equilibrium value of the chemical potential of particles of a porous matrix from its
equilibrium value u . We consider such fluctuations to be small. Then, in a linear approximation, for
ou ¢ (R; 1), the relevant distribution function is given as:

Orer (XN, XNe 1) = Qr(ell)( o xNe.t [1 - Z J dR Boue (R; t)ng(R)} (3.1

where

Pl (N, xNes 1) = exp [ - 000 - [ dr (.0 ()
—Zjdxaa(x,t)ﬁa(x)—ﬁ(Hg —quf)]. (32)

Using the self-consistency condition {71z (R))" = (/s (R))’ , we can determine the following fluctuations:

rel’
Boue (R 1) = -[ dR’ (- (R)) [®;} (R, R; 1)] *%, (3.3)

where , . @
(e (R)) = (e (R)) = (e (R)).],

(Ag (R’))r(eil) = [dIy g (RY) pr(él) (xNe, xNe: ), [@, (R, R; 1) €€ are the elements of the inverse matrix
to the matrix of density-density correlation functions of the particles of the porous medium:

55 (R,R;1) = JdFN fig(R) g (R') p) (xNe, xNe ). (3.4)
[ 1(R",R; t)] is determined from the integral equation:

J dR” [®; LR, R”; 1) *F @55 (R”, R';1) = 6(R-R).
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Next, we substitute (3.3) into (3.1), as a result for ore (xVo, XVé; 1) we obtain:

Qrel(de,XN’f;t) (l)( @ XN’S;t)

rel

1+ J dRJ AR5 (s (R)) [®;1 (R, R’ 1) ** e (R)) . (3.5)
3
The approximation for e (xNe, XN¢: 1) l| makes it possible to exclude the parameter Bou ¢ (R; 1)
from the system of transport equations (2.13))— . In addition, using the self consistency condition
(g (x))! = <na(x))rel, we can determine [40, 42] the parameters aq(x;t) = <Z“((2; , where u 4 (r, 1)
satisfies the corresponding integral equation:
dr'Ne  dRN: Ny ny(r};t)
Ua(r,t) = | —————exp|U(r, r'N"_l,RNf;t)] _ (3.6)
(No =D (Ng)! o uy(rj;t)
y.Jj=
here, the integration over dr’ coordinates of ions is marked by a dash to highlight u (r, t),
my (1) = [ dp(iy (o G.7)
is the non-equilibrium average value of the ion density of the species vy,
l No.Ng
U(r,e'Ne=! RNe 1) = 0(1) + Z Z W(rj,r,) + Z @ (X, R)) | B(X)31)
+ﬁlH§ —ZJdRﬂg(R;I)ﬁ‘f(R) . (3.8)
3
Then, the system of transport equations (2.13)—(2.15) has the form:
\ (iy ()"
’ - ’ ’ Ny (X ’
2 (a0 = (N - % o [ e e
t
+ f dr’ J &(t’ ’)go;fg(x, r';t,t) B, ) dY
JdR’ J 2D Gr (x R';1,1") 5(Ag (R')) dr, (3.9)
, - o )
—<8mt(1’)> = <31nt(r)>rel Zjdx J st t)‘P?;n r,x;t,1 )lnmdt
+ J dr’ J e Dy (v, 1,1) B(X, 1) dr’
t
+de’ J 2W=0GE (r,R';1,1")6(As (R))) dr, (3.10)
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t ’
0 = (y (X))
=8 (R) =- > | dv' | e* i (Rx'1,1') In ~ dr’
=0 (R)) §y [ [ e gz ainim )

t
+ J dr’ f e‘9<"_t)q)58(R, r';t, ) B, t")dt

t
+ J dR’ f e?NGEE (R, R 1,1)5(R s (R)))dr, (3.11)
which contains renormalized generalized transport kernels (diffusion coefficient of porous matrix parti-
cles) through the structure functions [@;,&(R”, R’; t')] e,
_&EE ’ ’ ’” 0 & ’” ’ 0 F—1 ’” 1. 166
e (RR";1,¢") = | dR R D (R, R”;t,t) - R [®,4(R”,R’;1)]°°, (3.12)

l/
rel

GoE (LR, 1) = J AR (1= P())a (X)Traa(t, ') (1= P(¢ )it (R [&;) (R, R )] ¢, (3.13)

Gen(r,Rs1,1') = j AR (1= P(1)&ine(1) T (1.£') (1 = P(¢' )it (R”)) [Byh (R7,R':1')] €€, (3.14)

In this case, the averaging operation in the transport kernels of the system of transport equations (3.9)-
(3.11) is performed with the relevant distribution function (3.3)).

To describe the subdiffusion processes of particles of a porous medium when interacting with an ionic
solution, we use the fractional calculus based on the works [29}44]]. To reveal the time multifractality in
the generalized diffusion equation of particles of a porous medium (3.11), we use the approximation for
the generalized diffusion coefficient

D (RR;1,1") = Weg(1,1) DiE (R R”), (3.15)

where the function We¢(z,1") can be defined as a memory function with time retardation. Further, as in
the works [29, 44], we use the Fourier transform to equation (3.11), choosing the frequency dependence
of the memory function in the form

(iw)l—v

Wee(w) = 1 +iwtg’

0<v< 1, (3.16)

with the introduction of the relaxation time 7, which characterizes the subdiffusion processes of particles
in a porous medium. The next step is to use the Fourier transform to fractional derivatives of the functions:

L(,D; ™ f(1);iw) = (iw) "V L(f(1);iw), (3.17)
where
L d [ f(D)
oD,V f(t) = ) dII (t—-r)l—"dT’ 0<vgl

0

is a fractional Rieman—Liouville derivative and I'(v) is the gamma-function. Using it, the inverse Fourier
transforms in equation (3.I1)) to the time dependence, taking into account (3.I5) and (3.16), gives
the generalized diffusion equation for particles of a porous medium of the Cattaneo-type in fractional
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derivatives:

9% . , 0 . . 0
Tf@é(ﬂf(R» +E(5(ng(R)) = - 1+T§E

xZIdx’J =0 EY (R ¥'i1,¢') In <A;((j/,)¢>ft)l dr’

0
+ (1 +TEE) f dr, J e t)(piS(Rs r,;t’ t,)ﬂ(rl’ t/) dtl

d
+0D,1“’JdR’ f dR”a -D:Y(R,R")

F—1 1 ’. 33 N IN\T
X oo [Pun (R RG] 2560, (R)). (3.18)

Taking into account equations (3.9), (3.10) and (3.18), we obtain a system of equations for the transport
of solution ions in a porous medium with a consistent description of the kinetics and hydrodynamics of
the liquid subsystem and subdiffusion processes of particles of the porous subsystem. The cross-transport
kernels (,Zagf (x,R%;1,1), ¢2,(r,R’;t,¢") describe the dynamic correlations between the particles of the
subsystems, in particular, @,(ff (x,R’;1,1") includes the generalized coefficient of mutual diffusion of
solution ions and particles of the porous medium. Without taking into account the energy transfer of the
interaction of solution ions, this system is significantly simplified:

(fiy ()" dr

u, (r',t)

t
4 ~ A ’ '—t) @ ’ ’
50 = Gy =510 Y, [ & [ DG i) n
Y 00

t
+(1-9¢) J dR’ J e? D GTE (x, R ;1,1") 6(Rz (R))dr’, (3.19)

02 . . 0
T5825<n5(R)> +—(5<n§:(R)> (1+T$6_)

~ ANV
xs1¢ZIdX/J s LY (R, x';1,1') In $y ) dr’

uy (1, 1)

+o D}—V(l — ) J dR’ J dR"(9 -D5F (R,R)

6R” [} (R”, R';1)]* 6¢hs (R)), (3.20)
where the porosity ¢ of the medium and the fraction of filling s; with an ionic solution of the porous
medium are taken into account. We actually obtain a kinetic equation for the non-equilibrium single-ion
distribution function (A, (x))" = fq(x;f), which is related to the generalized diffusion equation of the
Cattaneo-type in fractional derivatives for particles of the porous medium. It is also important to note that
in the kinetic equation in (A1, (x))’, and the transport kernels @y, (x,x';1,1’), %% (x,R’;1,1’) there are
contributions from the electric ﬁeld created by the ions and the gradient of the external electric potential,
if present. And obviously, it is necessary to add the corresponding Maxwell equations for the averaged
electric and magnetic fields to the system of transport equations. These issues require an additional
research, which will be carried out in future works. We can introduce a generalization to spatial fractality
in the Liouville operator iLy (¢) and in the transport equations by formal substitution according to the
works [45149]: de — fdug(x) 0<¢<l, — — DS, 2 P Dy, where Dy, Dy are the derivative
operators of the Riemann—Liouville type.
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4. Conclusions

A consistent description of kinetic and hydrodynamic processes is applied to the study of ion transport
processes in the system “ionic solution — porous medium”. A non-equilibrium particle distribution
function for the system “ionic solution — porous medium” is obtained using the non-equilibrium statistical
operator method. When choosing a distribution function for solving the Liouville equation, we assumed
that at the initial moment of time, the temperature of the porous subsystem is constant, and the chemical
potential of its particles changes due to the interaction between them and the solution ions. The motion of
ions was described at the kinetic level in the coordinate and momentum space using (A, (X))’ = fqo (x;1).
In this case, the non-equilibrium average value of the interaction energy (&in(r))’ contains, in addition
to the ion-ion interaction, the ion-particle interaction of the matrix, so the non-equilibrium temperature
of the ionic solution is a certain effective temperature, which already has a certain contribution from the
porous subsystem through diffusion processes. In this case, the non-equilibrium properties of the ionic
solution are described within the framework of the consistency of kinetics and hydrodynamics, and the
particles of the porous medium — within the framework of the diffusion (subdiffusion) description. That is,
the ionic transport of ions in a porous medium is described using the kinetic equation (2.13) (taking into
account (2.20) with the Fokker—Planck type interaction integral in the coordinate and momentum space),
and therefore it can be both fast and slow and it also depends on the equation (2.14) of the change in time
of the average interaction energy. The resulting system of transport equations (2.13)—(2.15) can describe
both fast and slow non-Markovian processes of the ion transport in a porous medium. We analyzed the
structure of generalized transport kernels in the obtained system of equations with the separation of the
interaction forces between ions and particles of the porous medium and the contributions of the electric
field created by solution ions. As a result, in particular, the transport kernels were expressed in terms of
generalized diffusion coefficients, friction in coordinate space, and momenta for the ionic subsystem in
the Fokker—Planck type collision integral.

As experimental studies show, in particular in the processes of operation of porous electrodes in
batteries, in membrane technologies, as a result of the interaction of ions with particles of the porous
medium over a long period of time, its structure changes significantly. As a rule, from the point of view of
theoretical description, these changes are recorded at the level of modelling the porosity of the medium ¢.
Itis obvious that the change in the structure of the porous matrix is related to the movement of its particles,
which is very slow during the operation time. Therefore, to describe such processes, we considered that
the non-equilibrium state of the particles of the porous medium is close to the equilibrium state and its
state can be described in a linear approximation by 6 £ (R; 1) = g (R; ) — s — the deviation of the non-
equilibrium value of the chemical potential of the particles of the porous matrix from its equilibrium value
te. In this approximation, with the appropriate transformations, the system of equations @)—
was written in the form (3.9)—(3.11) with the fact that the equation of generalized diffusion of particles of
a porous matrix is already closed with respect to §(7i s (R))’. Further, having some personal experience in
describing subdiffusion processes [26}27,, 129,44, 49]] using the fractional calculus technique [35}36], the
equation (3.11) is written in the Cattaneo form (3.18) in fractional derivatives to describe the processes of
subdiffusion of particles in a porous medium. In order to perform numerical calculations in the following
works, we presented the system of equations (3.9), (3.18) in a closed form with an explicit inclusion of
the porosity ¢ of the medium, but without taking into account the contributions (& (r))’. We hope that
by using the method of moments for correction functions and isolating the Gaussian or Lorentzian form
of the time dependence, we will obtain expressions for the transport kernels in terms of the corresponding
structural distribution functions and interaction potentials between ions and particles of the porous matrix
of a specific model. On their basis, numerical calculations of the corresponding transport equations (3.9),
(3.18| will be performed.

References

1. Yukhnovskii I. R., Ukr. Fiz. Zh., 1959, 4, No. 2, 167-176, (in Russian).
2. Yukhnovskii I. R., Holovko M. F., Statistical Theory of Classical Equilibrium Systems, Kyiv, Naukova dumka,
1980, (in Russian).

23501-13



P. P. Kostrobij, B. M. Markovych, O. V. Viznovych, M. V. Tokarchuk

>

® W

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.
20.

21.

22.

23.
24.

25.

26.

217.
28.

29.

30.
31.

32.
33.

34.

35.

Yukhnovskii I. R., Kuryliak I., Electrolites, Kiev, Naukova dumka, 1988, (in Russian).

Yukhnovskii I. R., Tokarchuk M. V., Hlushak P. A., Ukr. J. Phys., 2022, 67, No. 8, 579-591,
doii10.15407/ujpe67.8.579.

Tokarchuk M. V., Ukr. Fiz. Zh., 1986, 50, No. 7, 1123-1131.

Zubarev D. N., Tokarchuk M. V., Theor. Math. Phys., 1987, 70, No. 2, 164—178, doij10.1007/bf01039207.
Yukhnovskii I. R., Zhelem R. I., Omelyan I. P., Sov’yak E. N., Tokarchuk M. V., Ukr. J. Fiz., 1996, 41, 819-827.
Yukhnovskii I. R., Tokarchuk M. V., Omelyan L. P, Zhelem R. 1., Radiat. Phys. Chem., 2000, 59, No. 4, 361-375,
doi:10.1016/S0969-806X(00)00278-4.

Yukhnovskii I. R., Tokarchuk M. V., Zhelem R. I., Condens. Matter Phys., 1999, 2, No. 18, 351-360,
doi:10.5488/CMP.2.2.351.

Tokarchuk M. V., Markovych B. M., Zakharyash O. S., Ivankiv O. L., Mokhnyak S. M., Condens. Matter Phys.,
2025, 28, No. 1, 11601, doi:10.5488/CMP.28.11601.

Han G., Vasylenko A., Daniels L. M., Collins C. M., Corti L., Chen R., Niu H., Manning T. D., Antypov D.,
Dyer M. S., et al., Science, 2024, 383, 739-745, doi:10.1126/science.adh5115.

Kondori A., Esmaeilirad M., Harzandi A. M., Amine R., Saray M. T., Yu L., Liu T., Wen J., Shan N., Wang H.-H.,
Ngo A. T., Redfern P. C., Johnson C. S., Amine K., Shahbazian-Yassar R., Curtiss L. A., Asadi M., Science,
2023, 379, 499-505, doii10.1126/science.abq1347.

Yu W., Shen Z., Yoshii T., Iwamura S., Ono M., Matsuda S., Aoki M., Kondo T., Mukai S. R., Nakanishi S.,
Nishihara H., Adv. Energy Mater., 2023, 14, No. 2, 2303055, doi:10.1002/aenm.202303055.

Ding J., Du T., Thomsen E. H., Andresen D., Fischer M. R., Mgller A. K., Petersen A. R., Pedersen A. K.,
Jensen L.R., Wang S., Smedskjaer M. M., Adv. Sci., 2024, 11, 2306698, doi{10.1002/advs.202306698.
Biesheuvel P. M., Zhang L., Gasquet P., Blankert B., Elimelech M., van der Meer W. G. J., Environ. Sci. Tech-
nol. Lett., 2020, 7, No. 1, 4247, doi:10.1021/acs.estlett.9b00686.

Yang Z., Zhou Y., Feng Z., Rui X., Zhang T., Zhang Z., Polymers, 2019, 11, No. 8, 1252,
doi:10.3390/polym11081252.

Heiranian M., Fan H., Wang L., Lu X., Elimelech M., Chem. Soc. Rev., 2023, 52, 8455-8480,
doi:10.1039/d3cs00395g.

Fan H., Huang Y., Yip N.Y., Front. Environ. Sci. Eng., 2023, 17, No. 2, 25, doi;10.1007/s11783-023-1625-0.
Miao J., Hu Q., Zhang Z., Hu Y., J. Membr. Sci., 2024, 697, 122578, doi:10.1016/j.memsci1.2024.122578.

Ye Z., Galvanetto N., Puppulin L., Pifferi S., Flechsig H., Arndt M., Trivino C. A. S., Di Palma M., Guo S.,
Vogel H., Menini A., Franz C. M., Torre V., Marchesi A., Nat. Commun., 2024, 15, 110, doi:10.1038/s41467-
023-44377-7.

Stabilini S., Menini A., Pifferi S., Int. J. Mol. Sci., 2021, 22, No. 16, 8578, doi:10.3390/ijms22168578.

Su Y., Otake K. I., Zheng J. J., Xu H., Wang Q., Liu H., Gu C., Nat. Commun., 2024, 15, No. 1, 144,
doi:10.1038/s41467-023-44424-3.

Ferguson T. R., Bazant M. Z., J. Electrochem. Soc., 2012, 159, No. 12, A1967-A1985, doi:10.1149/2.048212jes.
Kostrobij P. P., Markovych B. M., Tokarchuk R. M., Tokarchuk M. V., Chernomorets Yu. I., Math. Model. Com-
put., 2014, 1, No. 2, 178-194, d0i:10.23939/mmc2014.02.178.

Grygorchak I. I., Kostrobij P. P., Stasyuk I. V., Tokarchuk M. V., Velychko O. V., Ivashchyshyn F. O,
Markovych B. M., Physical processes and their microscopic models in periodic inorganic/organic clathrates,
Rastr-7, Lviv, 2015, (in Ukrainian).

Kostrobij P. P., Grygorchak I. I., Ivaschyshyn F. O., Markovych B. M., Viznovych O. V., Tokarchuk M. V.,
Math. Model. Comput., 2015, 2, No. 2, 154-159, do0ii10.23939/mmc2015.02.154.

Lin C., Wang B., Teo K. H., J. Appl. Phys., 2017, 121, 183101, doi:10.1063/1.4983021,

Kostrobij P., Markovych B., Viznovych O., Tokarchuk M., Math. Model. Comput., 2016, 3, No. 2, 163-172,
d0i:10.23939/mmc2016.02.163.

Kostrobij P., Grygorchak I., Ivashchyshyn F., Markovych B., Viznovych O., Tokarchuk M., J. Phys. Chem. A,
2018, 122, No. 16, 4099-4110, doii10.1021/acs.jpca.8b00188.

Tokarchuk M. V., Math. Model. Comput., 2024, 11, No. 4, 1013-1024, doi:10.23939/mmc2024.04.1013.
Kobryn A. E., Morozov V. G., Omelyan I. P., Tokarchuk M. V., Physica A, 1996, 230, No. 1-2, 189-201,
doi{10.1016/0378-4371(96)00044-1.

Zubarev D. N., J. Math. Sci., 1981, 16, No. 6, 1509-1571, doi:10.1007/BF01091712.

Zubarev D. N., Morozov V. G., Ropke G., Statistical Mechanics of Nonequilibrium Processes, Vol. 1, Fizmatlit,
2002, (in Russian).

Zubarev D. N., Morozov V. G., Ropke G., Statistical Mechanics of Nonequilibrium Processes, Vol. 2, Fizmatlit,
2002, (in Russian).

Samko S. G., Kilbas A. A., Marichev O. L., Fractional Integrals and Derivatives: Theory and Applications,
Gordon and Breach Science Publishers, 1993..

23501-14


https://doi.org/10.15407/ujpe67.8.579
https://doi.org/10.1007/bf01039207
https://doi.org/10.1016/S0969-806X(00)00278-4
https://doi.org/10.5488/CMP.2.2.351
https://doi.org/10.5488/CMP.28.11601
https://doi.org/10.1126/science.adh5115
https://doi.org/10.1126/science.abq1347
https://doi.org/10.1002/aenm.202303055
https://doi.org/10.1002/advs.202306698
https://doi.org/10.1021/acs.estlett.9b00686
https://doi.org/10.3390/polym11081252
https://doi.org/10.1039/d3cs00395g
https://doi.org/10.1007/s11783-023-1625-0
https://doi.org/10.1016/j.memsci.2024.122578
https://doi.org/10.1038/s41467-023-44377-7
https://doi.org/10.1038/s41467-023-44377-7
https://doi.org/10.3390/ijms22168578
https://doi.org/10.1038/s41467-023-44424-3
https://doi.org/10.1149/2.048212jes
https://doi.org/10.23939/mmc2014.02.178
https://doi.org/10.23939/mmc2015.02.154
https://doi.org/10.1063/1.4983021
https://doi.org/10.23939/mmc2016.02.163
https://doi.org/10.1021/acs.jpca.8b00188
https://doi.org/10.23939/mmc2024.04.1013
https://doi.org/10.1016/0378-4371(96)00044-1
https://doi.org/10.1007/BF01091712

A consistent description of the kinetic processes

36.

37.

38.
39.

40.
41.
42.
43.
44.
45.
46.
47.
48.

49.

Oldham K. B., Spanier J., The Fractional Calculus: Theory and Applications of Differentiation and Integration
to Arbitrary Order, Dover Books on Mathematics, Dover Publications, 2006.

Sandev T., Metzler R., Chechkin A., Fract. Calc. Appl. Anal., 2018, 21, No. 1, 10-28, doii10.1515/fca-2018-
0002!

Klapchuk M. 1., Ivashchyshyn F. O., Math. Model. Comput., 2020, 7, 322-333, doi:10.23939/mmc2020.02.322.
Kostrobij P. P., Ivashchyshyn F.O., Markovych B. M., Tokarchuk M. V., Math. Model. Comput., 2021, 8, 89-105,
doii10.23939/mmc2021.01.089.

Zubarev D. N., Morozov V. G., Omelyan I. P., Tokarchuk M. V., Theor. Math. Phys., 1991, 87, 412-424,
doii10.1007/BF01016582l

Zubarev D. N., Morozov V. G., Omelyan I. P., Tokarchuk M. V., Theor Math Phys., 1993, 96, 997-1012,
doii10.1007/BF01019063.

Tokarchuk M. V., Omelyan I. P, Kobryn A. E., Condens. Matter Phys., 1998, 1, No. 4, 687-751,
doii10.5488/CMP.1.4.687.

Tokarchuk M. V., Math. Model. Comput., 2022, 9, 440-458, doi110.23939/mmc2022.02.440.

Kostrobij P., Markovych B., Tokarchuk M., Ryzha I, J. Math. Phys., 2021, 62, 103304, doi:10.1063/5.0062443.
Tarasov V. E., Chaos, 2004, 14, No. 1, 123-127, doii10.1063/1.1633491.

Tarasov V. E., J. Phys. Conf. Ser., 2005, 7, No. 1, 17-33, doi:10.1088/1742-6596/7/1/002.

Tarasov V. E., Phys. Rev. E., 2005, 71, No. 1, 011102, doi:10.1103/PhysRevE.71.011102.

Tarasov V. E., Fractional Dynamics: Applications of Fractional Calculus to Dynamics of Particles, Fields and
Media, Nonlinear Physical Science, Springer, Berlin, Heidelberg, 2010, doi:10.1007/978-3-642-14003-7.
Kostrobij P. P., Markovych B. M., Viznovych O. V., Tokarchuk M. V., Physica A, 2019, 513, 63-70,
doii/10.1016/j.physa.2018.09.051.

Y3roa)keHuii onnc KiHeTUYHUX NpoLeciB TPaHCNOPTY iOHIB
eNeKTpoNiTy B AMHAMIYHOMY MOPUCTOMY CepeaoBUNLLi

M. n. KOCTpO6iI7p], b. M. MapKOBI/I‘-p], 0. B. BisHosud®, M. B. TOKapHylm

L HauioHanbHWiA yHiBepcuTeT “/IbBiBCbKa NoniTexHika”, 79013, M. JIbBis, Byn. C. baHgepw, 12
2 IHCTUTYT Qi3nKm KoHAeHcoBaHMX cuctem HAH YkpaiHu, 79011 NlbBiB, Byn. CBeHLiLbKOrO, 1

Y3roAxxeHuii onuc KiHeTUYHUX Ta MiAPOANHAMIYHUX MPOLIeCiB 3aCTOCOBAHO A0 AOC/iIAKEHb NPOLECiB NepeHo-
cy iOHIB y cucTeMmi “iOHHUIA po3unH - nopucte cepegoBuile”. OTPMMAHO CUCTeMY PiBHSIHb ANS HepiBHOBa-
XHOT OAHOIOHHOT GYHKLIi po3moainy, HepiBHOBaXHOro cepejHbOro 3Ha4YeHHs FyCTUHW eHeprii B3aEMOgi io-
HiB PO34MHY Ta ANS HEPIBHOBAXXHOI0 CepeAHbOro 3HaYeHHS ryCTUHW YMCia YaCTUHOK MOPUCTOro cepefoBuLLa.
3 BUKOPUCTAHHAM MeTOAMKM APO60BOro YNCNEHHS OTPUMaHO y3araabHeHe piBHAHHA andysii Tuny KettaHo y
APO6OBUX MOXIAHWX ANA OnMCy NpoLecis cy6andysii YaCTUHOK NOPVCTOro cepeAoBuLLIa.

KnrouoBi cnoBa: kiHeT4Hi Ta rigpogvnHamidHi npoyecy, HepiBHOBAaXHWI CTaTUCTUYHUI oneparop, iOHHI
PO34YMHY, MOPUCTe CepesoBuLLe, AP060BE YNCAEHHS, ANPY3IA.
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