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Heisenberg model spin systems offer favourable and manageable physical settings for generating and manipu-
lating entangled quantum states. In this work mixed spin-(1/2,1/2,1) Heisenberg spin trimmer with two different
butisotropic Landé g-factors and two different exchange constants is considered. The study undertakes the task
of finding the optimal parameters to create entangled states and control them by external magnetic field. The
primary objective of this work is to examine the tripartite entanglement of a system and the dependence of the
tripartite entanglement on various system parameters. Particularly, the effects of non-conserving magnetiza-
tion are in the focus of our research. The source of non-commutativity between the magnetic moment operator
and the Hamiltonian is non-uniformity of g-factors. To quantify the tripartite entanglement, an entanglement
measure refered to as “tripartite negativity” has been used in this work.
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1. Introduction

Quantum entanglement, as a fundamental phenomenon in quantum mechanics, has recently at-
tracted increasing attention due to its key role in quantum communication and information processing
paradigms [[1H5]]. This non-classical correlation serves as a cornerstone for various quantum technolo-
gies, including quantum teleportation [6H11], quantum computing [[12H14], and quantum cryptogra-
phy [I15} [16]]. Moreover, the study of entanglement has yielded significant insights in diverse fields,
ranging from black hole physics, where it has facilitated progress in applying quantum field theory meth-
ods, to the investigation of quantum phase transitions and collective phenomena in many-body systems
and condensed matter physics. In the last decades, significant research efforts have focused on investi-
gating the entanglement properties of quantum spin clusters and molecular magnets [[17, [18]], motivated
by compelling evidence suggesting that molecular magnets could serve as promising candidates for a
physical realization of qubits in quantum information technologies. At the moment, several schemes
of quantum computers working with molecular magnets are proposed [19421]. This rapidly growing
field has generated a substantial body of literature exploring various aspects of quantum entanglement
in many-body spin systems [22H40]], contributing to our understanding of quantum correlations at the
molecular scale and their potential applications in quantum information science.

Magneto-thermal properties of single molecule magnets (SMM) are particularly sensitive to the
situation when magnetic moment operator does not commute with the Hamiltonian, that gives rise to a
non-conserving magnetization. The most common reason for the non-conserving magnetization is the
different g-factors of different magnetic ions within the molecule [26} 28| 29, |41H52]]. Non-conserved
magnetization can affect the magnetization curve drastically. When the magnetic moment is a good
quantum number (conserving magnetization operator), then for the SMM, the magnetization curve at
zero temperature consists of a series of horizontal parts (magnetization plateaus) with step-like transitions
between them. Each plateau corresponds to a certain eigenstate which is the ground state at given values
of magnetic field. A constant value of the magnetic moment at each plateau is the expectation value
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Figure 1. (Colour online) Symbolic picture of triangular trinuclear mixed-spin magnetic molecule with
spins 1/2, 1/2 (small balls), and 1 (large ball). The Lange g-factors for one spin-1/2 ion and spin-1 ion
are supposed to be the same (g ), whereas the g-factor for the second spin-1/2 differs from them, g;.

of the magnetization operator for a given eigenstate. Transitions between plateaus correspond to level-
crossing points. However, if the magnetization operator does not commute with the Hamiltonian, the
magnetic field dependence within the given ground state can be continuous, since eigenstates with the
given value of energy are not simultaneously eigenstates of the magnetic moment operator. Thus, even
at zero temperature, the magnetization curve of SMM with non-conserving magnetization has much
in common with magnetization curve of a real many-body system [44, 45| |53]]. Non-uniform g-factors
can bring to drastic change of the eigenstates of finite spin cluster in comparison with the eigenstates
of the same Hamiltonian but with uniform g-factors. These changes lead to incoherent superpositions
of the spin states basic vectors with coefficients dependent on the magnetic field magnitude and other
parameters of the system. The latter, in its turn, opens up new possibilities for manipulating the quantum
and/or thermal entanglement by means of magnetic field.

This study focuses on a mixed spin-(1/2,1/2,1) trimmer system with two distinct, yet isotropic,
exchange interaction constants and non-conserved magnetization due to non-uniform g-factors. In our
previous work we examined the properties of a bipartite entanglement for this system [39, 54]. In
this work we are going to investigate the tripartite entanglement of the system with the aid of the
tripartite negativity measure. We analyse the dependence of negativity on various system parameters,
including exchange interaction constants, non-conserved magnetization, and external magnetic field. A
comparative analysis is conducted between the scenario involving non-conserved magnetization and the
case with homogeneous g-factors. The investigation encompasses several exchange interaction constants
configurations:

A ferromagnetic interaction case (J; < 0, J, < 0), a scenario with two antiferromagnetic interactions
(J1 = J» >0, J, > J; > 0) and two mixed cases combining ferromagnetic and antiferromagnetic
interactions(J; > 0, J, < 0and J; <0, J, > 0).

The paper is organized as follows. In the second section we introduce the quantum spin model and
present its exact spectrum and eigenstates. The next third section is devoted to tripartite negativity. In
sectiond] we calculate tripartite negativity and present the plots of its magnetic field behaviour. The paper
ends with conclusion.

2. The model

We consider a mixed spin trimmer with spins 1/2, 1/2, and 1 in a triangular arrangement, with two
different exchange couplings J; (between spin-1 and each spin-1/2) and J, (between spin-1/2 pairs) and
two different g-factors, the one of 1/2 spins and the spin-1 ion have g-factor equal to g;, while the other
spin-1/2 ion has g-factor equal to g». The spin Hamiltonian of the model has the following form:
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H =J;(s152+5283) +J28183 — B (glsf +g2s§ +g1S§) R 2.1

where s4, a = 1,2, are spin-1/2 operators, and S3 stands for spin-1 operators.

An unusual choice of the interaction constants and g-factors distribution should be explained. On
the one hand, we aimed to have a model that admits analytical solution in a possible simple way.
The arrangement of the system parameters in the Hamiltonian (2.1I)) admits two permutation symmetry
operations, P, and Py3. Owing to these symmetries, the eigenvalue problem for the Hamiltonian can
be factorized, allowing an analytical solution in terms of only quadratic equations. Remarkably, this is
one of the very few possible Hamiltonians for mixed-spin (%, % 1) triangular clusters that permits a fully
analytical treatment of the eigenvalues. On the other hand, the model chosen in the present research can
have a physical realization in optical lattices with trapped fermionic atom (ions) [55]] which offers a broad
opportunity to construct the effective models of quantum magnets and strongly correlated electrons. The
principal advantage of this technology is the possibility of manipulating the parameters of exchange
interaction using laser beam properties. In particular, optical lattices offer an exceptionally accurate
realization of the Hubbard model, which, at half-filling and in the regime of strong on-site repulsion,
can be mapped onto the Heisenberg model with the standard effective exchange coupling Jeg = 4¢%/U,
where  is the tunneling amplitude, determined by the relative height and width of the laser-field barriers
between trapped fermionic atoms, and U is the on-site repulsion energy. The latter can be tuned via a
Feshbach resonance [55]. This setup is particularly relevant to our present results, since atoms in optical
lattices are very well known as feasible examples of quantum bits.

The eigenvalues and the eigenstates of the Hamiltonian are as follows [39]:

1 1
E\, = 7 [3J1+2/, F2B(3g1 + )], Eza= 7 [J1 =42 F2B(g1 + 92)],
1 1
Esg = 1 (—J1 —4Jy F24/B%¢% + le) , Ejg= 2 (—J] +2J) F2,/B%g% +4J12) ,
1 1 _
Eg 10 = 7 (=J1+2J, —4Bg1 ¥20%), Ei 2= 1 (=J1+2)>+4Bg; ¥207), (2.2)
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where the standard Ising basis is chosen, sf s sé, S§ ) Since one of the main parts of this research is devoted

to the comparison of entanglement properties of the system with non-conserving magnetization and its
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uniform-g counterpart, we have to use the corresponding eigenvectors for calculating the entanglement
measures. However, the eigenvectors given above not always admit a continuous limit at g, — ¢;. For
the case of uniform g-factors, the corresponding Hamiltonian should be diagonalized separately. For the
case J; = Jy and g» — g1, the eigenvectors |3 .4), |¥s), [¥7) [W¥o) and |¥11) change noncontinuously.
They acquire the following form:
il, il, 0>) ,
272

1 1 1 11 1 11 1 1
o= (3501) a3 1))- won= 5 539)-[35)

1 11 1 1 1 11 1 1
=— 17 _91 - _9__91 ) = —= 117> _,_1 - _a__,_l . 24
o= 531} [ g1)) o= G5 (551 ) @9
The rest of the eigenvectors change continuously under go — g;. The origin of this phenomenon lies in
the symmetry restoration, which takes place under a uniform distribution of the exchange coupling and

g-factors. Additional P,3 permutation symmetry element appears when J; = J; and ¢g; = ¢». A detailed
examination of system phase diagrams and magnetic properties was given in our previous work [39].

11
—E,E,il> —\/5

1(l1 1
[¥3,4)0 = 3 ('5,—§,il> +

3. Tripartite negativity

Several different entanglement measures can be used to quantify the quantum entanglement [[1, |56].
However, for the mixed-spin clusters, negativity [57] is the most convenient measure, as it can be easily
constructed and calculated for any pair of spins with the aid of reduced density matrix. For the system
under consideration, three pairwise bipartite negativities can be constructed. The numerical value of
negativity, which varies from O (no entanglement) to 1/2 (maximally entangled pair), corresponding
to the i-th and j-th particles of the system, Ne;;, is equal to the sum of absolute values of negative
eigenvalues of partially transposed reduced two-particle density matrix, pl.Tj, which is constructed in the
following way:

(&,é‘jlpf,- &, €;) = (&€ |pij| €. €5) (3.1)
pij = Y (Elpléd, k#ij,
&k

where |§i, &, fk) is a standard basis for the states of 51, 52 (£§; = +1/2) and S5 (&; = —1,0, 1) spins. Then,
the negativity is obtained according to

Neij = > |al. (3.2)

Bipartite negativity accounts for the entanglement between pairs of subsystems within the given system.
In order to clarify the overall entanglement of three subsystems one can use the so-called tripartite
negativity [58]]. In general, in the system of three particles, three different distributions of the entanglement
can be found among its configurations: fully separable state, exhibiting no entanglement, three states where
the pair of particles are entangled, but the third particle is not (biseparable states) and one configuration
in which all three particles are in the entangled state (tripartite entanglement) [S8]. Tripartite negativity
serves as an appropriate measure for characterizing the numerical degree of tripartite entanglement. This
measure is defined by the following expression:

Neapc = (Nea—pc Neg_ac Nec—ap)', (3.3)

where Nes_pc, Nep_ac, Nec-ap are generalized bipartite negativities between the corresponding spin
and the rest of the system. This quantity is calculated according to the similar formulas as given in
equations (3.I)—(3.2), when the trace in the equation (3.) is not taken,

(i éj 6l pi_ji €€ k) = (€0 &) éxlpii| &n €0 Ex) - (34
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The multiplicative tripartite negativity serves as both a necessary and sufficient criterion for genuine
tripartite entanglement in pure states. However, for mixed states in systems with dimensions exceeding
2 x 3 there exist entangled states with zero negativity. Consequently, while the tripartite negativity
(Neapc) remains a necessary condition for detecting entanglement in mixed states, it is not sufficient
for complete entanglement characterization. Importantly, Nespc > 0 constitutes a sufficient condition
for Greenberger—Horne—Zeilinger (GHZ)-distillability, the capability to asymptotically distill genuine
multipartite entanglement into GHZ states. This feature is of particular relevance to quantum computation.
Therefore, despite its incapability to fully resolve the separability problem, tripartite negativity remains
a valuable tool for characterizing entanglement in mixed states, especially for identifying operationally
useful, distillable entanglement resources.

For mixed spin trimer (1/2, 1/2, 1), tripartite negativity can take values from 0 (no entanglement) to

N i ~ 0.63 (maximally entangled state). Here, we deal only with purely quantum or zero-temperature

entanglement, so the density matrix, p, we are working with is defined for each of the twelve eigenstates
of the Hamiltonian as a pure-state density matrix:

pi =¥ (¥l, i=1,..,12. (3.5)

In case of n degenerate eigenstates, one should use

1 n
Piroin = Zl W) (Wi - (3.6)

4. Results

According to the definition given above [equation (3.3)] we have obtained analytic expressions for
the tripartite negativity for the eingenstates of the system under consideration. We present here only
those which are relevant for the ground states phase diagram, obtained in our previous work [39]]. Since
tripartite negativity is given by the equation (3.3), it is sufficient to know only all generalized bipartite
negativities, NefAi_ AjAL The index i stands for the eigenstate numbering the parameter. Bellow, we
denote spin-1/2 ion with g-factor equal to g; by A, spin-1/2 ion with g-factor equal to g> by B and ion

with spin-1 by C. Interestingly, some eigenstates can have the same N efA,f AAL
iTAj
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Figure 2. (Colour online) Density plots of tripartite negativity for J; = J, > 0 (panel a), J, > 0 and J| =
%Jz (panel b) and J, > 0 and J;| = —%Jz (panel c) cases.
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Figure 3. (Colour online) Density plots of tripartite negativity for J; < 0, arbitrary J, < 0 and J; > O,
arbitrary J, < 0 cases in panels a and b, respectively.
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In our previous work, a detailed analysis of the ground states phase diagrams of the system were
presented [39]]. Here, we demonstrate only those of them, which exhibit interesting features of the
tripartite negativity dependent on the value on non-uniform g-factor. The main purpose of the present
research is to figure out how non-uniform g-factors affect tripartite entanglement properties of the model.
It is worth mentioning that the most remarkable enhancement of the bipartite negativity caused by
non-uniform g-factors reported in our previous work [39] concerned the case J, = J; and gave almost
7-fold robust increase of Nej3 for arbitraryly small difference between g, and g;. For the tripartite
entanglement, the situation is quite different. Here, we presented density plots of the tripartite negativity,
Neapc, projected onto ground state phase diagrams in the “g-factors ration” — “dimensionless magnetic
field” plane. Two antiferromagnetic cases, J; = J, > 0, J, > O and J| = %Jz, and a mixed case,

Jy > 0and J; = —%Jz, are presented in the figure [2| In the case of equal antiferromagnetic coupling
(panel a) the phase diagram includes four eigenstates |1), |¥3), [5) and |¥g). However, two of them,
[3) and |¥g), transform non-continuously under g» — ¢;. For uniform situation, g» = g;, degeneracy
line between |y3) and |y9) regions corresponds to the degenerate superposition of |3)g and |9)g given
in the equation (2.4). This segment is highlighted in green in the right-hand panel in figure [2] The value

(3+9)0 _ 1

of the tripartite negativity here is Ne ., = = 53/% ~ 0.45. Interestingly, the |5) eigenstate, which is the

zero-field ground state for arbitrary value of ¢, /g, exhibits maximal three-particle entanglement at B = 0

and at the segment ¢g» = g, Nef4 BC = N }‘ ~ 0.63. The most dramatic discrepancy between bipartite

and tripartite entanglement properties occurrs for the |¥3) eigenstate, for which one of the bipartite
negativities becomes almost seven times larger than the corresponding g-uniform value [39]. Tripartite
negativity is zero for [3), which means that this state is biseparable. Thus, in the case of ¢g» > ¢,
when magnetization is not conserved, it is possible to create two considerably different entanglement
regimes and control them by an external magnetic field. The first regime exhibits maximum value for
tripartite entanglement, while the second regime exhibits maximum value for bipartite entanglement
and has no tripartite entanglement. As usual, for a large enough magnetic field, the system reaches
its saturated (|y1)) or quasi-saturated (|ig)) states with zero or vanishing entanglement. For the case
Jo >0, J = %Jz (figure 2 panel b) the system exhibits a similar behavior. There are eigenstates with
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strong bipartite entanglement, but with zero Neapc, |/3) and the region where both quantities are quite
large, |¥s5). However, the presence of non-conserving magnetization does not bring any quantitative or
qualitative benefits. The only difference between g, = ¢g; and g, # g; cases are that for the second case
tripartite negativity is dependent on the magnetic field within the same ground state. Figure [2] (panel
c) shows the density plot of tripartite negativity for the J, > 0, J; = —%Jz case. Here, the system has
one additional region of ground state corresponding to |i4). Here, in contrast to the previous cases, the
regime with maximal or essentially large Nespc is absent. The system exhibits maximal entanglement
under the conditions g, = —g; and when magnetic field is close to zero. In the figure 3| the cases J; < 0,
arbitrary J, < 0 and J; > 0, arbitrary J, < 0 are presented. For both cases, maximal possible tripartite
negativity is achieved for the eigenstate |7) with value 0.59.

5. Conclusion

In the paper we considered the mixed spin (1/2, 1/2, 1) Heisenberg spin trimmer with non-conserving
magnetization. Analytical results for tripartite negativity were obtained for all ground states. In general,
depending on the relations between two exchange constants, the system can exhibit five regimes of
magnetic behavior [39]]. These regimes, in their turn, are storngly affected by the ration of the g-factors,
g2/g1. It was shown that in fully antiferromagnetic cases, it is possible to obtain a three-regime system
(fully separable, biseparable, tripartite entangled) and control it by magnetic field. In the case J, = J; > 0,
these regimes are possible only when g, > g;, when magnetisation is non-conserving.
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Tripartite entanglement in mixed-spin triangle trimmer

Tpy4yacTUHKOBA 3anMayTaHiCTb B TPUKYTHOMY Tpumepi 3i
3MilLaHUM cniHOM

X. AgamsH, B. OraHsaH

JNlabopaTopia TeopeTnYHOI $i3unkm, EpeBaHCbKNI Aep>KaBHWIA yHiBepcuTeT, Byn. Anekca MaHyrsaHa, 1, 0025
€peBaH, BipmeHis;
CANDLE, IHCTUTYT CMHXPOTPOHHUX AOCAIAXEHb, BYN. AuapsiHa, 31, 0040 EpesaH, BipmeHis

CniHoBi cnctemn Mogeni MeiieH6epra NPONOHYOTb CNPUATAUBI Ta KepoBaHi $i3nYHI yMOBM Ans reHepalii Ta
MaHinyntoBaHHS 3anayTaHUMMU KBaHTOBMMU CTaHaMW. Y Uil po6oTi po3rsgaeTbes 3Mianmnii cnin-(1/2,1/2,1)
TpuMmep cniHy leii3eH6epra 3 ABOMa Pi3HMMWU, ane i30TponHUMM g-dpakTopamm JSlaHje Ta ABOMA Pi3HUMU KOH-
CTaHTaMu 06MiHy. locigKeHHs CpsMOBaHe Ha NOLYK ONTUMaNbHUX NapaMeTpiB A CTBOPEHHS 3aniyTaHuX
CTaHiB Ta KepyBaHHS HVMMM 30BHILLHIM MarHiTHUM noseM. OCHOBHOIK MeTOHo Lii€i po60Tr € JOCAIAKEHHS TpU-
YaCTUHKOBOI 3aMayTaHOCTi CUCTEMU Ta T 3aNeXHOCTI Bif Pi3HUX NapamMeTpiB cucTeMn. 30Kpema, B LLieHTpi HaLlo-
ro AOCNIAXKEHHS 3HaXoAATbCs epeKT! HaMarHiueHoCTi, ika He 36epiraeTbca. [kepesioMm HeKOMYTaTUBHOCTI MiX
onepaTopoM MarHiTHOro MOMeHTY Ta raMilbTOHIAHOM € HEOAHOPIAHICTb g-dakTopiB. NA KiNbKiCHOT OLiHKMN TpU-
YaCTUHKOBOI 3aMyTaHOCTI B Liili po60Ti 6yN10 BUKOPMCTaHO Mipy 3anayTaHOCTI, ika Ha3MBAETLCA “TPUYACTKOBOIO
HeraTuBHICTH".

KnrouoBi cnoBa: TpuyacTuHkoBa 3anayTaHicTb, 04HOMONEKYNAPHI MarHiTv, HamarHivyeHicTb, ika He
36epiraeTbcs
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