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We examine the 𝑆 = 1/2 Heisenberg magnet on four three-dimensional lattices — simple-cubic, diamond,
pyrochlore, and hyperkagomeones— for ferromagnetic and antiferromagnetic signs of the exchange interaction
in order to illustrate the effect of lattice geometry on the finite-temperature thermodynamic properties with a
focus on the specific heat 𝑐(𝑇). To this end, we use quantum Monte Carlo simulations or high-temperature
expansion series complemented with the entropy method. We also discuss a recent proposal about hidden
energy scale in geometrically frustrated magnets.
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Its our honor and pleasure to contribute to the Condensed Matter Physics journal project celebrating
I. R. Yukhnovskii’s 100th birthday. Two of us (T. K. and O. D.) were strongly influenced by his personality
since 1980s. We keep in mind so many lovely memories of him, and not only those related to physics but
also to everyday life in general. Looking back over those years, we realize how green and simple-minded
we were and how good were his pieces of advise. With deep gratitude we acknowledge the kindness that
always irradiated from him.

1. Introduction

Statistical mechanics and thermodynamics are of great importance for understanding the basic nature
of the world. Thus, the quantum era was opened by solving four problems, two of which — the black-body
radiation (M. Planck) and the specific heat of solids (A. Einstein) — concern statistical mechanics and
thermodynamics [1–3]. As a matter of fact, understanding a specific heat, i.e., the amount of heat required
to change the temperature of an electromagnetic field or a material in equilibrium with a bath by unit,
broke the boundaries of traditional physics.

This paper deals with thermal properties of the quantum spin 𝑆 = 1/2 Heisenberg model on a lattice.
The Hamiltonian of the model reads:

𝐻 = 𝐽
∑︁
⟨𝑚𝑛⟩

S𝑚 · S𝑛 . (1.1)

Here, 𝐽 = 1 corresponds to the antiferromagnetic exchange interaction whereas 𝐽 = −1 corresponds to the
ferromagnetic exchange interaction and ⟨𝑚𝑛⟩ denotes the neighboring lattice sites 𝑚 and 𝑛. Furthermore,
spin-1/2 operators S𝑚 = (𝑆𝑥𝑚, 𝑆

𝑦
𝑚, 𝑆

𝑧
𝑚) obey the following commutation relations:[

𝑆𝑥𝑚, 𝑆
𝑦
𝑛

]
= i𝛿𝑚𝑛𝑆

𝑧
𝑚 (1.2)
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(ℏ = 1) and two more similar relations with the cyclically shifted order of 𝑥, 𝑦, 𝑧. Obviously, Hamilto-
nian (1.1) is a sum of noncommuting terms and therefore represents an essentially quantum system.

As usual, to find the (equilibrium) thermodynamic quantities, one has to calculate the partition
function

𝑍 (𝑇, 𝑁) =
2𝑁∑︁
𝑗=1

exp
(
−
𝐸 𝑗

𝑇

)
(1.3)

(𝑘B = 1), where 𝐻𝜓 𝑗 = 𝐸 𝑗𝜓 𝑗 , i.e., 𝜓 𝑗 is an eigenstate of the Hamiltonian 𝐻 with the energy 𝐸 𝑗 .
Thermodynamic quantities follow from the Helmholtz free energy per lattice site 𝑓 , which is given by

𝑓 (𝑇) = lim
𝑁→∞

𝐹 (𝑇, 𝑁)
𝑁

, 𝐹 (𝑇, 𝑁) = −𝑇 ln 𝑍 (𝑇, 𝑁). (1.4)

In particular, for the entropy per site 𝑠 and the specific heat per site 𝑐 we have:

𝑠(𝑇) = −𝜕 𝑓

𝜕𝑇
, 𝑐(𝑇) = 𝑇

𝜕𝑠(𝑇)
𝜕𝑇

. (1.5)

Since the set of eigenvalues {𝐸 𝑗/𝐽} is identical for ferromagnetic and antiferromagnetic cases, e.g.,
for 𝑁 = 2 we have a singlet with 𝐸/𝐽 = −3/4 and a triplet with 𝐸/𝐽 = 1/4, the partition function (1.3)
for 𝐽 = 1 and 𝑇 > 0 equals to the partition function (1.3) for 𝐽 = −1 and 𝑇 < 0. However, it is not clear
how this relation can be used in practice. In this study, we consider both signs of the exchange coupling,
𝐽 > 0 and 𝐽 < 0.

It may be instructive to bear in mind a simpler case of the Ising interaction in equation (1.1) when
S𝑚 · S𝑛 → 𝑆𝑧𝑚𝑆

𝑧
𝑛. Then, all terms in the Hamiltonian commute and, from such a perspective, one faces

a classical system. Consider the Ising model on a bipartite lattice (such as square, simple-cubic etc.),
which consists of two sublattices and all sites of one sublattice are surrounded by the sites of the other
sublattice and vice versa. A rotation of the axes in the spin space for one sublattice results in the change
of the Ising interaction sign. Therefore, the thermodynamics (rather than correlations) does not depend
on the sign of 𝐽. For an order-disorder phase transition this means that the Curie temperature equals the
Néel temperature, i.e., 𝑇C = 𝑇N as for the square-lattice Ising model 𝑇C = 𝑇N ≈ 0.567 [4, 5] or for the
honeycomb-lattice Ising model 𝑇C = 𝑇N ≈ 0.380 [5]. Frustrated Ising lattices are different. For example,
the triangular-lattice ferromagnetic Ising model has the Curie temperature 𝑇C ≈ 0.910 [5], whereas its
antiferromagnetic counterpart shows no order even at 𝑇 = 0 but, instead, has an exponentially large
ground-state entropy [6, 7].

Recently, some interesting relations between the Heisenberg and Ising models on a frustrated lattice
have been suggested in references [8, 9]. The authors of these papers argued that the specific heat 𝑐(𝑇) of
the frustrated-lattice Heisenberg model such as kagome, hyperkagome, etc., illustrates a hidden energy
scale (which is considerably lower than 𝐽) as an extra low-temperature peak. Moreover, the accumulated
entropy equals the residual ground-state entropy of the Ising model on the same lattice.

In this paper, we investigate the 𝑆 = 1/2 Heisenberg model on four three-dimensional lattices, see
figure 1. Two of them, simple-cubic and diamond, are bipartite ones, whereas other two, pyrochlore
and hyperkagome, are geometrically frustrated ones. All these quantum spin-lattice systems are widely
used in the theory of magnetism. Our goal is to discuss thermodynamic quantities for these models
focusing on the specific heat in order to highlight the effect of lattice geometry in the features of 𝑐(𝑇)
for the quantum Heisenberg ferro- and antiferromagnets. To this end, we use quantum Monte Carlo
simulations (ferromagnets and bipartite-lattice antiferromagnets) and high-temperature expansion series
analysis (frustrated-lattice antiferromagnets). We have to notice that some of the presented results are
not completely new but are scattered over literature, and here we have collected them in one place
accompanied by still not reported results and all of these are considered from a common perspective.

The rest of the paper is organized as follows. In section 2, we introduce the models and methods.
Then, in section 3, we report our findings focusing on the temperature profiles of the specific heat. Finally,
we discuss and summarize in section 4. Some additional information on the entropy-method calculations
for the pyrochlore and hyperkagome cases is presented in appendix A and B, respectively.
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Figure 1. (Colour online) Simple-cubic (upper left), diamond (upper right), pyrochlore (lower left), and
hyperkagome (lower right) lattices which are considered in this paper. Different colors of discs denote
different sublattices, i.e., two sublattices for the diamond lattice and four sublattices for the pyrochlore
lattice. The unit cell contains 1 (simple cubic), 2 (diamond), 4 (pyrochlore), or 12 (hyperkagome) sites
(magnetic atoms). For a detailed description see the main text, section 2.1.

2. Setting up the problem

2.1. Lattices

Let us describe the lattices to be considered, see figure 1. Such descriptions are required for quantum
Monte Carlo simulations using the ALPS package [10, 11] as well as for generating high-temperature
expansion series [12].

The sites on the simple cubic lattice are defined by Rn = 𝑛𝑥e𝑥 + 𝑛𝑦e𝑦 + 𝑛𝑧e𝑧 , where e𝑥 = (1, 0, 0),
e𝑦 = (0, 1, 0), e𝑧 = (0, 0, 1) and 𝑛𝑥 , 𝑛𝑦, 𝑛𝑧 are integers. Here and below, we set the length of the (unit-cell)
cube edge to unity.

The diamond lattice consists of two interpenetrating face-centered cubic sublattices displaced by a
vector (1/4, 1/4, 1/4). That is, the sites on the diamond lattice are defined by Rm𝛼 = Rm + r𝛼. The sites
of the face-centered-cubic lattice are determined by Rm = 𝑚1e1 +𝑚2e2 +𝑚3e3, where e1 = (0, 1/2, 1/2),
e2 = (1/2, 0, 1/2), e3 = (1/2, 1/2, 0) and 𝑚1, 𝑚2, 𝑚3 are integers; the origins of the two face-centered-
cubic sublattices are taken to be r1 = (0, 0, 0) and r2 = (1/4, 1/4, 1/4).

The pyrochlore lattice consists of four interpenetrating face-centered-cubic sublattices with the lattice
sites defined by Rm𝛼 = Rm + r𝛼. Here, the sites of the face-centered-cubic lattice are defined above,
whereas the origins of the four face-centered-cubic sublattices are taken to be r1 = (0, 0, 0), r2 =

(0, 1/4, 1/4), r3 = (1/4, 0, 1/4), and r4 = (1/4, 1/4, 0).
Finally, the hyperkagome lattice has 12 sites in a cubic unit cell. The sites on the hyperkagome

lattice are defined by Rn𝛼 = Rn + r𝛼. Here, Rn = 𝑛𝑥e𝑥 + 𝑛𝑦e𝑦 + 𝑛𝑧e𝑧 generates a simple-cubic-lattice
translation (see above) and the origins of twelve equivalent sublattices are defined by r𝛼, 𝛼 = 1, 2, . . . , 12,
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where r1 = (−1/2, 0, 1/2), r2 = (−1/4, 3/4, 1/2), r3 = (−1/2, 3/4, 1/4), r4 = (−1/4, 1/4, 0), r5 =

(−1/2, 1/4, 3/4), r6 = (−1/4, 1/2, 3/4), r7 = (−3/4, 1/2, 1/4), r8 = (0, 1/2, 1/2), r9 = (0, 1/4, 1/4),
r10 = (−3/4, 3/4, 0), r11 = (0, 0, 0), and r12 = (−3/4, 0, 3/4).

In quantum Monte Carlo simulations, we consider finite-size lattices with periodic boundary condi-
tions, and the same linear extent L is taken in each lattice direction (a cube of periodicity), resulting in
N = L3 unit cells, or 𝑁 = N sites for the simple-cubic lattice, 𝑁 = 2N sites for the diamond lattice,
𝑁 = 4N sites for the pyroclore lattice, and 𝑁 = 12N sites for the hyperkagome lattice. While generating
high-temperature expansion series, one defines the Heisenberg exchange interactions inside the unit cell
and between the neighboring cells. In all cases the lattice geometry dictates the complexity of calculations
and the required computation time.

2.2. Methods

2.2.1. Quantum Monte Carlo

The 𝑆 = 1/2 ferromagnetic Heisenberg model can be studied using quantum Monte Carlo method.
Moreover, the 𝑆 = 1/2 antiferromagnetic Heisenberg model on a bipartite lattice (such as simple-cubic or
diamond) can be studied using quantum Monte Carlo method, too. We use the ALPS package, directed-
loop scheme in stochastic series expansion method, to obtain temperature dependencies of the internal
energy 𝐸 , and calculate the specific heat by differentiation: 𝐶 (𝑇) = 𝜕𝐸/𝜕𝑇 . We consider finite systems
of various sizes up to L = 30 or L = 40 with periodic boundary conditions imposed and switch on a
small symmetry breaking field ℎ = 10−4. Before averaging over 100 000 steps, we perform 100 000 steps
for the initial relaxation to realize the equilibrium state.

The Monte Carlo approach is essentially a kind of stochastic simulation, the results of which depend
on L (should be large), ℎ (should tend to zero), the number of thermalization and averaging steps (should
be large); we tested various choices of these parameters to achieve reasonable outcomes at alowable
computational cost. Finally, Monte Carlo simulations are usually accompanied by a finite-size scaling
analysis, this way examining a critical behavior [13, 14], although the critical properties are not in the
focus of the present study.

2.2.2. High-temperature expansion series augmented by the entropy method

Using reference [12], we have generated the high-temperature expansion series for the specific heat
(per site) 𝑐(𝛽), 𝛽 = 1/𝑇 ,

𝑐(𝛽) =
𝑛∑︁
𝑖=2

𝑑 𝑗 𝛽
𝑖 . (2.1)

Here, for the pyrochlore lattice 𝑛 = 17, the coefficients 𝑑2, . . . , 𝑑13 were reported in reference [15] and
𝑑14, . . . , 𝑑17 in reference [16]; for the hyperkagome lattice 𝑛 = 20 and the coefficients 𝑑17, . . . , 𝑑20,

𝑑17 =
86 356 579 620 383

7 141 645 615 104 000
,

𝑑18 =
79 549 971 465 578 161

1 462 609 021 973 299 200
,

𝑑19 = − 1 326 067 806 520 547 891
124 321 766 867 730 432 000

,

𝑑20 = − 680 190 389 551 589 559 239
17 902 334 428 953 182 208 000

, (2.2)

complement those that were reported in reference [17], see also appendix B.
Within the entropy method [18–20], one works with the entropy as a function of the energy 𝑠(𝑒),

𝑒0 ⩽ 𝑒 ⩽ 0, 𝑒0 is the ground-state energy, and the Maclaurin series for 𝑠(𝑒) is known from equation (2.1).
Assuming gapples low-energy excitations (they yield a power-law decay of the specific heat 𝑐(𝑇) as𝑇 → 0
with the exponent 𝛼), one interpolates an auxiliary function 𝐺 (𝑒) = [𝑠(𝑒)] (1+𝛼)/𝛼/(𝑒 − 𝑒0) between
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𝑒 = 𝑒0 and 𝑒 = 0 using Padé approximants [𝑢, 𝑑] (𝑒) with 𝑑 + 𝑢 ⩽ 𝑛, 𝑛 = 17 (pyrochlore) or 𝑛 = 20
(hyperkagome): 𝐺 (𝑒) ≈ [(ln 2)𝛼/(1+𝛼)/(−𝑒0)] [𝑢, 𝑑] (𝑒). As a result, one gets the approximate entropy
𝑠(𝑒) ≈ [(𝑒 − 𝑒0)𝐺 (𝑒)]𝛼/(1+𝛼) and therefore, the specific heat 𝑐(𝑇) in the parametric form: 𝑇 = 1/𝑠′ (𝑒),
𝑐(𝑒) = −[𝑠′ (𝑒)]2/𝑠′′ (𝑒); here (. . .)′ = d(. . .)/d𝑒. Thus, besides high-temperature expansion series (2.1),
one needs the values of 𝑒0 and 𝛼. Under another assumption, when low-energy excitations are gapped,
one works with another auxiliary function 𝐺 (𝑒) = (𝑒 − 𝑒0) [𝑠(𝑒)/(𝑒 − 𝑒0)]′ ≈ (ln 2/𝑒0) [𝑢, 𝑑] (𝑒), which
yields the approximate entropy 𝑠(𝑒)/(𝑒 − 𝑒0) ≈ − ln 2/𝑒0 −

∫ 0
𝑒

d𝜉𝐺 (𝜉)/(𝜉 − 𝑒0), and one needs as an
input the value of 𝑒0 only.

It should be noted that even if the required input information is unavailable, one may still proceed
with the entropy method and find those parameters that are missing searching for such their values which
yield the largest number of close to each other 𝑐(𝑇) based on various Padé approximants [𝑢, 𝑑] (𝑒) [21].
Such a heuristic criteria were used in 2020 [15] in the study of the pyrochlore-lattice 𝑆 = 1/2 Heisenberg
antiferromagnet on the basis of 13th order high-temperature expansion series to arrive at 𝑒0 ≈ −0.52
and 𝛼 = 2 as a most favorable set of the unknown parameters. For the hyperkagome-lattice case, similar
arguments lead to 𝑒0 which lies between −0.441 and −0.435 and 𝛼 = 2 [22].

Since 2021, there have been several proposals for the ground-state energy of the pyrochlore-lattice
𝑆 = 1/2 Heisenberg antiferromagnet: −0.490(6) (density-matrix renormalization group method [23]),
−0.477(3) (variational Monte Carlo methods [24]). Besides, more terms in high-temperature expansion
series have become available now [16]. Furthermore, for the hyperkagome-lattice 𝑆 = 1/2 Heisenberg
antiferromagnet, four more coefficients in equation (2.1) are available now in comparison to reference [17],
see equation (2.2). All this motivates us to reconsider the entropy-method calculations for the pyrochlore-
and hyperkagome-lattice 𝑆 = 1/2 Heisenberg antiferromagnets and refine the temperature profile 𝑐(𝑇),
see section 3.2.2 below.

3. Specific heat 𝒄(𝑻)

3.1. Ferromagnets

Our findings for ferromagnets are collected in the middle column of table 1 and in figure 2. As
is generally known, spin waves or magnons are low-lying excitations and therefore 𝑐(𝑇) ∝ 𝑇3/2 for
all ferromagnets. An order-disorder phase transition occurs at the Curie temperature 𝑇C, see table 1.
Note that 𝑇C strongly depends on the lattice geometry. Around 𝑇C, one expects the critical behavior,
𝑐(𝑇) − 𝑐(𝑇C) ∝ |𝑇 − 𝑇C |−𝛼, 𝛼 ≈ −0.12 (3D Heisenberg universality class, see reference [25]). Here, the
critical exponent 𝛼 < 0 and the specific heat is finite at 𝑇C. In paramagnetic phase, as the temperature
tends to infinity, all quantum Heisenberg feromagnets become the Curie paramagnet. Note a peculiar
behavior for the hyperkagome-lattice case: 𝑐(𝑇) exhibits a sloped shoulder in the paramagnetic phase
(green curves in figure 2). The existence of the sloped shoulder in 𝑐(𝑇) is also confirmed by simple
Padé approximants to the high-temperature series for 𝑐(𝛽) (2.1), compare [10, 10] (𝑇), [9, 10] (𝑇), and
[9, 9] (𝑇) [indistinguishable from [10, 10] (𝑇)] to quantum Monte Carlo data in figure 3. Meanwhile we
do not have a rigorous and convincing explanation for that and this issue needs further study.

Table 1. Curie point 𝑇C and Néel point 𝑇N for several three-dimensional lattices considered in this paper.

𝑇C (𝐽 = −1) 𝑇N (𝐽 = 1)
simple-cubic 0.839(1) [26] 0.946(1) [26]
diamond 0.447 ± 0.001 [27] 0.531 ± 0.001 [27]

0.445 [28]
0.444 47(5) [29] 0.527 82(5) [29]

pyrochlore 0.718 [30] –
hyperkagome 0.33 [31, 32] –
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Figure 2. (Colour online) Specific heat 𝑐(𝑇) for the 𝑆 = 1/2 Heisenberg ferromagnet on four three-
dimensional lattices. Quantum Monte Carlo simulations for the number of unit cells L = 40 (simple
cubic) and L = 30 (pyrochlore, diamond, hyperkagome) and a small symmetry breaking field ℎ = 10−4.
Inset presents 𝑐 as a function of 𝑇/𝑇C.
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Figure 3. (Colour online) Towards a sloped shoulder in the paramagnetic phase for the hyperkagome-
lattice 𝑆 = 1/2 Heisenberg ferromagnet: high-order Padé approximants [𝑢, 𝑑] (𝑇), 𝑢 + 𝑑 ⩽ 20, to the
specific heat series 𝑐(𝛽) versus quantum Monte Carlo simulations (which were reported in figure 2).

3.2. Antiferromagnets

3.2.1. Bipartite lattices

Our findings for bipartite-lattice antiferromagnets are collected in the right-hand column of table 1
and in figure 4. Again, low-lying excitations are spin waves with linear dispersion relation, leading to
a power-law decay of the specific heat as 𝑇 → 0 with the exponent 3. With temperature increase, the
antiferromagnetic order is gradually suppressed by thermal fluctuations and is completely destroyed at
the Néel temperature𝑇N (see table 1) and above it. Note that𝑇C < 𝑇N as expected for the quantum 𝑆 = 1/2
Heisenberg magnets on bipartite lattices, see, e.g., reference [33].

3.2.2. Frustrated lattices

Frustrated-lattice antiferromagnets are less understood. As said above, there is no universal method
to get reliable results for 𝑐(𝑇): quantum Monte Carlo fails because of infamous sign problem, exact
diagonalization or finite-temperature Lanczos methods are restricted to too small lattices in three spatial
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Figure 4. (Colour online) Specific heat 𝑐(𝑇) for the 𝑆 = 1/2 Heisenberg antiferromagnet on two bipartite
three-dimensional lattices. Quantum Monte Carlo simulations for the number of unit cells L = 40
(simple cubic) and L = 30 (diamond) and a small symmetry breaking field ℎ = 10−4. Inset presents 𝑐 as
a function of 𝑇/𝑇N.

dimensions, the rotation-invariant Green’s function method, although is principally applicable, contains
uncontrolled approximation. High-temperature expansion series approach may be useful, but only if its
applicability is extended to sufficiently low temperatures. Therefore, we have performed the entropy-
method calculations, see section 2.2.2. Our findings are reported in figure 5.

First of all we note that we have extended previous calculations [15, 22] by (i) including more terms
(17 instead of 13 (pyrochlore) or 20 instead of 16 (hyperkagome)) and (ii) using the present value of the
ground-state energy 𝑒0 for the pyrochlore-lattice case. For the hyperkagome-lattice 𝑆 = 1/2 Heisenberg
antiferromagnet we obtain within the entropy method a more precise estimate for the ground-state energy
𝑒0 ∈ [−0.4396,−0.4358] (according to reference [22] 𝑒0 ∈ [−0.441,−0.435]).

For geometrically frustrated Heisenberg magnets, no magnetic order occurs until zero temperature.
(Note, however, that some symmetries for the pyrochlore-lattice case are broken in the ground state, see
references [23, 24, 34].) From figure 5, the lack of a clear magnetic ordering feature in 𝑐(𝑇) is evident:
𝑐(𝑇) shows a much broader peak (bump or rounded maxima), than the usually seen peak (sharp cusp)
for a magnetic transition, at 𝑇 somewhat below 𝐽 = 1, compare figure 5 to figure 4. (Note also that
the scale for 𝑐 is now about 5 times smaller.) Besides the main maximum of the order of 𝐽, there is a
low-temperature maximum, to be discussed below.

We have to comment what is new in figure 5 in comparison to references [15, 22]. Concerning the
pyrochlore case, in the upper panel of figure 5 we show the “old” entropy-method curve 𝑐(𝑇) obtained
in reference [15] [dash-dotted, 𝑛 = 13, 𝑒0 = −0.52, 𝛼 = 2, [6, 6] (𝑒)], the result of the numerical linked
cluster expansion [35] (empty circles, above 𝑇 ≈ 0.25), as well as two Padé approximants [8, 9] (𝑇) and
[8, 8] (𝑇) (gray shaded area, above 𝑇 = 0.35). “New” entropy-method curves are based on 𝑛 = 17 terms
in equation (2.1), 𝑒0 = −0.49 ([23], solid) or 𝑒0 = −0.477 ([24], dashed), [8, 9] (𝑒) approximant, and
different assumptions about a law for vanishing 𝑐(𝑇) as 𝑇 → 0, see also appendix A. Obvious ambiguity
in the shape of 𝑐(𝑇) is related to the lack of knowledge about the ground state and low-lying excitations.
Concerning the hyperkagome case, in the lower panel of figure 5 we show, besides the entropy-method
curves, two Padé approximants [8, 9] (𝑇) and [10, 10] (𝑇) (gray shaded area, above𝑇 = 0.2). The entropy-
method curves which follow from [10, 10] (𝑒) approximant for an assumed scenario of low-temperature
behavior of 𝑐(𝑇) are accompanied by shadow areas. The boundaries of this area correspond to two
(slightly) different values of 𝑒0 which give the same (large) number of almost coinciding curves 𝑐(𝑇)
obtained from Padé approximants [𝑢, 𝑑] (𝑒), for details see reference [22] and also appendix B. The
new curves in the lower panel of figure 5 (solid) are quite close to those reported in reference [22]
(dash-dotted).
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Figure 5. (Colour online) Specific heat 𝑐(𝑇) for the 𝑆 = 1/2 Heisenberg antiferromagnet on two frustrated
three-dimensional lattices. Entropy method results. Top: pyrochlore lattice. Solid curves correspond to
𝑒0 = −0.49 [23] whereas dashed curves correspond to 𝑒0 = −0.477 [24] with [8, 9] (𝑒) approximant; dash-
dotted curve is taken from reference [15]. In addition, we present numerical-linked-cluster-expansion data
taken from [35] (circles) as well as simple Padé approximants [8, 9] (𝑇) and [8, 8] (𝑇) which constitute
the boundary of the gray area. Bottom: hyperkagome lattice. The ground-state energy is determined
within the entropy method and we took [10, 10] (𝑒) approximant to obtain all these entropy-method
curves; dash-dotted curves are taken from the previous study [22]. In addition, we present simple Padé
approximants [8, 9] (𝑇) and [10, 10] (𝑇) which constitute the boundary of the gray area.

3.2.3. Low-temperature peak and a hidden energy scale

Recently, a theory of a low-temperature peak of the specific heat for frustrated quantum Heisenberg
antiferromagnets was suggested in references [8, 9]. These authors considered various geometrically
frustrated lattices such as kagome, triangular, hyperkagome, or spinel to emphasize the existence of two
temperature scales which manifest themselves in two distinct, well-distinguishable peaks in 𝑐(𝑇) and
argued that the low-temperature peak comes from nonmagnetic excitations, similar to spin exchanges
in the chains of spins, whose energy is well separated from the energy of other magnetic excitations,
similar to spin flips, which give rise to the high-temperature peak in 𝑐(𝑇). Both panels of figure 5 with
the entropy-method findings for 𝑐(𝑇) qualitatively agree with such a picture. Moreover, the authors of
references [8, 9] also predicted the entropy of the excitations contributing to the low-temperature peak:
since the excitations that give rise to that peak are adiabatically connected to the ground states of the
Ising model on the same lattice, the associated entropy 𝑠(𝑇∗) should match the entropy of the ground
states of that Ising model 𝑠(0). Here, the entropy related to the low-temperature peak may be estimated as
𝑠(𝑇∗) =

∫𝑇∗

0 d𝑇𝑐(𝑇)/𝑇 , i.e., assuming that the low-temperature peak spreads up to𝑇∗, whereas the residual
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ground-state entropy of the Ising model 𝑠(0) = lim𝑇→0 𝑠(𝑇), 𝑠(𝑇) =
∫𝑇

0 d𝑇𝑐(𝑇)/𝑇 = ln 2−
∫∞
𝑇

d𝑇𝑐(𝑇)/𝑇 .
To check this theory, we have to compare the low-temperature peak entropy for the Heisenberg

model 𝑠(𝑇∗) with the residual ground-state entropy for the Ising model 𝑠(0). The latter quantity, 𝑠(0),
follows from rigorous analytical calculations in the two-dimensional case, e.g., references [6, 7, 36] or
from approximate analytical and numerical calculations in the three-dimensional case, e.g., references [37,
38]. The former quantity, 𝑠(𝑇∗), is related to 𝑐(𝑇), which, in turn, is known only from numerics and
mainly in the two-dimensional case, e.g., references [21, 39]. (In reference [8] the authors numerically
compute 𝑐(𝑇) of a kagome cluster of 𝑁 = 18 sites.)

With the obtained temperature profiles shown in figure 5 we may further discuss the theory of the
hidden energy scale of reference [8] using as a testing bed two three-dimensional systems. According to
figure 5, for the entropy under the lower temperature peak we get:

𝑠(𝑇∗) ∈ [0.325, 0.350] (3.1)

(pyrochlore, 𝑇∗ = 0.2, 𝛼 = 1, 2, 3 and gapped, 𝑒0 = −0.49 [23] and 𝑒0 = −0.477 [24]) and

𝑠(𝑇∗) ∈ [0.244, 0.257] (3.2)

(hyperkagome, 𝑇∗ = 0.1, 𝛼 = 1, 2, 3 and gapped).
On the other hand, we need the residual ground-state entropy of the Ising antiferromagnet on the

pyrochlore and hyperkagome lattices. To this end, we consider the 𝑆 = 1/2 models with the uniaxial
Ising-like anisotropy and perform classical Monte Carlo simulations [10, 11] for the specific heat 𝐶 (𝑇) =
𝜕𝐸/𝜕𝑇 to obtain the entropy 𝑠(𝑇) per site through the formula 𝑠(𝑇) = ln 2−

∫∞
𝑇

d𝑇𝑐(𝑇)/𝑇 . Our findings
are reported in figure 6. We obtain 𝑠(0) ≈ 0.1 (pyrochlore) and 𝑠(0) ≈ 0.5 (hyperkagome). We may
also mention here reference [37] (see also [40]), where some calculations using Pauling’s technique
to estimate the zero-point entropy were reported. Moreover, similar classical Monte Carlo simulations
were presented in reference [38], although for the 𝑆 = 1/2 models with the Ising-like (i.e., easy-axis)
anisotropy along the direction into the center of the tetrahedron (pyrochlore) or along the line joining
the triangular centers (hyperkagome). The result for the hyperkagome case just very slightly exceeds the
one in figure 6, but the result for the pyrochlore case is noticeably larger than the one in figure 6 and the
residual ground-state entropies differ approximately by a factor of about 2. It is worth noting that from
the physical point of view the Ising-like anisotropy (spin space) is expected to agree with the crystal
symmetry (real space). The uniaxial anisotropy requires a unique crystalline axis, which is not available
in the three-dimensional pyrochlore and hyperkagome lattices. By contrast, the other above mentioned
Ising-like anisotropies are consistent with the lattice symmetries. For more discussion on global-axis and
local-axis Ising models see reference [41].
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Figure 6. (Colour online) Towards the residual ground-state entropy of the uniaxial Ising model on the
pyrochlore and hyperkagome lattices. The entropy is obtained by integration from the Monte Carlo data
for the specific heat (up to L = 30), shown in the inset. Again, ℎ = 10−4.
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Comparing both the data for the pyrochlore-lattice case, 0.325 . . . 0.350 versus 0.1/0.2, and the
hyperkagome-lattice case, 0.244 . . . 0.257 versus 0.5, we observe that these numbers are not very close.
Of course, we have to note an ambiguity in estimation of 𝑠(𝑇∗) in equations (3.1) and (3.2) simply by
taking 𝑇∗ = 0.2 and 𝑇∗ = 0.1. Besides, the residual ground-state entropy of the Ising models obtained
by classical Monte Carlo simulations needs a better accuracy. One may also ask which exactly two-state
Ising model, uniaxial or the one consistent with crystalline axis, should be examined: Both are acceptable
for adiabatic connection with the Heisenberg model but have different residual ground-state entropies.
Probably the most important comment comes after taking a closer look at the hidden energy scale theory
of references [8, 9]. The authors considered, as a starting point, the Ising model on the lattice at hand
which has the degeneracy of ground states that scales exponentially with the lattice size. Then, switching
on the transverse-coupling Hamiltonian, which is controlled by the anisotropy parameter 𝛿, 0 ⩽ 𝛿 ⩽ 1,
lifts the ground-state degeneracy and results in a set of low-lying excitations which is well separated
from the spin-flip-like excitations until 𝛿 is close to 0. These low-lying (i.e., low-energy) excitations are
responsible for a low-temperature peak of 𝑐(𝑇), which is well separated from the main high-temperature
peak of 𝑐(𝑇). And the entropy associated with the low-temperature peak of 𝑐(𝑇) should match the residual
ground-state entropy of the Ising model on the lattice under consideration. However, it is not clear a priori
whether the low-lying excitations constitute a set of states well separated from other excitations if 𝛿 → 1.
To end up, a better understanding of the hidden energy scale, in particular, at the quantitative level awaits
further research.

4. Discussion and summary

In this study, we presented the specific heat probes of several quantum three-dimensional Heisenberg
magnets. Our main findings are reported in figures 2, 4, and 5. While ferromagnets and bipartite-lattice
antiferromagnets can be straightforwardly investigated by applying quantum Monte Carlo simulations,
frustrated-lattice antiferromagnets require more sophisticate techniques: We use high-temperature ex-
pansion series complemented by the entropy-method interpolation. Our findings illustrate the effects
of geometry on the ordering temperature (ferromagnets and bipartite-lattice antiferromagnets). For
frustrated-lattice antiferromagnets, the obtained specific heat, which interpolates between the assumed
low-energy properties and rigorously known high-temperature ones, provides some information about a
possible energy spectrum of the quantum spin system at hand. Although our study is pure theoretical, it
may be useful from the solid-state perspective, if the corresponding compounds are available.
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A. Pyrochlore-lattice antiferromagnet

For the pyrochlore-lattice antiferromagnet, the coefficients 𝑑2, . . . , 𝑑17 are reported in reference [16]
(the first thirteen coefficients can be also found in reference [15]). Simple Padé approximants to high-

43502-10



Three-dimensional unfrustrated and frustrated quantum Heisenberg magnets. Specific heat study

temperature expansion series (2.1) are shown in figure A.1. As can be seen from this figure, they can
provide reliable results above 𝑇 ≈ 0.7.

To apply the entropy-method interpolation, we use the ground-state energy 𝑒0 found in referen-
ces [23, 24] and make an assumption about the decay of the specific heat as 𝑇 → 0. We try a power-law
decay with several exponents 𝛼 = 1, 2, 3, as well as an exponential decay. However, none of the made
assumptions yields an excellent temperature profile 𝑐(𝑇) with respect to large number 𝑛cP of almost
coinciding 𝑐(𝑇) which follow from 𝑛P = 𝑢+𝑑−3 = 14 different [𝑢, 𝑑] (𝑒) approximants. On the other hand,
we may try to determine 𝑒0 as in reference [21]. However, we get 𝑛cP = 7 for 𝑒0 = −0.423 4, . . . ,−0.420 2
if 𝛼 = 1, 𝑛cP = 6 for 𝑒0 = −0.461 3, . . . ,−0.42 if 𝛼 = 2, or 𝑛cP = 7 for 𝑒0 = −0.465 2, . . . ,−0.457 8 if
𝛼 = 3; these values are quite far from 𝑒0 = −0.49 [23] and 𝑒0 = −0.477 [24]. Apparently, the calculation
of 𝑐(𝑇) for the pyrochlore-lattice 𝑆 = 1/2 Heisenberg antiferromagnet is far from being finally settled.
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Figure A.1. (Colour online) Padé approximants to high-temperature expansion series for the 𝑆 = 1/2
Heisenberg antiferromagnet on pyrochlore lattice.

B. Hyperkagome-lattice antiferromagnet

We begin with the coefficients 𝑑2, . . . , 𝑑16 in equation (2.1), which are as follows:

𝑑2 =
3
8
, 𝑑3 = 0, 𝑑4 = − 51

128
, 𝑑5 = 0, 𝑑6 =

349
1 024

,

𝑑7 = − 7
1 280

, 𝑑8 = −131 449
491 520

,

𝑑9 =
349

35 840
, 𝑑10 =

11 103 797
55 050 240

,

𝑑11 = − 6 080 063
495 452 160

, 𝑑12 = − 981 828 121
6 606 028 800

,

𝑑13 =
192 742 927

14 533 263 360
, 𝑑14 =

2 254 101 727 553
20 927 899 238 400

,

𝑑15 = − 142 269 385 877
10 882 507 603 968

,

𝑑16 = − 2 346 255 743 077 553
30 471 021 291 110 400

. (B.1)

These coefficients can be found, in principle, in reference [17], where they are presented, although as
decimal fractions. In equation (B.1) they are given as common fractions which may be sometime more
convenient.
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Figure B.1. (Colour online) Entropy-method calculations for the 𝑆 = 1/2 Heisenberg antiferromagnet on
hyperkagome lattice. Top: Padé approximants of high-temperature expansion series. Bottom: ground-
state energy determination within the entropy method.

The entropy method calculations are described in detail in reference [22], but now we use as an input
20 coefficients in equation (2.1) (instead of 16 in reference [22]). From the upper panel of figure B.1 one
concludes that Padé approximants of high-temperature expansion series can give 𝑐(𝑇) for 𝑇 exceeding
≈ 0.3. In the lower panel of figure B.1 we closely follow reference [22] and present the number of almost
coinciding 𝑐(𝑇) denoted as 𝑛cP among all considered 𝑛P = 𝑢 + 𝑑 − 3 Padé approximants [𝑢, 𝑑] (𝑒) as
a function of the chosen ground-state energy 𝑒0 (this quantity is unknown) for various scenarios. Next,
we use the range determined this way for 𝑒0 and calculate 𝑐(𝑇) using [10, 10] (𝑒) approximant to obtain
the curves and the shaded areas in the lower panel of figure 5. For example, for 𝛼 = 2, the values of 𝑒0
determining the blue curve and shaded area in the lower panel of figure 5 are as follows: 𝑒0 = −0.4392,
𝑒0 = −0.4386, and 𝑒0 = −0.4379, cf. the lower panel of figure B.1.
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Тривимiрнi нефрустрованi та фрустрованi квантовi
Гайзенберговi магнетики. Дослiдження теплоємностi

Т. Крохмальский1, Т. Гутак1, О. Держко1,2
1 Iнститут фiзики конденсованих систем iменi I. Р. Юхновського Нацiональної академiї наук України,
79011, м. Львiв, вул. Свєнцiцького, 1, Україна

2 Кафедра теоретичної фiзики iменi професора Iвана Вакарчука, Львiвський нацiональний унiверситет
iменi Iвана Франка, 79005, м. Львiв, вул. Драгоманова, 12, Україна

Ми дослiджуємо 𝑆 = 1/2 магнетик Гайзенберга на чотирьох тривимiрних гратках — простiй кубiчнiй, ал-
мазу, пiрохлору i гiперкагоме— для феромагнiтного i антиферомагнiтного знакiв обмiнної взаємодiї, щоб
проiлюструвати ефект геометрiї гратки на скiнченнотемпературнi термодинамiчнi властивостi, зокрема,
на теплоємнiсть 𝑐(𝑇). З цiєюметоюмивикористовуємо симуляцiї методом квантовогоМонте Карло i висо-
котемпературнi розвинення, доповненнi методом ентропiї. Ми також обговорюємо недавню пропозицiю
про прихований енергетичний масштаб у геометрично фрустрованих магнетиках.

Ключовi слова: квантова Гайзенбергова спiнова модель, геометрично фрустрованi гратки
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