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The Zitterbewegung phenomenon in multiband electronic systems is known to be subtly related to the charge
conductivity, Berry curvature and the Chern number. Here we show that some spin-dependent properties as
the optical spin conductivity and intrinsic spin Hall conductivity are also entangled with the Zitterbewegung am-
plitudes. We also show that in multiband Dirac-type Hamiltonians, a direct link between the Zitterbewegung
and the spin textures and spin transition amplitudes can be established. The later allow us to discern the pres-
ence or not of the Zitterbewegung oscillations by simply analyzing the spin or pseudospin textures. We provide
examples of the applicability of our approach for Hamiltonian models that show the suppression of specific
Zitterbewegung oscillations.
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1. Introduction

Schrödinger [1] predicted in 1930 that a quantum relativistic free particle following Dirac’s Hamil-
tonian will develop an oscillatory behavior of high frequency, producing a trembling motion (Zitter-
bewegung) as it travels, causing rapid oscillations in the particle’s location and speed. The trembling
behavior results as consequence the coupling of particle and antiparticle states of the Dirac Hamiltonian.
Today it is understood that the Zitterbewegung phenomenon is not strictly a relativistic effect, as it arises
also in any quantum physical system that couples the linear momentum of the quasiparticles with its
physical spin or its pseudospin degrees of freedom [2, 3]. Earlier studies of Zitterbewegung in solids
were performed in 1970 by Lurie and Cremer [4] in superconductor materials, and two decades later by
Cannata et al. [5] in bulk semiconductor materials. The topic was then essentially forgotten for more
than a decade when, with the advent of the semiconductor spintronics field [6, 7], it showed a revival in
2005 with the work of Schliemann [8], and independently by Jiang et al. [9] and Zawadaski [10], putting
forward the plausibility for the observation of the Zitterbewegung in two-dimensional electron and hole
systems with sizable spin-orbit coupling.

Nevertheless, the very first experimental measurement of the Zitterbewegung oscillations was realized
until 2010 in the realm of trapped ions by Gerritsma et al. [11] utilizing counter-incident lasers to
construct a synthetic Dirac system based on an ultra cold 40Ca+ gas. Soon after, the Zitterbewegung effect
was also confirmed in spin-orbit-coupled Bose-Einstein condensates of ultracold 87Rb atoms [12, 13].
Recently, the Zitterbewegung oscillations were also observed in planar photonic microcavities and in
analogues of honeycomb graphene coupled to microcavity resonators [14]. Even more recently (2024),
the experimental observation of trembling quantum motion (Zitterbewegung) of exciton polaritons in a
perovskite microcavity was reported to occur at room temperature [15].
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The Zitterbewegung effect has also been explored theoretically in a number of two-dimensional
materials: in graphene [16–19], Kekulé distorted graphene [20], phosphorene [21], silicene [22–24], and
borophene [25]. It was also studied in dice lattices (𝛼 − 𝑇3 models) [26], topological insulators [27–29],
Recently, the study of the dynamics of moiré excitons in van der Waals heterostructures of MoS2/WSe2
has shown that they exhibit a trembling motion [30].

A general theory of the Zitterbewegung dynamics that has been put forward by Dávid and Cserti [2] is
applicable for any 𝒌-dependent multiband electronic system. The central idea is that the Zitterbewegung
could arise in any given 𝑁-band Hamiltonian if there exists a lock (coupling) of the orbital motion
(momentum) to real or virtual (pseudo) spin of the quasiparticle. In this work the authors derive alternative
expressions for the time dependence of the position operator in terms of nondiagonal elements of the
Zitterbewegung amplitudes, denoted by 𝒁̂𝑎𝑏 (𝑎 ≠ 𝑏), 𝑎, 𝑏 being the band index. Very interestingly, in a
follow up work by the same authors [3], there was found a direct link between the charge conductivity
and the Zitterbewegung amplitudes, via the so-called Berry connection matrix that enters the canonical
expression for the Berry phase [31]. Furthermore, they show that the Berry curvature and Chern number
are related to the diagonal elements 𝒁̂𝑎𝑎. These seminal contributions show that the Zitterbewegung is
indeed interconnected to other measured physical quantities.

A crucial aspect of this general framework for the Zitterbewegung is the explicit appearance of a
multifrequency beating in the time dependence of the position and velocity operators associated with the
quasiparticles. Such frequencies correspond to all possible energy differences of the eigenvalues of the
multiband Hamiltonian, 𝜔𝑎𝑏 = (𝐸𝑎 − 𝐸𝑏)/ℏ. For instance, the two-band Rashba spin-orbit system [32–
35], the single-layer graphene, and the (heavy and light) hole Luttinger model [37], described all by 2× 2
Hamiltonians, have trivially only one beating frequency. On the other hand, bilayer graphene which is
described by a 4 × 4 spinless Hamiltonian, has two electron and two hole bands, which accounts in total
with six energy differences, and naturally, with only four different oscillation frequencies.

However, in a recent study of the Zitterbewegung in the graphene with a Y-shaped Kekulé bond
texture [20] we show that certain optical transitions (beating frequencies) are found to be suppressed.
Since the low-energy electronic excitations in the graphene with a Kekulé-Y distortion are described by
a four-band Hamiltonian [40] — due to its valley-momentum and pseudospin-momentum locking nature
— we would then expect oscillations of four different frequencies in the Zitterbewegung dynamics,
as it occurs in the bilayer graphene. By contrast, only two frequencies are shown to be present. The
non-contributing aspect related to the Zitterbewegung oscillations was attributed to the vanishing of the
Berry connection matrix elements for the involved states and, alternatively, to the symmetry arguments.
Intriguingly, these states show a unique pattern of its valley and pseudospin textures.

In this work, we show that the Zitterbewegung amplitudes in multiband electronic systems are
also linked to spin-transport and magnetic properties, as the spin conductivity and intrinsic spin Hall
conductivity. We further show that the spin (pseudospin) textures, as well as the off-diagonal spin
(pseudospin) matrix elements of general two-dimensional (2D) spin-orbit coupled (SOC) systems and
Dirac-type Hamiltonians are directly connected with the presence or absence of the Zitterbewegung
oscillations in such systems.

2. Zitterwebegung: general theory

The Dávid-Cserti’s general theory of the Zitterbewegung motion [2] applies for an arbitrary multiband
Hamiltonian 𝐻̂ (𝒌), where 𝒌 denotes the wave number of its Bloch states. The central idea is first to
decompose the Hamiltonian in the form 𝐻̂ =

∑
𝑎 𝐸𝑎 (𝒌)𝑄̂𝑎 (𝒌), where 𝐸𝑎 (𝒌) are its a-th eigenvalue

and 𝑄̂𝑎 (𝒌) = |𝜓𝑎 (𝒌)⟩⟨𝜓𝑎 (𝒌) | are the projection operators associated to the eigenkets |𝜓𝑎 (𝒌)⟩. Since
the 𝑛 × 𝑛 Hamiltonian is Hermitian, then 𝑄̂𝑎 (𝒌)𝑄̂𝑏 (𝒌) = 𝛿𝑎𝑏 |𝜓𝑎 (𝒌)⟩⟨𝜓𝑎 (𝒌) |, and

∑
𝑎 𝑄̂𝑎 (𝒌) = 𝐼𝑛 are

satisfied, where 𝐼𝑛 is the 𝑛× 𝑛 identity matrix, while 𝑛means the band-index. Then, the position operator
𝒙̂(𝑡) written in the Heisenberg picture can be rewritten as [3],

𝒙̂(𝑡) = 𝒙̂𝑜 (0) + 𝝃 (𝑡), 𝒙̂𝑜 (0) = 𝒙̂(0) +
∑︁
𝑎

𝒁̂𝑎𝑎, (2.1)
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in which 𝒙̂(0) is the position operator at 𝑡 = 0 (Schrödinger picture) and the time dependent term is given
by

𝝃 (𝑡) = 𝑡
∑︁
𝑎

𝑽𝑎𝑄̂𝑎 +
∑︁
𝑎

∑︁
𝑏≠𝑎

ei𝜔𝑎𝑏𝑡 𝒁̂𝑎𝑏, (2.2)

where 𝑽𝑎 (𝒌) = 1
ℏ

𝜕𝐸𝑎

𝜕𝒌 is the quasiparticle velocity, 𝜔𝑎𝑏 = (𝐸𝑎 − 𝐸𝑏)/ℏ are the interband Zitterwebegung
frequency beatings, and its amplitudes are defined by

𝒁̂𝑎𝑏 = i𝑄̂𝑎
𝜕𝑄̂𝑏

𝜕𝒌
. (2.3)

From the oscillatory part of equation (2.2) it is noted that a multi-frequency Zitterwebegung could
indeed arise in multiband systems, and that the presence of the oscillations are governed solely by the
interband amplitudes 𝒁̂𝑎𝑏. Therefore, a necessary condition for the existence of Zitterwebegung beatings
is that amplitudes 𝒁̂𝑎𝑏 ≠ 0; while evidently, for the cases in which 𝒁̂𝑎𝑏 = 0, entails directly a total
absence of Zitterwebegung oscillations. Physically, the 𝒁̂𝑎𝑏 is also linked to the Berry connection matrix,

𝑨𝑎𝑏 (𝒌) = i⟨𝜓𝑎 (𝒌) |
𝜕

𝜕𝒌
|𝜓𝑏 (𝒌)⟩, (2.4)

since ⟨𝜓𝑎 (𝒌) | 𝒁̂𝑎𝑏 |𝜓𝑏 (𝒌)⟩ ≡ ⟨𝑎 | 𝒁̂𝑎𝑏 |𝑏⟩ = 𝑨𝑎𝑏 (𝒌), which enters in the definition of Berry curvature [31].

3. Zitterwebegung amplitudes link to the spin conductivity

In order to seek for a relation of the Zitterwebegung amplitudes with the frequency dependent spin
conductivity, as well as with the intrinsic spin Hall conductivity, we start by considering the general
correlation function Π𝐴𝐵 for any two operators 𝐴 and 𝐵. As dictated by the Kubo linear response
formula, and following Dávid and Cserti [2], once the correlation function is written in terms of the
projectors operators 𝑄̂𝑎, it reads,

Π𝐴𝐵 (i𝜈𝑚) =
1
𝑉

∑︁
𝒌

∑︁
𝑎,𝑏

𝐾𝑏𝑎 (i𝜈𝑚)Tr
[
AQ̂aBQ̂b

]
, (3.1)

where 𝑉 is the volume of the system, 𝜈𝑚 = 2π𝑚/𝛽 are the bosonic Matsubara’s frequencies, 𝑚 being an
integer, and

𝐾𝑎𝑏 (i𝜈𝑚) =
𝑛𝐹 (𝐸𝑏 − 𝜇) − 𝑛𝐹 (𝐸𝑎 − 𝜇)

𝐸𝑏 − 𝐸𝑎 + i𝜈𝑚
, (3.2)

in which 𝜇 is the chemical potential, 𝑛𝐹 (𝐸) = (1 + e𝛽𝐸)−1 is the Fermi-Dirac distribution, and 𝛽 =

1/𝑘B𝑇 with 𝑇 being the temperature. Therefore, for the spin-current–charge-current correlation function
[𝑄𝑙
𝑖 𝑗
(i𝜈𝑚) ≡ ΠJ𝑖 𝐽 𝑗 (i𝜈𝑚)] we have,

𝑄𝑙𝑖 𝑗 (i𝜈𝑚) =
1
𝑉

∑︁
𝒌

∑︁
𝑎,𝑏

𝐾𝑏𝑎 (i𝜈𝑚)Tr
[
J 𝑙
𝑖 𝑄̂𝑎𝐽 𝑗𝑄̂𝑏

]
, (3.3)

which is associated with a driven spin-current J 𝑙
𝑖

polarized along the 𝑙-direction as a response to an
applied electric field 𝐸 𝑗 and a charge-current 𝐽𝑖 . The spin-current operator is defined by J 𝑙

𝑖
= 1

4 {𝜎𝑙 ,
𝜕𝐻
𝜕𝑘𝑖

},
and the charge current operator is given by 𝐽 𝑗 = 𝑒𝑣 𝑗 = 𝑒

ℏ
𝜕𝐻
𝜕𝑘 𝑗

. The frequency dependent spin conductivity
[38] is then calculated after analytic continuation i𝜈𝑚 → ℏ𝜔 + i𝛿1 as [39]

𝜎𝑙𝑖 𝑗 (𝜔) = − 1
ℏ2 lim

𝛿→0+

𝑄𝑙
𝑖 𝑗
(𝜔 + i𝛿)
𝑖𝜔

. (3.4)

1In [39] the energies are measured in units ℏ2, consequently its equation (6) for the spin conductivity should be divided by ℏ2

to get the right units of 𝑒/ℏ for the spin conductivity.
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Using equation (2.3) for the definition of Zitterbewegung amplitude, together with the identity,
𝑄̂𝑎

𝜕𝐻
𝜕𝑘𝑖
𝑄̂𝑏 = 𝛿𝑎𝑏

𝜕𝐸𝑎

𝜕𝑘𝑖
𝑄̂𝑎 + (𝐸𝑏 − 𝐸𝑎) 𝑍̂𝑎𝑏𝑖 for 𝑎 ≠ 𝑏, and the definitions of charge and spin current

operators, it is straightforward to show that the spin-current–charge-current correlation function can be
rewritten as,

𝑄𝑙𝑖 𝑗 (i𝜈𝑚) = − 𝑒

2iℏ
1
𝑉

∑︁
k

∑︁
𝑎,𝑏,𝑎≠𝑏

𝐾𝑏𝑎 (i𝜈𝑚) (𝐸𝑎 − 𝐸𝑏)Tr
[
ℏ

2
{𝜎𝑙 , 𝑣𝑖} 𝑍̂𝑎𝑏𝑗

]
. (3.5)

Therefore, given that 𝑄𝑙
𝑖 𝑗
(𝑖𝜈𝑚) depends explicitly on 𝑍̂𝑎𝑏

𝑗
, from equation (3.4) we can see that the

optical (frequency-dependent) spin conductivity is directly connected to the Zitterbewegung phenomena,
similarly as it occurs with the charge-conductivity [3]. Interestingly, as a consequence, note that no
spin-current is expected associated with the optical transitions between bands 𝐸𝑎 and 𝐸𝑏 whenever
𝑍̂𝑎𝑏
𝑖

= 0.
Now, using equations (3.4) and (3.5) the intrinsic spin Hall conductivity for a two dimensional system

in the static limit 𝜔 → 0 is given by (Appendix A),

𝜎𝑙𝑖 𝑗 (0) =
𝑒

ℏ𝐴

∑︁
k

∑︁
𝑎,𝑎≠𝑏

𝑛𝐹 (𝐸𝑎) − 𝑛𝐹 (𝐸𝑏)
(𝐸𝑎 − 𝐸𝑏)

Tr
[
ℏ

2
{𝜎𝑙 , 𝑣𝑖} 𝑍̂𝑎𝑏𝑗

]
, (3.6)

where 𝐴 is the area of the sample. Hence, the direct current (dc) intrinsic spin Hall conductivity also
depends in general on the Zitterwebegung amplitudes and evidently vanishes if 𝑍̂𝑎𝑏

𝑖
= 0 . Note that

equation (3.6) reduces to the known Kubo formula for the static spin Hall conductivity [48, 49].

4. Connection of Zitterbewegung with the spin, pseudospin and valley
isospin textures

In order to analyze further the connection of the Zitterbewegung with spin and/or pseudospin related
properties, such as the spin, pseudospin and valley isospin textures, we begin by considering a generic
multiband Hamiltonian of the form,

𝐻 (𝒌) = ℎ(𝒌) +
𝑁𝑠∑︁
𝜂=1

𝛼𝜂
(
𝒌 · S𝜂

)
, (4.1)

where ℎ(𝒌) stands for a (possible) second order in 𝒌 dependence of the carriers, which is assumed not to
be coupled to other degrees of freedom. The second expression to the right represents the locking of the
linear momentum with the spin, lattice pseudospin, valley isospin, or any other degrees of freedom (S𝜂).
The coupling constant is 𝛼𝜂 , 𝑁𝑠 is the number of terms that contain “spin” degrees of freedom that might
be present in the model Hamiltonian. For instance, in a two-dimensional electron gas (2DEG) with Rashba
spin-orbit coupling (SOC), the two-band model Hamiltonian ℎ(𝒌) = ℏ2𝑘2/2𝑚, with 𝒌 = (𝑘𝑥 , 𝑘𝑦) and
has only one spin degree of freedom (𝑁𝑠 = 1), namely the physical spin, 𝛼1 = 𝛼R is the Rashba coupling
parameter, and S1 = (−𝑠𝑦, 𝑠𝑥), where 𝑠𝑥,𝑦 being are the Pauli spin matrices (times ℏ/2) describing
the components of the physical spin 𝒔. On the other hand, for the four band low energy Hamiltonian
describing the low energy excitations in graphene monolayer near the Dirac points (𝐾, 𝐾 ′), we have
instead ℎ(𝒌) = 0, 𝑁𝑠 = 2, S1 = (S𝑥1 , 0), S2 = (0,S𝑦1 ), with S𝑥1 = 𝜏𝑧 ⊗ 𝜎𝑥 , S𝑦1 = 𝜏𝑜 ⊗ 𝜎𝑦, and coupling
parameter 𝛼1 = 𝛼2 = ℏ𝑣𝐹 , where 𝑣𝐹 is the Fermi velocity. In this way, the general expression in (4.1)
comprises broad types of effective Hamiltonians that models a wide type of materials, ranging from
2DEG systems with Rashba and/or Dresselhaus spin-orbit coupling, to two dimensional graphene, Weyl
semimetals and topological insulators among others. In table 1 we show some 2D Hamiltonians with its
explicit form for the 𝑺𝜂 .

A general connection of the Zitterbewegung amplitudes with the spin, pseudospin, valley isospin
textures, and with the interband spin transitions can be found for such multiband Hamiltonians (4.1).
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Table 1. Explicit form for S𝜂 for several 2D Hamiltonians. Here, the physical spin is 𝒔 = (𝑠𝑥 , 𝑠𝑦, 𝑠𝑧),
𝝈 = (𝜎𝑥 , 𝜎𝑦) is the sublattice pseudospin, 𝝉 = (𝜏𝑥 , 𝜏𝑦) is the valley isospin, all in terms of the Pauli
matrices, 𝜎0, 𝜏0 are 2 × 2 unit matrices, and 𝑆𝑖 with 𝑖 = {𝑥, 𝑦, 𝑧} are the components of the 3 × 3 spin-1
matrices when 𝛼 = 1.

2D Hamiltonian coupling(s) 𝛼𝜂 S𝜂 explicit value for S𝜂

Rashba SOC 𝛼𝑅 S𝑅
(
−𝑠𝑦, 𝑠𝑥

)
Dresselhaus SOC 𝛼𝐷 S𝐷

(
𝑠𝑥 ,−𝑠𝑦

)
Rashba + Dresselhaus ( 𝛼R = 𝛼D ) 𝛽 S𝑅 + S𝐷

(
𝑠𝑥 − 𝑠𝑦, 𝑠𝑥 − 𝑠𝑦

)
Graphene 𝐾 ℏ𝑣𝐹 S𝐾

(
𝜎𝑥 , 𝜎𝑦

)
Graphene 𝐾 ′ ℏ𝑣𝐹 S𝐾 ′

(
−𝜎𝑥 , 𝜎𝑦

)
Full Graphene 𝐾, 𝐾 ′ ℏ𝑣𝐹 S1, S2 (𝜏𝑧 ⊗ 𝜎𝑥 , 0) , (0, 𝜏0 ⊗ 𝜎𝑦)
Graphene Kek Y 𝑣𝜎 , 𝑣𝜏 S𝜎 , S𝜏 𝜏0 ⊗ 𝝈, 𝝉 ⊗ 𝜎0
𝛼 − 𝑇3 dice lattice 𝑣𝐹 𝑺 (𝑆𝑥 , 𝑆𝑦, 𝑆𝑧)

Here, we show (Appendix B) that such a connection must follow (for 𝑎 ≠ 𝑏)

⟨𝑎 | 𝒁̂𝑎𝑏 |𝑏⟩ = 1
2ℏ𝜔𝑏𝑎

𝑁𝑠∑︁
𝜂=1

𝛼𝜂

(
⟨S𝜂⟩𝑎𝑎 + ⟨S𝜂⟩𝑏𝑏 + 2i⟨S𝜂⟩𝑎𝑏

)
+ 1
ℏ𝜔𝑏𝑎

∇𝒌

(
ℎ(𝒌) − 1

2

∑︁
𝑚∈{𝑎,𝑏}

𝐸𝑚(𝒌)
)
,

(4.2)

where the diagonal matrix elements ⟨S𝜂⟩𝑎𝑎 ≡ ⟨𝜓𝑎 (𝒌) |S𝜂 |𝜓𝑎 (𝒌)⟩ define the “spin” orientation or the
average “spin” in a given band, while the off-diagonal matrix elements ⟨S𝜂⟩𝑎𝑏, describe the interband
spin “texture” or spin transition amplitudes. Note that for any Hamiltonian having ℎ(𝒌) = 0, as the
Dirac-type and low energy Weyl Hamiltonians, a vanishing contribution of the last term in (4.2) is always
yielded owing to the electron-hole symmetry of such systems, hence

⟨𝑎 | 𝒁̂𝑎𝑏 |𝑏⟩ = 1
4𝐸𝑏

∑︁
𝜂

𝛼𝜂

(
⟨S𝜂⟩𝑎𝑎 + ⟨S𝜂⟩𝑏𝑏 + 2i⟨S𝜂⟩𝑎𝑏

)
= 𝑨𝑎𝑏 (𝒌). (4.3)

This expression yields then an alternative formula for the Berry connection matrix 𝑨𝑎𝑏 (𝒌) in such
systems. Interestingly, it involvs just the inter- and intra-band (pseudo)spin-textures. Hence, whenever a
zero output is produced from the term in parenthesis in (4.3), it entails that the Berry connection matrix
𝑨𝑎𝑏 (𝒌) = 0, which in turn directly implies the absence of a Zitterbewegung oscillation with frequency
𝜔𝑎𝑏. In other words, from equation (4.3) it follows that whenever

⟨S𝜂⟩𝑎𝑎 + ⟨S𝜂⟩𝑏𝑏 + 2i⟨S𝜂⟩𝑎𝑏 = 0 (4.4)

is satisfied for each degree of freedom 𝜂, a condition for Zitterbewegung forbidden transitions between
the given bands 𝐸𝑎 and 𝐸𝑏 is established. Note that the restriction of considering Zitterbewegung
transitions only between non-degenerate energy states is not a significant limitation. As first elucidated
by Cserti and Dávid, this theoretical framework is inherently designed for non-degenerate states, as
Zitterbewegung naturally vanishes when transitions occur between degenerate states [2]. We remark
that condition (4.4) holds in general for systems following the generic Hamiltonian (4.1) in which
the whole term ℎ(𝒌) − 1

2
∑
𝑚 𝐸𝑚 or its 𝒌-gradient vanishes. Further simplifications can be obtained

for the expression (4.4) if symmetry arguments are considered. For instance, the Rashba Hamiltonian
that satisfies both, the lack of space-inversion and time-reversal symmetry, always produces opposite
(pseudo)spin-textures for different bands, ⟨S𝜂⟩𝑎𝑎 = −⟨S𝜂⟩𝑏𝑏 (figure 1). However, it can be shown that
⟨S𝜂⟩𝑎𝑏 ≠ 0 for the Rashba Hamiltonian, and hence the condition (4.4) is not satisfied; which in turn is
consistent with the (nonzero) frequency Zitterbewegung oscillations expected in this system [8].

We now proceed to examine the absence of Zitterbewegung oscillations of particular frequencies in
specific Hamiltonian systems in connection with the derived general condition (4.4). Three illustrative
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examples are considered, (i) the joint Rashba and Dresselhaus spin-orbit Hamiltonian in 2DEGs, (ii)
graphene with Kekulé distortion, and (iii) the 𝛼 − 𝑇3 lattice model Hamiltonian.

4.1. The Rashba-Dresselhaus Hamiltonian

Let us consider a two dimensional electron system under the simultaneous presence of Rashba and
(linear) Dresselhaus spin-orbit interactions [32–36]. Its Hamiltonian written in the notation of (4.1) with
𝑁𝑠 = 1, 𝛼1 = 𝛼R, 𝛼2 = 𝛼D reads,

𝐻RD(𝒌) =
ℏ2𝑘2

2𝑚∗ + 𝛼R(𝒌 · SR) + 𝛼D(𝒌 · SD), (4.5)

with 𝒌 = (𝑘𝑥 , 𝑘𝑦) is the in-plane electron wave-vector,𝛼R is the Rashba coupling parameter (which is gate-
tunable), and 𝛼D is the Dresselhaus coupling parameter. Here, SR = (−𝑠𝑦, 𝑠𝑥 , 0) and SD = (−𝑠𝑥 , 𝑠𝑦, 0).
Our particular interest is the case of equal strength of the Rashba and Dresselhaus coupling parameters
(𝛼R = 𝛼D ≡ 𝛽) in which Schliemann et al. [8] first identified the absence of Zitterbewegung oscillations.
In this case we have

𝐻RD(𝒌) =
ℏ2𝑘2

2𝑚∗ + 𝛽𝒌 · (SR + SD) (4.6)

leading to the spin-splitting of the electron bands in momentum space and eigenvectors,

E±(𝒌) =
ℏ2𝑘2

2𝑚∗ ±
√

2𝛽 |𝑘𝑥 + 𝑘𝑦 |, |𝒌,±⟩ = ei𝒌 ·r
√

2

(
1

∓eiπ/4

)
. (4.7)

For this particular Hamiltonian, the standard spin-texture notion defined as ⟨𝒔⟩± = ⟨𝒌,±|𝒔 |𝒌,±⟩, which
yields ± 1√

2
(1,−1, 0), differs from the pseudospin texture defined ⟨S𝜂⟩± = ⟨𝒌,±|S𝜂 |𝒌,±⟩, which for this

case results in ⟨𝒌,±|SR + SD |𝒌,±⟩ = ±
√

2(1, 1, 0). The electron energy dispersion and the spin and
pseudospin textures are shown in figure 1. Now, note that

∇𝒌

(
ℏ2𝑘2

2𝑚∗ − 1
2
(E+ + E−)

)
= 0, (4.8)

which together with the results ⟨+|SR + SD) |+⟩ = −⟨−|SR + SD) |−⟩ and ⟨±|SR |∓⟩ = ⟨±|SD |∓⟩ = 0,
yelds the condition (4.4) is thus fully satisfied. This ensures the absence of Zitterbewegung oscillation with
frequency 𝜔+− whenever the situation of a joint Rashba-Dresselhaus SOC is present with equal values of
its coupling strengths. That is, without the need of calculating the equations of motion, for the position
or velocity operators, we can directly infer using (4.4) that for the case 𝛼R = 𝛼D no Zitterbewegung
oscillation will occur. The vertical green arrows in figure 1 represents the prohibited transition frequency.

4.2. The Kekulé distorted graphene Hamiltonian

There are two main Kekulé structural deformations in graphene. They are the Kekulé-O and the
Kekulé-Y bond distortion. In the former, there is an alternate double bond connection between the carbon
atoms, just as it occurs in benzene rings. In the latter however, the Kekulé-Y (Kek-Y) bond distortion
involves double bonds in the ‘Y’ shape; this distortion results in the coupling of the two distinct Dirac
valleys. The Hamiltonian that describes low-energy electronic excitations in graphene with Kek-Y texture
bonding was derived by Gamayun et al. [40]. The Kek-Y Hamiltonian reads,

𝐻KY(𝒌) = 𝑣𝜎 (𝒌 · 𝑺𝜎) + 𝑣𝜏 (𝒌 · 𝑺𝜏) , (4.9)

where 𝑺𝜎 = 𝜏0 ⊗ 𝝈 and 𝑺𝜏 = 𝝉 ⊗ 𝜎0 (here 𝑁𝑠 = 2), with coupling constants 𝛼1 = 𝑣𝜎 and 𝛼2 = 𝑣𝜏 ,
describing the Fermi velocities (in units of ℏ) respectively, and 𝝈 = (𝜎𝑥 , 𝜎𝑦, 𝜎𝑧) denoting that the
pseudospin and 𝝉 = (𝜏𝑥 , 𝜏𝑦, 𝜏𝑧) is the valley pseudospin. Here, 𝜎𝑥,𝑦,𝑧 and 𝜏𝑥,𝑦,𝑧 represent the Pauli
matrices in the pseudospin and valley basis, respectively, while 𝜎0,𝜏0 are 2×2 identity matrices [20]. The
valley velocity is typically much smaller than the subalattice velocity, 𝑣𝜏 = Δ0𝑣𝜎 , where 𝑣𝐹 = 10 Å/s [40],
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Figure 1. (Colour online) (Above) Energy dispersions of the Rashba and Dresselhaus Hamiltonian. (Top
left-hand) with different spin-orbit coupling strengths (𝛼R ≠ 𝛼D), (top right-hand) with equal spin-orbit
coupling strengths (𝛼R = 𝛼D). The symbols

√
in blue and × in red indicate an allowed and an inhibited

Zitterbewegung frequency (spin-transition), respectively. (Bottom) Schematic diagram illustrating the
contour plots of the E− and E+, both for 𝛼R = 𝛼D at a fix energy 𝐸 ; (left) depicting the spin-texture ⟨𝒔⟩,
and (right-hand) with depiction of the pseudospin texture ⟨SR + SD⟩ for each band.

is the unperturbed graphene Fermi velocity, andΔ0 is a dimensionless Kekulé coupling strength parameter
with the values ranging from 0 to 0.1. Note that the valley locking term is responsible for breaking the
valley degeneracy between the 𝐾 and 𝐾 ′ Dirac cones, which eventually produces Dirac cones with
different Fermi velocities [20, 40]. The corresponding band dispersions are given by,

𝐸𝜇𝜈 = 𝜇(𝑣𝜎 + 𝜈𝑣𝜏)𝑘, 𝑘 =

√︃
𝑘2
𝑥 + 𝑘2

𝑦, (4.10)

with 𝜇 = ± for the electron/hole branch and 𝜈 = ± associated with the two distinct valleys (𝐾, 𝐾 ′),
whereas the eigenstates of the Hamiltonian are as follows:

|𝜓+𝜈⟩ =
1
2

©­­­«
𝜈e−i𝜑

𝜈

1
ei𝜑

ª®®®¬ , |𝜓−𝜈⟩ =
1
2

©­­­«
−𝜈e−i𝜑

𝜈

−1
ei𝜑

ª®®®¬ , (4.11)

with 𝜑 = tan−1(𝑘𝑦/𝑘𝑥). The energy dispersions 𝐸1 = 𝐸++, 𝐸2 = 𝐸+− , 𝐸3 = 𝐸−− , and 𝐸4 = 𝐸−+ are
depicted in figure 2.

Now we apply the formulation outlined in section 4. First, note that this four band system gives
six possible frequencies 𝜔𝑎𝑏 = |𝐸𝑎 − 𝐸𝑏 |/ℏ; however, only four of them are independent, namely,
𝜔12 = 𝜔34 ≡ 𝜔𝜏 = 2𝑘𝑣𝜏 , 𝜔13 = 𝜔24 ≡ 𝜔𝜎 = 2𝑘𝑣𝜎 , 𝜔23 = 2𝑘 (𝑣𝜎 − 𝑣𝜏), and 𝜔14 = 2𝑘 (𝑣𝜎 + 𝑣𝜏). Then,
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Table 2. Table of all matrix elements for the sublattice pseudospin and valley isospin transition amplitudes
and pseudospin textures in graphene with Kek-Y bond distortion.

Matrix element / 𝑎 ↔ 𝑏 1 ↔ 2 1 ↔ 3 1 ↔ 4 2 ↔ 3 2 ↔ 4 3 ↔ 4
⟨𝑎 |𝑖S𝜎 |𝑏⟩ (0, 0, 0) (sin 𝜑,− cos 𝜑, 0) (0, 0, 0) (0, 0, 0) (− sin 𝜑, cos 𝜑, 0) (0, 0, 0)
⟨𝑎 |𝑖S𝜏 |𝑏⟩ (sin 𝜑,− cos 𝜑, 0) (0, 0, 0) (0, 0, 0) (0, 0, 0) (0, 0, 0) (− sin 𝜑, cos 𝜑, 0)

⟨𝑎 |𝑖(S𝜎 + S𝜏) |𝑏⟩ (sin 𝜑,− cos 𝜑, 0) (sin 𝜑,− cos 𝜑, 0) (0, 0, 0) (0, 0, 0) (− sin 𝜑, cos 𝜑, 0) (− sin 𝜑, cos 𝜑, 0)
⟨S𝜎⟩𝑎𝑎 + ⟨S𝜎⟩𝑏𝑏 2(cos 𝜑, sin 𝜑, 0) (0, 0, 0) (0, 0, 0) (0, 0, 0) −2(cos 𝜑, sin 𝜑, 0) −2(cos 𝜑, sin 𝜑, 0)
⟨S𝜏⟩𝑎𝑎 + ⟨S𝜏⟩𝑏𝑏 (0, 0, 0) 2(cos 𝜑, sin 𝜑, 0) (0, 0, 0) (0, 0, 0) (0, 0, 0) (0, 0, 0)

Figure 2. (Colour online) Energy dispersion diagram of graphene Kek-Y Hamiltonian (left-hand). The
symbols

√
in blue and × in red indicate allowed and forbidden Zitterbewegung frequencies (spin-

transitions), respectively. Note that the electron-hole symmetric bands (𝐸++ ↔ 𝐸−+ and 𝐸+− ↔ 𝐸−−)
do not present Zitterbewegung transition amplitudes between them. (Right-hand panels) pseudospin
textures for each band at a fix electon/hole energy. (Top) Sublattice pseudospin textures. (Bottom) valley
pseudospin textures.

if we were to analyze the carrier dynamics, one would expect four distinct Zitterbewegung modes of
oscillations for this system. Nevertheless, this will not be the case here, as two of these frequencies will
not be present as we show below.

In this case ℎ(𝒌) = 0, whereas

∇𝒌

(
0 − 1

2
(𝐸𝑎 + 𝐸𝑏)

)
=


𝑣𝜎 for (𝑎 = 1, 𝑏 = 2)
0 for (𝑎 = 2, 𝑏 = 3) and (𝑎 = 1, 𝑏 = 4),
𝑣𝜏 for (𝑎 = 1, 𝑏 = 3)

(4.12)

and together with the calculation of the matrix elements of the sublattice pseudospin 𝑺𝜎 and valley isospin
𝑺𝜏 (see table 2) leads to the fulfillment of condition (4.4) but only for the transition energies 𝐸1 ↔ 𝐸4
and 𝐸2 ↔ 𝐸3, which are associated with the frequencies 𝜔14 and 𝜔23, respectively. Therefore, it entails
that these frequencies will correspond to vanishing Zitterbewegung oscillations. What is remarkable
is that such forbidden beating frequencies are found without the need of analyzing the full electronic
dynamics of the system. Indeed, as recently shown in a study of electronic wave packet dynamics in
Kek-Y graphene [20], these two frequencies 𝜔14 and 𝜔23, are absent in the Zitterbewegung beatings of
the time-evolution calculation of the average position and velocity in Kek-Y graphene. The only two
beating frequencies allowed in Kek-Y graphene according to our methodology are 𝜔𝜎 and 𝜔𝜏 = Δ0𝜔𝜎 ,
which are in agreement with the numerical approach [20]. Our results are also in agreement with a recent
study of the electronic and optical conductivity in Kek-Y graphene [41]. In this paper the authors find the
absence of the transitions between the “slow” velocity bands 𝑆+ ↔ 𝑆− (corresponding to our 𝐸2 ↔ 𝐸3
transitions) and those of the “fast” velocity bands 𝐹+ ↔ 𝐹− (corresponding to our 𝐸1 ↔ 𝐸4 transitions).
The absence of these transitions is understood there in terms of the Fermi golden rule, which gives zero
amplitude probabilities for such transitions.
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Table 3. Pseudospin transition amplitudes and pseudospin textures of the 𝛼 − 𝑇3 model for 𝛼 = 1.

Matrix element / 𝑎 ↔ 𝑏 + ↔ − + ↔ 0 0 ↔ −
⟨𝑎 |i𝑺 |𝑏⟩ (0, 0, 0) 1√

2
(− sin 𝜙, cos 𝜙,−i) 1√

2
(sin 𝜙,− cos 𝜙,−i)

⟨𝑺⟩𝑎𝑎 + ⟨𝑺⟩𝑏𝑏 (0, 0, 0) (cos 𝜙, sin 𝜙, 0) −(cos 𝜙, sin 𝜙, 0)

4.3. Dirac-Weyl Hamiltonians: graphene 𝜶 − 𝑻3 case

The 𝛼 − 𝑇3 Hamiltonian describes a honeycomb lattice with two sites per unit cell with hopping
amplitude 𝑡 (as graphene) but with extra (carbon) sites at the center of each hexagon and hopping
amplitude 𝛼𝑡. Hence, the model interpolates between graphene (𝛼 = 0) and the dice lattice (𝛼 = 1)
depending upon the value of 𝛼 [42]. The general low energy effective Hamiltonian for the 𝛼 − 𝑇3 model
reads,

𝐻1𝑇3 (𝒌) = 𝑣𝐹 (𝒌 · 𝑺) , (4.13)

where 𝑣𝐹 = 3𝑡𝑎𝑜/
√

2 is the usual graphene Fermi velocity, 𝑎𝑜 is the lattice constant, 𝒌 = (𝑘𝑥 , 𝑘𝑦, 0) is
the wave vector in the plane, and the pseudospin vector 𝑺 =

(
𝑆𝑥 , 𝑆𝑦, 𝑆𝑧

)
(in units of ℏ) reads,

𝑆𝑥 =
©­«

0 cos 𝜙 0
cos 𝜙 0 sin 𝜙

0 sin 𝜙 0

ª®¬ , 𝑆𝑦 =
©­«

0 −i cos 𝜙 0
i cos 𝜙 0 −i sin 𝜙

0 i sin 𝜙 0

ª®¬ , 𝑆𝑧 =
©­«

1 0 0
0 0 0
0 0 −1

ª®¬ , (4.14)

with 𝜙 = arctan𝛼, satisfying cos 𝜙 = 1√
1+𝛼2 , sin 𝜙 = 𝛼√

1+𝛼2 , whereas the low energy dispersions of this
three-band model are simply:

𝐸0 = 0, 𝐸± = ±𝑣𝐹 𝑘, (4.15)

hence, the main difference between the 𝛼 − 𝑇3 model and pristine graphene bands is the extra flat band
sitting at the Fermi level 𝐸𝑜. The eigenvectors are given by,

|Ψ0⟩ =
©­«
−e−i𝜃 sin 𝜙

0
ei𝜃 cos 𝜙

ª®¬ , |Ψ±⟩ =
1
√

2
©­«
e−i𝜃 cos 𝜙

±1
ei𝜃 sin 𝜙

ª®¬ , (4.16)

with 𝜃 = arctan(𝑘𝑦/𝑘𝑥). For the case of 𝛼 = 1, the matrices (4.14) reduce to the spin-1 matrices.
Here, two distinct frequencies are expected to be associated to the Zitterbewegung oscillations. They are
𝜔+− = 𝜔−+ = 2𝑣𝐹 𝑘 and 𝜔+0 = 𝜔−0 = 𝑣𝐹 𝑘 . Then, one naturally would expect that these two frequencies
will participate in the Zitterbewegung oscillations once the carrier dynamics is performed.

However, this model yields,

∇𝒌

(
0 − 1

2
(E𝑎 + E𝑏)

)
=

{
0 for (𝑎 = +, 𝑏 = −) and (𝑎 = −, 𝑏 = +)
𝑣𝐹 for (𝑎 = +, 𝑏 = 0) and (𝑎 = −, 𝑏 = 0), (4.17)

and once we calculate the matrix elements of the pseudospin 𝑺, (shown in table 3), it is evident that
the condition (4.4) for suppression of the Zitterbewegung amplitudes is satisfied for the frequency 𝜔+−
alone, which is associated with electron-hole transition between 𝐸+ ↔ 𝐸− . This is in contrast to what
will occur in pristine graphene. On the other hand, the condition (4.4) does not hold for the frequency
𝜔+0 = 𝜔−0, indicating that this will be the only Zitterbewegung oscillation permitted in the 𝛼−𝑇3 model.

Therefore, for 𝛼 = 1 (dice lattice), there is a flat band that controls both its dynamical and optical
behavior, as the pseudospin matrix elements indicate that only flat band transitions (𝐸± ↔ 𝐸0) contribute
to the carrier dynamics, whereas the direct inter-cone transition (𝐸+ ↔ 𝐸−) is forbidden. Hence, the only
surviving Zitterbewegung frequency is 𝜔±0 = 𝑣𝐹 𝑘 , while the frequency mode 𝜔+− = 2𝑣𝐹 𝑘 is suppressed.
This selection rule matches the optical response reported by Oriekhov and Gusynin [50], where the
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Figure 3. (Colour online) (Top) Band dispersion for the 𝛼 − 𝑇3 model Hamiltonian with 𝛼 = 1. Here,
the Zitterbewegung transition amplitudes that are allowed are only these between the electon/hole band
to the zero energy flat band 𝐸0. Diagrams illustrate the contour plots of the 𝐸− and 𝐸+ bands at a fixed
electron/hole energy, respectively. The behavior of its pseudospin textures are also shown.

optical conductivity of the dice lattice arises exclusively from flat band to cone transitions, with a single
activation threshold at 𝜔 = 𝑣𝐹 |𝑝𝑧 |/ℏ. Both results show that the flat band is the only active interband
channel.

On the other hand, in a recent work by Illes et al. [51] it is shown that the optical conductivity evolves
with the Berry phase 𝜙B = π(1 − 𝛼2)/(1 + 𝛼2), from graphene (𝜙B = π) to the dice lattice (𝜙B = 0).
They find that in the graphene case (𝛼 = 0), cone to cone transitions dominate, while flat band to cone
transitions dominate for 𝛼 = 1, which is consistent with the collapse of the Zitterbewegung spectrum to
a single 𝜔±0 mode. They also report that intermediate 𝛼 values yield both channels, corresponding to a
continuous change in the interband coherence with 𝜙B. The suppression of 𝐸+ ↔ 𝐸− transitions found
here correspond to the disappearance of the high-energy optical threshold identified by Illes et al. [51].

Finally, it is important to emphasize that, eventhough for the Dirac-type Hamiltonians studied here,
there are both bands with electron-hole symmetry, and there are those bands precisely that exhibit
forbidden Zitterbewegung transitions, as such, this is not a necessary condition. Indeed, as shown above,
the suppression of the Zitterbewegung amplitudes can also arise without such criterion being satisfied,
as it to occurs in Rashba-Dresselhaus spin-splitted bands with equal SOC strengths. On the contrary,
note also that not all systems that display electron-hole symmetry result in vanishing Zitterbewegung
frequencies. For example, these are pristine monolayer [45], the bilayer of graphene [17] and graphene
with Rashba or with intrinsic SOC. Interestingly, a link between Zitterbewegung and topological phase
transitions has been also investigated recently [46].
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5. Summary and conclusions

In this work, it is shown that spin-related response properties as the frequency dependent spin
conductivity and the intrinsic spin Hall conductivity of general multiband electronic Hamiltonians are
interwoven with the Zitterbewegung amplitudes of such systems. Expressions for the spin related prop-
erties revealing such connection were obtained within Kubo linear response formalism. We also found a
useful condition that allows us to directly discern on the presence or not of Zitterbewegung oscillations
in spin-momentum locked systems and Dirac-type Hamiltonians which only involves a simple analysis
of the spin (pseudospin)-transition and spin (pseudospin) textures of these systems. The advantage of
this alternative approach is that it permits us to determine whether certain Zitterbewegung oscillations
frequencies are forbidden in these systems without turning to the actual full quantum mechanical dy-
namical analysis. We have shown three illustrative examples of the applicability of our approach that
manifest the suppression of specific Zitterbewegung oscillations. Namely, the joint Rashba-Dresselhaus
Hamiltonian for the situation of equal spin-orbit coupling strengths, the case of graphene with Kekulé-Y
bond distortion, and the dice lattice of the 𝛼 − 𝑇3 model.

A. Derivation of the static intrinsic Spin Hall conductivity formula

We start by substituting (3.5) into equation (3.4) for a two-dimensional system with 𝑖 ≠ 𝑗 ,

𝜎𝑙𝑖 𝑗 (𝜔) = − 𝑒

2ℏ3𝜔

1
𝐴

∑︁
k

∑︁
𝑎,𝑏≠𝑎

lim
𝛿→0+

𝐾𝑏𝑎 (ℏ𝜔 + i𝛿) (𝐸𝑎 − 𝐸𝑏)Tr
[
ℏ

2
{𝜎𝑙 , 𝑣𝑖} 𝑍̂𝑎𝑏𝑗

]
, (A.1)

now, since 𝑍̂𝑎𝑏
𝑗

= i(𝐸𝑏 − 𝐸𝑎)−1𝑄𝑎ℏ𝑣 𝑗𝑄𝑏 for 𝑎 ≠ 𝑏 and J 𝑙
𝑖
= ℏ

4 {𝜎𝑙 , 𝑣𝑖}, after adding a small positive
imaginary part 𝜂 to the frequencies 𝜔 [47], i.e., ℏ𝜔 → ℏ𝜔 + i𝜂 = ℏ𝜔̄, and writing explicitly the trace, we
get

𝜎𝑙𝑖 𝑗 (𝜔) =
i𝑒
ℏ2𝜔̄

1
𝐴

∑︁
k

∑︁
𝑎

∑︁
𝑏≠𝑎

𝑛𝐹 (𝐸𝑎) − 𝑛𝐹 (𝐸𝑏)
𝐸𝑎 − 𝐸𝑏 + ℏ𝜔̄

⟨𝑏 |J 𝑙
𝑖 |𝑎⟩⟨𝑎 |𝑣 𝑗 |𝑏⟩, (A.2)

which can be expressed as,

𝜎𝑙𝑖 𝑗 (𝜔) =
i𝑒
ℏ

1
𝐴

∑︁
k

(∑︁
𝑎

∑︁
𝑏≠𝑎

𝑛𝐹 (𝐸𝑎)⟨𝑏 |J 𝑙
𝑖
|𝑎⟩⟨𝑎 |𝑣 𝑗 |𝑏⟩

ℏ𝜔̄(𝐸𝑎 − 𝐸𝑏 + ℏ𝜔̄) −
∑︁
𝑎

∑︁
𝑏≠𝑎

𝑛𝐹 (𝐸𝑏)⟨𝑏 |J 𝑙
𝑖
|𝑎⟩⟨𝑎 |𝑣 𝑗 |𝑏⟩

ℏ𝜔̄(𝐸𝑎 − 𝐸𝑏 + ℏ𝜔̄)

)
, (A.3)

and by interchanging 𝑎 ↔ 𝑏 in the second term and using the expansion

1
𝐸𝑎 − 𝐸𝑏 ± ℏ𝜔̄

=
1

𝐸𝑎 − 𝐸𝑏

(
1 ∓ ℏ𝜔̄

𝐸𝑎 − 𝐸𝑏

)
+ O(𝜔̄2), (A.4)

the spin-Hall optical conductivity can be written as 𝜎𝑙
𝑖 𝑗
(𝜔) = 𝜎𝑙1

𝑖 𝑗
(𝜔) + 𝜎𝑙2

𝑖 𝑗
(𝜔), with

𝜎
𝑙1
𝑖 𝑗
(𝜔) = i𝑒

ℏ

1
𝐴

∑︁
k

∑︁
𝑎≠𝑏

∑︁
𝑏

𝑛𝐹 (𝐸𝑎)
ℏ𝜔̄(𝐸𝑎 − 𝐸𝑏)

(
⟨𝑏 |J 𝑙

𝑖 |𝑎⟩⟨𝑎 |𝑣 𝑗 |𝑏⟩ + ⟨𝑏 |𝑣 𝑗 |𝑎⟩⟨𝑎 |J 𝑙
𝑖 |𝑏⟩

)
+ O(𝜔̄2). (A.5)

Using the Heisenberg’s equation of motion 𝑣𝑖 = 1
iℏ [𝑥𝑖 , 𝐻], it follows that ⟨𝑏 |𝑣 𝑗 |𝑎⟩ = −⟨𝑎 |𝑣 𝑗 |𝑏⟩ =

1
iℏ (𝐸𝑎 − 𝐸𝑏)⟨𝑏 |𝑥 𝑗 |𝑎⟩. This result, together with the property

∑
𝑏 𝑄𝑏 =

∑
𝑏 |𝑏⟩⟨𝑏 | = 𝐼𝑁 and the fact that

the commutator [𝑥𝑖 ,J 𝑙
𝑗
] = 0, since [𝑥𝑖 , 𝑣 𝑗 ] = 0 and [𝑥𝑖 , 𝜎𝑙] = 0 for 𝑖 ≠ 𝑗 , give that the sum of the product

of the matrix elements in parenthesis adds up to zero. Therefore, 𝜎𝑙1
𝑖 𝑗
(𝜔) is vanishingly small, while in

the limit of zero frequency, 𝜎𝑙1
𝑖 𝑗
(0) = 0.
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On the other hand, we have

𝜎
𝑙2
𝑖 𝑗
(𝜔) = i𝑒

ℏ

1
𝐴

∑︁
k

∑︁
𝑎≠𝑏

∑︁
𝑏

𝑛𝐹 (𝐸𝑎)
(𝐸𝑎 − 𝐸𝑏)2

(
⟨𝑏 |J 𝑙

𝑖 |𝑎⟩⟨𝑎 |𝑣 𝑗 |𝑏⟩ − ⟨𝑏 |𝑣 𝑗 |𝑎⟩⟨𝑎 |J 𝑙
𝑖 |𝑏⟩

)
+ O(𝜔̄2). (A.6)

which, by noticing that ⟨𝑏 |J 𝑙
𝑖
|𝑎⟩ = ⟨𝑎 |J 𝑙

𝑖
|𝑏⟩∗ and ⟨𝑎 |𝑣 𝑗 |𝑏⟩ = ⟨𝑏 |𝑣 𝑗 |𝑎⟩∗ since both 𝑣 𝑗 and J 𝑙

𝑖
are

Hermitian, gives directly that in the limit of zero frequency,

𝜎
𝑙2
𝑖 𝑗
(0) = 𝑒

ℏ

1
𝐴

∑︁
k

∑︁
𝑎

𝑛𝐹 (𝐸𝑎)Ω𝑙𝑎, (A.7)

where Ω𝑙𝑎 is the Berry curvature and is given by

Ω𝑙𝑎 =
∑︁
𝑏≠𝑎

2 Im⟨𝑎 |J 𝑙
𝑖
|𝑏⟩⟨𝑏 |𝑣 𝑗 |𝑎⟩

(𝐸𝑎 − 𝐸𝑏)2 , (A.8)

hence, the dc intrinsic spin Hall conductivity reads

𝜎𝑙𝑖 𝑗 (0) = 0 + 𝜎𝑙2
𝑖 𝑗
(0). (A.9)

Now, since we are considering periodic systems, note that the band indices 𝑎 and 𝑏 represent
Brillouin zone wave vector pairs (𝑎, 𝒌) and (𝑏, 𝒌) for the Bloch states. Then, we can adopt a new
notation as |𝑎⟩ ≡ |𝜓𝑎 (𝒌)⟩ → |𝒌𝑛⟩ and |𝑏⟩ ≡ |𝜓𝑏 (𝒌′)⟩ → |𝒌′𝑛′⟩ with 𝑛, 𝑛′ being the new band indices.
Also note that the matrix elements between the 𝒌 and 𝒌′ states are assumed to be zero if 𝒌 ≠ 𝒌′, that
is, ⟨𝑎 |J 𝑙

𝑖
|𝑏⟩ = ⟨𝒌𝑛|J 𝑙

𝑖
|𝒌′𝑛′⟩𝛿𝒌𝒌 ′ and ⟨𝑏 |𝑣 𝑗 |𝑎⟩ = ⟨𝒌′𝑛′ |𝑣 𝑗 |𝒌𝑛⟩𝛿𝒌𝒌 ′ . In the same notation, the Fermi

distribution is 𝑛𝑎 (𝐸𝐹) → 𝑓𝒌𝑛, and the band energies 𝐸𝑎 → 𝐸𝒌𝑛. Therefore, by choosing 𝑙 = 𝑧, with
𝑖 = 𝑥 and 𝑗 = 𝑦, the formula for the dc intrinsic spin Hall conductivity is recasted as

𝜎𝑧𝑥𝑦(0) =
𝑒

ℏ

1
𝐴

∑︁
𝒌

∑︁
𝑛

𝑓𝒌𝑛

∑︁
𝑛′≠𝑛

2 Im⟨𝒌𝑛|J 𝑧
𝑥 |𝒌𝑛′⟩⟨𝒌𝑛′ |𝑣𝑦 |𝒌𝑛⟩

(𝐸𝒌𝑛 − 𝐸𝒌𝑛′)2 , (A.10)

which is the standard Kubo formula for the static spin Hall conductivity, see for instance [48, 49].
Finally, it is straightforward to arrive at the formula (3.6) for the spin conductivity in terms of the

Zitterbewegung amplitudes 𝑍̂𝑎𝑏
𝑖

; the procedure is as follows. Starting from equations (A.6) and (A.9),
interchange the summation indices (𝑏 ↔ 𝑎) in the second term of (A.6) and write the full expression
of the spin conductivity in terms of the trace on the band indices. Then, substitute back the explicit
expressions for 𝑣 𝑗 = 1

ℏ
𝜕𝐻
𝜕𝑘𝑖

, for the spin current operator J 𝑙
𝑖

, and use once again the identity, 𝑄̂𝑎 𝜕𝐻𝜕𝑘𝑖 𝑄̂𝑏 =

𝛿𝑎𝑏
𝜕𝐸𝑎

𝜕𝑘𝑖
𝑄̂𝑎 + (𝐸𝑏 − 𝐸𝑎) 𝑍̂𝑎𝑏𝑖 for 𝑎 ≠ 𝑏. This leads directly to formula (3.6).

B. Connection formula of the Zitterbewegung with the spin-textures

In this appendix we outline the derivation of the formula (4.2). We start with an Hermitian Hamiltonian
𝐻 (𝒌) that describes a nondegenerate multiband system, such as, 𝐻 (𝒌) |𝜓𝑎 (𝒌)⟩ = 𝐸𝑎 |𝜓𝑎 (𝒌)⟩, where 𝐸𝑎
is the eigenvalue corresponding to the eigenket |𝜓𝑎 (𝒌)⟩, with ⟨𝜓𝑎 (𝒌) |𝜓𝑏 (𝒌)⟩ = 𝛿𝑎𝑏. In what follows,
to simplify the notation we use |𝜓𝑎 (𝒌)⟩ → |𝑎⟩ and drop the 𝒌-dependence everywhere. Let us now
introduce the linear combination |𝜆±⟩ = |𝑎⟩ ± i|𝑏⟩, with 𝑎 ≠ 𝑏. Then, 𝐻 |𝜆+⟩ = 𝐸𝑎 |𝑎⟩ + i𝐸𝑏 |𝑏⟩, and
therefore,

∇𝒌𝐻 |𝜆+⟩ = (∇𝒌𝐸𝑎) |𝑎⟩ + 𝐸𝑎∇𝒌 |𝑎⟩ + i (∇𝒌𝐸𝑏) |𝑏⟩ + i𝐸𝑏∇𝒌 |𝑏⟩. (B.1)

In the same notations, note that

∇𝒌𝐻 |𝜆+⟩ = (∇𝒌𝐻) ( |𝑎⟩ + i|𝑏⟩) + 𝐻∇𝒌 ( |𝑎⟩ + i|𝑏⟩). (B.2)
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Next, consider a generic multiband Hamiltonian with a pseudospin momentum lock term of the
form (4.1),

𝐻 (𝒌) = ℎ(𝒌) +
𝑁𝑠∑︁
𝜂=1

𝛼𝜂
(
𝒌 · S𝜂

)
,

which leads directly to

∇𝒌 𝐻̂ = ∇𝒌ℎ(𝒌) +
𝑁𝑠∑︁
𝜂=1

𝛼𝜂S𝜂 . (B.3)

We then substitute B.3 into the right-hand side of B.2 and calculate two expressions for ⟨𝜆± |∇𝒌𝐻 |𝜆+⟩
using both B.1 and B.2. After simple algebra we arrive at the identity

𝑁𝑠∑︁
𝜂=1

[
𝛼𝜂

(
⟨S𝜂⟩𝑎𝑎 ± ⟨S𝜂⟩𝑏𝑏 + i⟨𝑎 |S𝜂 |𝑏⟩ ∓ i⟨𝑏 |S𝜂 |𝑎⟩

) ]
+ ∇𝒌ℎ(𝒌)

= ∇𝒌 (𝐸𝑎 ± 𝐸𝑏) + (𝐸𝑏 − 𝐸𝑎) (⟨𝑎 |i∇𝒌 |𝑏⟩ ± ⟨𝑏 |i∇𝒌 |𝑎⟩) ,

(B.4)

where ⟨S𝜂⟩𝑎𝑎 ≡ ⟨𝑎 |S𝜂 |𝑎⟩. Hence, for the ⟨𝜆+ | case we have,

𝑁𝑠∑︁
𝜂=1

𝛼𝜂

(
⟨S𝜂⟩𝑎𝑎 + ⟨S𝜂⟩𝑏𝑏 + 2 Re

[
i⟨𝑎 |S𝜂 |𝑏⟩

] )
+ ∇𝒌ℎ(𝒌) = ∇𝒌 (𝐸𝑎 + 𝐸𝑏) + 2 (𝐸𝑏 − 𝐸𝑎) Re (⟨𝑎 |i∇𝒌 |𝑏⟩) ,

(B.5)

where Re[. . .] denotes the real part. Note that the first two terms are nothing else but the usual spin-
orientation definition, while the last term to the right is the real part of the Berry connection matrix.
Equation B.8 could be rewritten as,

Re (⟨𝑎 |i∇𝒌 |𝑏⟩) =
1

2(𝐸𝑏 − 𝐸𝑎)

(
𝑁𝑠∑︁
𝜂=1

𝛼𝜂
(
⟨S𝜂⟩𝑎𝑎 + ⟨S𝜂⟩𝑏𝑏 + 2 Re

[
i⟨𝑎 |S𝜂 |𝑏⟩

] )
− ∇𝒌 (𝐸𝑎 + 𝐸𝑏 − 2ℎ(𝒌))

)
(B.6)

while for the ⟨𝜆− | case, we have,

𝑁𝑠∑︁
𝜂=1

𝛼𝜂

(
⟨S𝜂⟩𝑎𝑎 − ⟨S𝜂⟩𝑏𝑏 + 2Im

[
i⟨𝑎 |S𝜂 |𝑏⟩

] )
+ ∇𝒌ℎ(𝒌)

= ∇𝒌 (𝐸𝑎 − 𝐸𝑏) + 2i (𝐸𝑏 − 𝐸𝑎) Im (⟨𝑎 |i∇𝒌 |𝑏⟩) (B.7)

where Im[· · ·] denotes the imaginary part. Given that ⟨S𝜂⟩𝑎,𝑏, 𝐸𝑎 and 𝐸𝑏 are real parameters, then we
identify

Im (⟨𝑎 |i∇𝒌 |𝑏⟩) =
1

(𝐸𝑏 − 𝐸𝑎)

𝑁𝑠∑︁
𝜂=1

𝛼𝜂Im
[
i⟨𝑎 |S𝜂 |𝑏⟩

]
, (B.8)

and since in general we can write

⟨𝑎 |i∇𝒌 |𝑏⟩ = Re [⟨𝑎 |i∇𝒌 |𝑏⟩] + i Im [⟨𝑎 |i∇𝒌 |𝑏⟩] , (B.9)

finally, using B.6 for the real part and B.8 for the imaginary part, it produces the interconnection between
Zitterbewegung and spin texture and spin-transition amplitudes shown in equation (4.2).
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Зв’язок явища Zitterbewegung зi спiновою провiднiстю та
спiновими текстурами багатозонних систем

Ф. Мiрелес1, Е. Ортiз 1,2

1 Фiзичний факультет, Центр нанотехнологiй Нацiонального автономного унiверситету Мехiко (UNAM),
п/с 14, 22800 Енсенада, Баха Калiфорнiя, Мексика

2 Факультет електротехнiки, Унiверситет Нотр-Дам, Нотр-Дам, IN 46556, США

Вiдомо, що явище Zitterbewegung у багатозонних електронних системах тонко пов’язане з зарядовою
провiднiстю, кривизною Беррi та числом Черна. Ми показуємо, що деякi спiновi характеристики, такi
як оптична спiнова провiднiсть та власна спiнова провiднiсть Холла, також пов’язанi з амплiтудами Zi-
tterbewegung. Також продемонстровано, що в багатозонних гамiльтонiанах Дiрака можна встановити пря-
мий зв’язок мiж Zitterbewegung зi спiновими текстурами та амплiтудами спiнових переходiв. Останнi до-
зволяють нам розпiзнати наявнiсть чи вiдсутнiсть Zitterbewegung просто аналiзуючи спiновi або псевдо-
спiновi текстури. Ми наводимо приклади застосовностi нашого пiдходу для гамiльтонових моделей, якi
демонструють придушення специфiчних Zitterbewegung.

Ключовi слова: спiн-орбiтальна взаємодiя, 2DEGs, спiновий ефект Холла, спiнова провiднiсть, явища
спiнового переносу
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