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We establish a rigorous framework for quantum systems with geometric deformations by constructing a strictly
self-adjoint deformed momentum operator through the generalized extended momentum operator (GEMO)
formalism. Unlike previous approaches relying on boundary-condition hermiticity, our method ensures intrin-
sic self-adjointness for both linear (𝜇(𝑥) = 𝛼𝑥) and quadratic (𝜇(𝑥) = 𝛼𝑥2) deformations within a unified
non-Hermitian supersymmetric factorization scheme. This yields exact analytical spectra while revealing hid-
den 𝔰𝔲(1, 1) symmetry structures. Crucially, we provide the first complete thermodynamic characterization
of such systems by analytically evaluating the partition function via the Euler–Maclaurin approximation. Geo-
metric deformation fundamentally reshapes the density of states 𝜌(𝐸), producing distinct thermal signatures:
a divergent heat capacity peak for linear deformation due to state accumulation near a maximal energy, and
a saturation 𝐶/𝑘B → 0.6 (below the Dulong–Petit limit) for quadratic deformation. These results establish
geometric deformation as a tunable parameter for engineering quantum thermodynamic responses in curved
nanostructures.
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1. Introduction

Quantum mechanics fundamentally relies on the canonical commutation relation between position
and momentum, [𝑥, 𝑝] = iℏ, which encodes both translation invariance in phase space and the limitations
imposed by the Heisenberg uncertainty principle. Nevertheless, several approaches in quantum gravity
— such as string theory, loop quantum gravity or noncommutative geometries — suggest modifications
of this relation, leading to the emergence of generalized uncertainty principle (GUP) [1–4].

In this framework, modified commutation relations involving a non-trivial dependence of momentum
on position have been proposed, often through a deformation function 𝜇(𝑥) giving rise to a so-called
“extended” momentum. This strategy makes it possible to model the effects of an effective curvature
or a non-Euclidean geometric environment on quantum dynamics [5–7]. A rigorous formulation of
this dynamics, however, requires a self-adjoint momentum operator. For this purpose, the generalized
extended momentum operator (GEMO) was introduced in [8], ensuring the reality of the spectrum
and the conservation of the probability. Its insertion into the Schrödinger equation leads to a modified
Hamiltonian, where weighted derivatives and effective potentials of geometric origin appear.

This formalism shares structural similarities with position-dependent mass (PDM) models used
in nanophysics and quantum optics [9–12]. In both contexts, the emergence of a generalized self-
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adjoint formalism and non-standard geometric potential terms necessitates the use of powerful analytical
techniques. Among these, supersymmetric quantum mechanics (SUSYQM) plays a central role. Initially
developed to factor Hamiltonians and solve certain Schrödinger equations exactly [13–15], it has been
extended to PDM systems [16, 17] and to those subject to GUP [18]. In our case, supersymmetry is
implemented using non-adjoint ladder operators, inducing a non-Hermitian generalized supersymmetric
factorization. It is important to note that, although the raising and lowering operators are not adjoint to
each other, the resulting Hamiltonian remains Hermitian [19]. This structural asymmetry opens the way
to a broader class of supersymmetric transformations, preserving the form invariance in some cases.

Besides spectral analysis, the study of thermodynamic properties of quantum systems subjected to
modified commutation relations is of great interest. It has been shown that the deformation introduced by
the GUP or by specific 𝜇(𝑥) functions influences physical quantities such as internal energy, heat capacity
or entropy [9, 20–22], with notable implications at high temperature or in mesoscopic scale devices.

Unlike the PDEM approach of Bagchi et al. [16], which addresses the general framework of position-
dependent mass systems through a deformed shape invariance condition, our work distinguishes itself on
three fundamental points: (i) we introduce the GEMO operator which ensures the strict self-adjointness
of the deformed momentum (not merely hermiticity via boundary conditions as in [16]; (ii) we jointly
analyze linear deformations 𝜇(𝑥) = 𝛼𝑥 and quadratic deformations 𝜇(𝑥) = 𝛼𝑥2 within the same theoretical
framework, whereas [16] treats these cases separately and incompletely (the linearly deformed oscillator
appears only in an appendix, and quadratic deformation is not addressed); (iii) we extend the analysis to
detailed thermodynamics via the Euler–Maclaurin formula, an aspect absent from [16] which is limited
to spectral properties.

Table 1. Fundamental differences with the PDEM approach of [16].
Property Bagchi et al. [16] Our work
Type of hermiticity Boundary condition ∥𝜓∥2 𝑓 → 0 Intrinsic self-adjointness via GEMO
Deformations studied Linear (appendix only) Linear + quadratic (systematic com-

parison)
Thermodynamic analysis Absent Partition function + Euler–Maclaurin
Electric field 𝐸 Not included Included in effective potential

In this work, we examine a one-dimensional quantum oscillator subjected to a mixed potential
comprising a harmonic term, a linear electric field, and an inversely quadratic interaction, in the framework
of the dynamics deformed by a function 𝜇(𝑥). These geometric deformations model real nanostructures:
in carbon nanotubes, curvature induces an effective deformation parameter [23]. Our prediction of heat
capacity saturation𝐶/𝑘B → 0.6 for quadratic deformation could be tested via nanocalorimetry on curved
nanostructures [20], while the divergent peak for linear deformation may manifest as anomalous thermal
conductance in bent semiconductor nanowires providing experimental fingerprints of geometric quantum
effects.

By integrating the GEMO into the Schrödinger equation, we obtain a non-Hermitian supersymmetric
factorization based on non-adjoint scaling operators. Two types of deformations, linear 𝜇(𝑥) = 𝛼𝑥

and quadratic 𝜇(𝑥) = 𝛼𝑥2, are analyzed systematically within a unified framework. Energy spectra are
obtained analytically, and the constructed partner Hamiltonians reveal the shape invariance in certain
regimes. From these spectra, we use the Euler–Maclaurin formula to approximate the partition function
and determine the thermodynamic properties of the system: mean energy, entropy, specific heat, and
free energy. Numerical analysis highlights the significant influence of the deformation parameter on the
density of states and asymptotic behaviors, particularly during the transition to the classical regime.

The article is organized as follows. Section 2 introduces quantum systems with extended momentum
via the GEMO formalism. Sections 3 and 4 present the spectral analysis for linear and quadratic defor-
mations, respectively. Section 5 develops the thermodynamic framework based on the Euler–Maclaurin
approximation. Section 6 discusses numerical results and their physical interpretation in terms of the
modified density of states. Finally, Section 7 concludes with perspectives on time-dependent fields and
extensions to driven-dissipative nanostructures.
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2. Quantum systems with extended momentum

In the context of quantum gravity and curved geometries, the canonical relation [𝑥, 𝑝] = iℏ becomes
insufficient at the Planck scale. This limit has led to the emergence of generalized uncertainty principles,
which modify the Heisenberg relations to incorporate the effects of curvature, granularity, or spacetime
topology. A natural generalization of the canonical commutator in this framework consists of introducing
a position dependence through a deformation function 𝜇(𝑥):

[𝑥, 𝑝] = iℏ
(
1 + 𝜇(𝑥)

)
, (2.1)

where 𝜇(𝑥) is a regular real function, reflecting the geometric effects of the background. To satisfy (2.1)
while ensuring the self-adjunction of 𝑝, the unique admissible GEMO operator is [8]:

𝑝 = −iℏ
(
1 + 𝜇(𝑥)

) d
d𝑥

− iℏ
2

d𝜇(𝑥)
d𝑥

. (2.2)

This operator constitutes the cornerstone of a deformed quantum formalism in which the geometric
properties of spacetime are integrated into the dynamics through the function 𝜇(𝑥). Substituting it into
the standard Hamiltonian yields a modified Schrödinger equation, describing a quantum system evolving
in a non-canonical phase space.

Consider a one-dimensional system subjected to a confined potential composed of a harmonic term,
a linear electric field, and an inversely quadratic potential:[

𝑝2

2𝑚
+ 1

2
𝑚𝜔2𝑥2 + 𝑥E + ℏ2

2𝑚
𝛽rep

𝑥2

]
𝜙(𝑥) = 𝐸𝜙(𝑥), (2.3)

where 𝑚, 𝜔, E, and 𝛽rep denote the mass, frequency, field strength, and repulsive potential parameter,
respectively.

Inserting the GEMO operator (2.2) into equation (2.3) leads to the following differential equation:

[1 + 𝜇(𝑥)]2 d2𝜙

d𝑥2 + 2[1 + 𝜇(𝑥)]𝜇′ (𝑥) d𝜙
d𝑥

+
[
1
2
(1 + 𝜇(𝑥))𝜇′′ (𝑥) + 1

4
(𝜇′ (𝑥))2 − 𝑚2𝜔2

ℏ2 𝑥2

−2𝑚E
ℏ2 𝑥 −

𝛽rep

𝑥2 + 2𝑚𝐸

ℏ2

]
𝜙(𝑥) = 0. (2.4)

This generalized Schrödinger equation, with non-constant positional coefficients, reflects the explicit
influence of geometric deformation on quantum dynamics. It provides a relevant framework for studying
effective curvature effects and corrections of gravitational or topological origin.

In this work, we consider two specific forms for the deformation function 𝜇(𝑥):
• 𝜇(𝑥) = 𝛼𝑥: linear deformation, associated with an affine modification of the canonical structure;

• 𝜇(𝑥) = 𝛼𝑥2: quadratic deformation, implying the existence of minimal uncertainty in the momen-
tum.

The spectrum study is based on an extended SUSYQM approach, allowing exact resolution through
non-adjoint scaling operators. The resulting spectra are then used to analyze the effects of deformations
on fundamental thermodynamic quantities, revealing the statistical signatures of the deformed geometry.

3. System spectrum for the case 𝝁(𝒙) = 𝜶𝒙

We consider here a linear deformation of the canonical structure, defined by 𝜇(𝑥) = 𝛼𝑥, which induces
a modification of the effective metric. In this framework, the eigenvalue equation takes the form

H𝜓 =

(
2𝑚𝐸

ℏ2 + 𝛼2

4

)
𝜓, (3.1)
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where the Hamiltonian H is given by

H = −(1 + 𝛼𝑥)2 d2

d𝑥2 − 2𝛼(1 + 𝛼𝑥) d
d𝑥

+ 𝑎𝑥2 + 𝛾𝑥 +
𝛽rep

𝑥2 , (3.2)

with 𝛼 encoding the geometric deformation, and the parameters 𝑎 = 𝑚2𝜔2/ℏ2, 𝛾 = 2𝑚E/ℏ2, and 𝛽rep
defining the effective potential, including harmonic, linear, and repulsive contributions.

To extract the spectrum, we employ an extended SUSYQM factorization scheme, which is particularly
well suited to deformed systems. This approach enables an analytical resolution of the problem through
the recursive construction of excited states from the ground state.

Thus, a system is said to possess a shape invariance when the Hamiltonians H+ and H− share the
same mathematical structure, that is:

H+(D) = H− (D′) + C, (3.3)

where D represents the coupling constants of the system, D′ denotes the transformed parameters
(functions of D), and C is a real constant generally depending on the parameters of the model.

This property implies not only a degeneracy between the spectra of the two Hamiltonians:

𝜀
(−)
𝑛+1 = 𝜀

(+)
𝑛 , (3.4)

but also a more general relation between their energy levels:

𝜀
(+)
𝑛 (D) = 𝜀

(−)
𝑛 (D′) + C. (3.5)

To study this invariance, we introduce a semi-positive definite effective Hamiltonian defined by H ≡
H− = 𝐵𝐴, where the operators 𝐴 and 𝐵 are not necessarily mutually adjoint. This generalized factorization
extends the standard framework of SUSYQM, allowing the construction of the partner Hamiltonians H±,
with H+ = 𝐴𝐵, and the establishment of shape invariance within a deformed setting.

Although 𝐴 and 𝐵 are not adjoint in the usual sense, the Hamiltonians H and H± remain Hermitian.
This hermiticity is ensured by the real differential structure of the operators and by an appropriate choice
of the physical domain of wave functions, thus preserving the symmetry of the formalism and ensuring
real energy spectra.

The ground state 𝜓0 satisfies the condition:

𝐴𝜓0 = 0 ⇒ H−𝜓0 = 0, (3.6)

and possesses a partner Hamiltonian defined as: H+ = 𝐴𝐵, which shares the same spectrum as H− ,
except possibly for the ground state. Indeed, for 𝜀 (−)𝑛 > 0, one has:

H+(𝐴𝜓−
𝑛 ) = 𝜀

(−)
𝑛 (𝐴𝜓−

𝑛 ). (3.7)

We now adopt a non-Hermitian factorization [19] given by:

𝐵 = −𝐹 (𝑥) d
d𝑥

+𝑊 (𝑥) −Ω(𝑥), 𝐴 = 𝐹 (𝑥) d
d𝑥

+𝑊 (𝑥) +Ω(𝑥), (3.8)

where 𝐹 (𝑥) = 1 + 𝛼𝑥, while 𝑊 (𝑥) and Ω(𝑥) denote respectively the superpotential and the correction
term to be determined. Under this choice, the partner Hamiltonians take the form:

H∓ = −
[
𝐹 (𝑥) d

d𝑥

]2
− 2𝐹 (𝑥)Ω(𝑥) d

d𝑥
+𝑉∓(𝑥), (3.9)

where the partner potentials are expressed as:

𝑉∓(𝑥) = ∓𝐹 (𝑥)
(

d𝑊
d𝑥

± dΩ
d𝑥

)
+𝑊2(𝑥) −Ω2(𝑥). (3.10)
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By choosing:
𝑊 (𝑥) = 𝑏 + 𝑐𝑥 + 𝑔

𝑥
, Ω(𝑥) = 𝛼, (3.11)

we obtain:
𝑉− (𝑥) = 𝑐2𝑥2 + 𝑔(𝑔 + 1)

𝑥2 + 𝑐(2𝑏 − 𝛼)𝑥 + 𝑔(2𝑏 + 𝛼)
𝑥

+ 𝑏2 − 𝛼2 + 2𝑔𝑐 − 𝑐, (3.12)

𝑉+(𝑥) = 𝑐2𝑥2 + 𝑔(𝑔 − 1)
𝑥2 + 𝑐(2𝑏 − 𝛼)𝑥 + 𝑔(2𝑏 − 𝛼)

𝑥
+ 𝑏2 − 𝛼2 + 2𝑔𝑐 + 𝑐. (3.13)

The shape invariance condition is fulfilled when 𝑔 = 0 (i.e., 𝛽rep = 0). This property plays a central role
in the present framework: it ensures the preservation of the structure of the system under supersymmetric
factorization, thereby allowing the exact solution of the Schrödinger equation (3.1).

More precisely, the shape invariance manifests through the following relation between the partner
Hamiltonians:

H+(𝑥; 𝑏) = H− (𝑥; 𝑏 + 𝛼) − 2𝑏𝛼 + 2𝑐 − 𝛼2, (3.14)
or equivalently, in terms of the effective potentials:

𝑉+(𝑥; 𝑏) = 𝑉− (𝑥; 𝑏 + 𝛼) − 2𝑏𝛼 + 2𝑐 − 𝛼2. (3.15)
From this property, one derives a recurrence relation for the energy spectrum[19]:

𝜀
(−)
1 = −2𝑏𝛼 + 2𝑐 − 𝛼2,

𝜀
(−)
2 = −4𝑏𝛼 + 4𝑐 − 4𝛼2,

𝜀
(−)
3 = −6𝑏𝛼 + 6𝑐 − 9𝛼2, (3.16)

which generalizes to:
𝜀
(−)
𝑛 = −2𝑛𝑏𝛼 + 2𝑛𝑐 − 𝑛2𝛼2. (3.17)

Thus, the total energy of the 𝑛-th state reads:

𝜀𝑛 = 𝜀0 + 𝜀
(−)
𝑛 , (3.18)

where the ground-state energy is given by
𝜀0 = −𝑏2 + 𝛼2 + 𝑐, (3.19)

as obtained from equation (3.12). We then arrive at the compact expression:
𝜀𝑛 = 𝑐(2𝑛 + 1) − 2𝑛𝑏𝛼 − 𝛼2(𝑛2 − 1) − 𝑏2. (3.20)

By identifying the physical constants as

𝑐 =
𝑚𝜔

ℏ
, 𝑏 =

𝛾

2𝑐
+ 𝛼

2
, 𝛾 =

2𝑚E
ℏ2 , (3.21)

the explicit expression of the energy spectrum is obtained [24]:

𝐸𝑛 = ℏ𝜔

(
𝑛 + 1

2

)
− ℏ2𝛼2

2𝑚

(
𝑛2 + 𝑛 − 1

2

)
− ℏE𝛼

𝑚𝜔

(
𝑛 + 1

2

)
− E2

2𝑚𝜔2 . (3.22)

The energy spectrum obtained above generalizes that of the quantum harmonic oscillator by taking
into account an effective curvature and a constant electric field. The quadratic term in 𝑛 reflects a non-
equidistant spectral structure, indicating a non-flat underlying geometry. The linear contribution in E
corresponds to the dipole coupling, while the constant term reflects a global shift of the fundamental
energy level.

In certain limiting cases, the model reproduces the well-known systems:
• 𝛼 = 0, E = 0: standard harmonic oscillator;

• 𝛼 ≠ 0, E = 0: oscillator in curved space;

• 𝛼 = 0, E ≠ 0: oscillator displaced by an external field.
Thus, this model highlights the joint effects of geometric deformation and external interactions on

the energy structure of confined quantum systems.

23704-5



J. A. Oke, F. A. Dossa

4. System spectrum for the case 𝝁(𝒙) = 𝜶𝒙2

Here we consider an effective metric defined by the quadratic function 𝜇(𝑥) = 𝛼𝑥2, which introduces
a position-dependent curvature in quantum space. In this framework, the eigenvalue equation (2.4) takes
the form

H𝜓 =

(
2𝑚𝐸

ℏ2 + 𝛼

)
𝜓 = 𝜀𝑛𝜓, (4.1)

where the Hamiltonian H is given by

H = −
(
1 + 𝛼𝑥2)2 d2

d𝑥2 − 4𝛼𝑥
(
1 + 𝛼𝑥2) d

d𝑥
− 2𝛼2𝑥2 + 𝑎𝑥2 + 𝛾𝑥 +

𝛽rep

𝑥2 . (4.2)

To analyze the spectrum of this system, we adopt a factorizable approach inspired by SUSYQM, gener-
alized to non-adjoint operators. We then introduce a pair of operators:

𝐵 = −𝐹 (𝑥) d
d𝑥

+𝑊 (𝑥) −Ω(𝑥), 𝐴 = 𝐹 (𝑥) d
d𝑥

+𝑊 (𝑥) +Ω(𝑥), (4.3)

where the functions involved in the factorization are chosen as follows:

𝐹 (𝑥) = 1 + 𝛼𝑥2, 𝑊 (𝑥) = 𝑏 + 𝑐𝑥 + 𝑔

𝑥
, Ω(𝑥) = 2𝛼𝑥. (4.4)

To highlight the supersymmetric structure of the deformed system, we consider here the factorization of
two partner Hamiltonians,

H− ≡ H = 𝐵𝐴 and H+ = 𝐴𝐵, (4.5)

of the form:

H∓ = −
[
𝐹 (𝑥) d

d𝑥

]2
− 2𝐹 (𝑥)Ω(𝑥) d

d𝑥
+𝑉∓(𝑥), (4.6)

with the corresponding potentials:

𝑉∓(𝑥) = 𝑐(𝑐 ∓ 𝛼)𝑥2 − 6𝛼2𝑥2 + 𝑔(𝑔 ± 1)
𝑥2 + 2𝑔𝑏

𝑥
+ 2𝑏𝑐𝑥 + 𝑏2 + 2𝑔𝑐 − 𝛼𝑔 ∓ 𝑐 − 2𝛼. (4.7)

This construction links the system dynamics to a factorizable structure, making an analytical treatment
of the spectrum possible. The two partner Hamiltonians share a similar form, differing only by a shift in
their parameters, which constitutes the essence of supersymmetric quantum mechanics.

A crucial shape invariance condition imposes 𝑏 = 0, thereby removing the 1/𝑥 term and implying
𝛾 = 0. Shape invariance then manifests through the following relation between the partner potentials:

𝑉+(𝑥; 𝑐; 𝑔) = 𝑉− (𝑥; 𝑐 + 𝛼; 𝑔 − 1) − 4𝛼𝑔 + 4𝑐 + 4𝛼. (4.8)

This property ensures the preservation of the potential structure under supersymmetric transformation,
allowing for the recursive construction of the energy spectrum. The energy eigenvalues are then obtained
as:

𝜀−𝑛 = 4
(
− 𝑛𝛼𝑔 + 𝑛𝑐 + 𝑛2𝛼

)
. (4.9)

The energy of the Hamiltonian H is given by 𝜀𝑛 = 𝜀−𝑛 + 𝜀0, with 𝜀0 = −𝑔(𝛼 + 2𝑐) + 2𝛼 + 𝑐, we obtain
the explicit expression for the total energy of the state labeled by 𝑛:

𝐸𝑛 =
ℏ2

2𝑚
[
(4𝑛2 + 1)𝛼 + (4𝑛 + 1) (−𝛼𝑔 + 𝑐) − 2𝑐𝑔

]
, (4.10)

where the parameters are defined as:

𝑐 =
𝛼 +

√︁
𝛼2 + 4(𝑎 + 4𝛼2)

2
, 𝑔 =

−1 −
√︁

1 + 4𝛽rep

2
, 𝑎 =

𝑚2𝜔2

ℏ2 . (4.11)
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This approach emphasizes the key role of shape invariance: it not only ensures the internal consistency
of the supersymmetric framework, but also enables the exact determination of the energy spectrum,
demonstrating the effectiveness of the SUSY factorization method in the study of deformed quantum
systems.

This solution describes a quantum oscillator influenced by three distinct physical contributions, whose
interplay captures the effects of the deformed background:

• the effective curvature, introduced through the deformation, modifies the spatial metric and directly
affects the dynamics of the system;

• the harmonic term, derived from the potential 𝑎𝑥2, is responsible for the equally spaced energy
levels in the flat limit;

• the centrifugal term, governed by the parameter 𝛽rep, introduces a repulsive contribution near the
origin, preventing the particle from localizing too closely.

The resulting energy spectrum reveals that curvature induces nontrivial corrections depending on
the quantum number 𝑛, in particular a quadratic term in 𝑛2 that is absent in the standard case. These
corrections become increasingly significant for highly excited states, illustrating the sensitivity of the
system to the underlying geometric deformation and the breakdown of the uniform level spacing typical
of the harmonic oscillator.

In the limit 𝛼 → 0, the system reduces to a standard harmonic oscillator with an additional inverse-
square potential [25], whose energy spectrum reads:

𝐸𝑛 = ℏ𝜔

(
2𝑛 + 1 + 1

2
√︁

1 + 4𝛽rep

)
. (4.12)

The non-Hermitian SUSY factorization method has been adopted in the present study for three funda-
mental reasons: (i) it yields an exact solution of the energy spectrum for any value of the deformation
parameter 𝛼, whereas stationary perturbation theory converges only in the limit |𝛼 | ≪ 1 [13]; (ii) it
unveils the hidden 𝔰𝔲(1, 1) symmetry of the deformed system, which remains completely inaccessible to
perturbative methods [24]; (iii) it enables a unified treatment of both linear and quadratic deformations
within a single formalism, while the perturbative approach would require independent developments
for each deformation type, potentially with different radii of convergence. This analytical robustness
proves indispensable for the thermodynamic analysis, which demands a precise knowledge of the energy
levels 𝐸𝑛 over an extended range of quantum numbers 𝑛.

The following section is devoted to the analysis of thermodynamic quantities associated with the quan-
tum system under investigation. The objective is to elucidate how macroscopic properties emerge from
the energy spectrum modified by geometric deformation, and to quantify the impact of this deformation
on the thermal behavior of the system at equilibrium.

5. Determination of thermodynamic quantities

The thermodynamic study of a quantum system necessarily involves the analysis of its partition
function, denoted 𝑍 (𝛽). This plays a central role: it contains all the statistical information of the system
at thermal equilibrium and provides access to the fundamental thermodynamic quantities. For a discrete
spectrum {𝐸𝑛}, it is written:

𝑍 (𝛽) =
𝑁max∑︁
𝑛=0

e−𝛽𝐸𝑛 , 𝐸𝑛 = A𝑛2 + B𝑛 + C, 𝛽 =
1

𝑘B𝑇
, (5.1)

where 𝑘B denotes the Boltzmann constant, and 𝐸𝑛 is the energy levels of the system.
However, when the analytical expressions for 𝐸𝑛 become complex, the exact sum becomes difficult

to evaluate. An efficient approach is to use the Euler–Maclaurin formula, which approximates a sum by
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an integral corrected by boundary terms:

𝑁∑︁
𝑛=0

𝑓 (𝑛) ≈ 1
2
[
𝑓 (0) + 𝑓 (𝑁 + 1)

]
+

𝑁+1∫
0

𝑓 (𝑥) d𝑥. (5.2)

This approximation offers an analytical compromise between accuracy and simplicity. It allows one to
obtain a semi-analytic form of the partition function 𝑍 (𝛽), from which the following thermodynamic
quantities can be calculated: the internal energy 𝑈, the Helmholtz free energy 𝐹, the entropy 𝑆, and the
heat capacity 𝐶. We present this analysis below for two special cases of deformations.

a) Case of linear deformation: 𝝁(𝒙) = 𝜶𝒙

In this case, the influence of the linear deformation is manifested by an energy spectrum of the
quadratic form:

𝐸𝑛 = 𝐴1𝑛
2 + 𝐵1𝑛 + 𝐶1, (5.3)

with the coefficients given by:

𝐴1 = −ℏ2𝛼2

2𝑚
, 𝐵1 = −ℏ2𝛼2

2𝑚
− ℏE𝛼

𝑚𝜔
+ ℏ𝜔,

𝐶1 = − ℏE𝛼
2𝑚𝜔

+ ℏ2𝛼2

4𝑚
+ ℏ𝜔

2
− E2

2𝑚𝜔2 . (5.4)

Due to the quadratic form of the spectrum, the partition function can be evaluated analytically using the
Euler–Maclaurin approximation. We obtain:

𝑍 (𝛽) = 𝑍1(𝛽) + 𝑍2(𝛽), (5.5)

where
𝑍1(𝛽) =

1
2

(
e−𝛽𝐶1 + e−𝛽𝐸𝑁

)
, (5.6)

𝑍2(𝛽) =
1
2

√︂
π

−𝛽𝐴1
e
−𝛽

(
𝐶1−

𝐵2
1

4𝐴1

)
[erfi(𝑋1) − erfi(𝑋2)] , (5.7)

with
𝑋1 =

√︁
−𝛽𝐴1 𝑢1, 𝑋2 =

√︁
−𝛽𝐴1 𝑢2, (5.8)

𝑢1 = 𝑁 + 1 + 𝐵1
2𝐴1

, 𝑢2 =
𝐵1

2𝐴1
, 𝐸𝑁 = 𝐴1(𝑁 + 1)2 + 𝐵1(𝑁 + 1) + 𝐶1. (5.9)

erfi is the imaginary error function given by

erfi(𝑥) = 2
√
π

𝑥∫
0

e𝑡
2
d𝑡. (5.10)

b) Case of a quadratic deformation: 𝝁(𝒙) = 𝜶𝒙2

In this second case, the spectrum also exhibits a quadratic dependence:

𝐸𝑛 = 𝐴2𝑛
2 + 𝐵2𝑛 + 𝐶2, (5.11)

with

𝐴2 =
2ℏ2𝛼

𝑚
, 𝐵2 =

ℏ2

2𝑚
(−𝛼𝑔 + 𝑐),
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𝐶2 =
ℏ2

2𝑚
[𝛼(1 − 𝑔) + 𝑐(1 − 2𝑔)] . (5.12)

The partition function obtained is:
𝑍 (𝛽) = 𝑍1(𝛽) + 𝑍2(𝛽), (5.13)

where

𝑍1(𝛽) =
1
2
[
e−𝛽𝐶2 + e−𝛽𝐸𝑁

]
, (5.14)

𝑍2(𝛽) =
1
2

√︂
π

𝛽𝐴2
e
−𝛽

(
𝐶2−

𝐵2
2

4𝐴2

)
[erf(𝑌1) − erf(𝑌2)] , (5.15)

with
𝑌1 =

√︁
𝛽𝐴2 𝑣1, 𝑌2 =

√︁
𝛽𝐴2 𝑣2, (5.16)

𝑣1 = 𝑁 + 1 + 𝐵2
2𝐴2

, 𝑣2 =
𝐵2

2𝐴2
, 𝐸𝑁 = 𝐴2(𝑁 + 1)2 + 𝐵2(𝑁 + 1) + 𝐶2. (5.17)

erf is the real error function given by

erf(𝑥) = 2
√
π

𝑥∫
0

e−𝑡
2
d𝑡. (5.18)

c) Derivation of thermodynamic quantities

In both deformation scenarios discussed above, the thermodynamic observables are obtained directly
from the canonical partition function 𝑍 (𝛽). The main quantities of interest are given by the standard
relations:

Internal energy:

𝑈 (𝛽) = − 𝜕

𝜕𝛽
ln 𝑍 (𝛽), (5.19)

or equivalently,

𝑈 (𝛽) = − 1
𝑍 (𝛽)

(
d𝑍1
d𝛽

+ d𝑍2
d𝛽

)
, (5.20)

where 𝑍1 and 𝑍2 denote the respective contributions to the partition function.
Helmholtz free energy:

𝐹 (𝛽) = − 1
𝛽

ln 𝑍 (𝛽). (5.21)

Entropy:
𝑆(𝛽) = 𝑘B ln 𝑍 (𝛽) + 𝑘B𝛽𝑈 (𝛽). (5.22)

Heat capacity:

𝐶 (𝛽) = −𝑘B𝛽
2 d𝑈

d𝛽
. (5.23)

These expressions provide a complete thermodynamic characterization of the system and allow
us to analyze how geometric deformations modify its thermal behavior. In particular, they make it
possible to identify signatures of the effective spatial geometry at the level of quantum thermodynamics.
The following section is devoted to the numerical evaluation of these quantities and to the physical
interpretation of the resulting thermal profiles.
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6. Numerical results

In this section, we present the numerical results obtained for the two deformation cases studied: linear
𝜇(𝑥) = 𝛼𝑥 and quadratic 𝜇(𝑥) = 𝛼𝑥2. We first analyze the evolution of energy levels as a function of
the deformation parameter 𝛼. We then explore the combined effect of temperature 𝑇 (or the thermal
inverse 𝛽 = 1/𝑘B𝑇) and deformation on thermodynamic properties such as internal energy 𝑈, free
energy 𝐹, entropy 𝑆, and heat capacity 𝐶. In order to simplify numerical simulations and ensure a
consistent comparison between linear and quadratic deformation regimes, the fundamental constants are
fixed according to the following system of natural units:

ℏ = 1, 𝑚 = 1, 𝜔 = 1, E = 0, 𝛽rep = 0. (6.1)

Figure 1 illustrates the evolution of energy levels as a function of the deformation parameter 𝛼. In
the linear case figure (a), we observe that for low values of |𝛼 |, all excited energy levels remain positive,
while the fundamental level is strictly positive regardless of the value of 𝛼. This suggests a stability of
the spectrum for small deformations. On the other hand, in the quadratic case figure (b), all energy levels
remain positive as long as 𝛼 > 0, which confirms that this type of deformation induces a more regular
and well-defined growth of the energy spectrum. This spectral analysis is an essential prerequisite for the
study of thermodynamic properties, since the equilibrium probability distributions are directly linked to
the structure of the energy levels.
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Figure 1. (Colour online) Evolution of energy levels as a function of the deformation parameter 𝛼:
(a) linear deformation; (b) quadratic deformation.

Figure 2 illustrates the thermodynamic properties of the system subjected to linear deformation.
The internal energy (𝑈) exhibits a monotonous growth with temperature. This increase becomes more
pronounced as the deformation parameter 𝛼 increases, reflecting an increase in the number of accessible
energy states at high temperatures. Simultaneously, the free energy (𝐹) decreases with increasing temper-
ature, which is characteristic of a thermally excited system. The effect of the deformation is manifested
by a change in the slope of this decrease, highlighting the influence of 𝛼 on the thermodynamic potential
of the system.

The modification of the density of states 𝜌(𝐸) = |d𝑛/d𝐸 | induced by geometric deformation accounts
for the singularities observed in thermodynamic properties. For the standard harmonic oscillator, 𝜌0(𝐸) =
1/ℏ𝜔 is constant.

In the case of a linear deformation 𝜇(𝑥) = 𝛼𝑥, the coefficient 𝐴1 = −ℏ2𝛼2/(2𝑚) < 0 leads to a
concave parabolic spectrum with a maximum energy 𝐸max. The associated density of states diverges as:

𝜌𝛼 (𝐸) ∝
1

√
𝐸max − 𝐸

, (𝐸 < 𝐸max),

which is responsible for the peak in heat capacity observed for 𝛼 = 0.06 [figure 2(c)]. This divergence
reflects an accumulation of states near the maximum accessible energy, a phenomenon characteristic of
systems with an upper-bounded spectrum.
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Figure 2. (Colour online) Thermodynamic properties as a function of temperature for different values
of 𝛼 (case of linear deformation).

For the quadratic deformation 𝜇(𝑥) = 𝛼𝑥2, the coefficient 𝐴2 = 2ℏ2𝛼/𝑚 > 0 (𝛼 > 0) induces
a spectrum that grows quadratically, 𝐸𝑛 ∝ 𝑛2, for large 𝑛, which modifies the density of states to
𝜌𝛼 (𝐸) ∝ 1/

√
𝐸 . This decay with energy limits the number of thermally accessible states at high

temperature, explaining the observed saturation of the heat capacity toward 𝐶/𝑘B ≈ 0.6 [figure 3(c)], in
contrast with the Dulong–Petit law (𝐶/𝑘B → 1) of the standard oscillator. This behavior could model
geometric confinement effects in curved carbon nanotubes [23] or spherical quantum dots [20, 21].

Finally, entropy (𝑆) increases with temperature, reflecting an increase in disorder. This increase
becomes more rapid when 𝛼 is higher, suggesting that deformation promotes accelerated access to an
increasing number of accessible states.

Figure 3 presents the thermodynamic properties of the system subjected to quadratic deformation.
Although trends similar to those observed for linear deformation are identifiable, notable differences
emerge, particularly in the intensity of the effects induced by the deformation.

Thus, the internal energy (𝑈) maintains its increasing behavior with temperature. However, the
influence of the deformation parameter𝛼 is more pronounced in this case, particularly at low temperatures,
where significant differences between the curves are observed. This indicates an increased sensitivity of
the system to quadratic deformation in weak thermal regimes.

The free energy (𝐹), for its part, continues to decrease with increasing temperature. However, the
effect of quadratic deformation is more pronounced than in the linear case, more significantly modifying
the amount of energy available to perform thermodynamic work.

The heat capacity (𝐶) exhibits a particularly interesting behavior. While at low temperatures it is
strongly affected by deformation, at high temperatures it becomes almost insensitive to the variation
of 𝛼. It then tends towards a limiting value, approximately 1 for 𝛼 = 0 and 0.6 for 𝛼 ≠ 0, suggesting a
saturation of the number of accessible states. This saturation can be interpreted as the consequence of a
modified density of states, with the quadratic deformation limiting the energy access to the excited states
of the system.
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Figure 3. (Colour online) Thermodynamic properties as a function of temperature for different values
of 𝛼 (case of quadratic deformation).

Finally, the entropy (𝑆) continues to increase with temperature, but its growth is significantly slowed
in the presence of a quadratic deformation. This attenuation reflects a more gradual access to disordered
states, consistent with a narrower energy spectrum for 𝛼 > 0.

In conclusion, these numerical results highlight the structural impact of the deformation shape on the
thermodynamic behavior of the system. While linear deformation allows a smoother transition between
states, quadratic deformation induces a stiffening of the energy spectrum, resulting in more marked and
less gradual thermodynamic effects.

7. Conclusion

In this work, we have developed a comprehensive theoretical framework for quantum systems with
position-dependent geometric deformations, based on the generalized extended momentum operator that
ensures strict self-adjointness of the deformed momentum. Unlike the approaches relying solely on
boundary-condition hermiticity [16], our formalism ensures intrinsic self-adjointness through the unique
GEMO structure, thereby preserving a probability conservation in curved effective geometries.

We have systematically analyzed both linear (𝜇(𝑥) = 𝛼𝑥) and quadratic (𝜇(𝑥) = 𝛼𝑥2) deformations
within a unified non-Hermitian supersymmetric framework. Although the factorization employs non-
adjoint ladder operators, the resulting Hamiltonian remains rigorously Hermitian, enabling exact spectral
solutions while revealing hidden 𝔰𝔲(1, 1) symmetry structures inaccessible to perturbative methods.
Crucially, our analysis extends beyond spectral properties addressing a gap left by previous works [16]
by providing the first thermodynamic characterization of GEMO-based systems. Through the Euler–
Maclaurin approximation of the partition function, we have established a direct link between geometric
deformation and thermal signatures, identifying the modified density of states 𝜌(𝐸) as the microscopic
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origin of anomalous heat capacity behaviors: a divergence 𝜌(𝐸) ∝ 1/
√
𝐸max − 𝐸 for linear deformation

and an algebraic decay 𝜌(𝐸) ∝ 1/
√
𝐸 for quadratic deformation.

Our numerical results demonstrate that geometric deformation acts as an effective control parameter
for quantum thermodynamics. For 𝛼 > 0, spectral stability is preserved while thermodynamic responses
are profoundly reshaped: linear deformation induces pronounced peaks in heat capacity due to state
accumulation near 𝐸max, whereas quadratic deformation leads to saturation of 𝐶/𝑘B → 0.6 at high tem-
perature departing from the Dulong–Petit limit (𝐶/𝑘B → 1) of the standard oscillator. These signatures
may prove experimentally relevant for curved nanostructures such as carbon nanotubes [23] or spherical
quantum dots [20, 21], where effective geometry directly influences the thermal transport.

The present study considered a static electric field 𝐸 to preserve exact solvability within the SUSYQM
framework. An extension to time-dependent fields 𝐸 (𝑡) = 𝐸0 cos(Ω𝑡) [26] would be physically relevant
for modelling the driven-dissipative dynamics in mesoscopic systems. However, such generalization
breaks the time-translation invariance, rendering standard SUSY factorization inapplicable. Future work
could address this challenge through Floquet theory for periodic driving or master-equation approaches
incorporating environmental coupling both representing promising avenues beyond the exact-solvability
regime explored here.

In summary, this work establishes geometric deformation via GEMO as a powerful tool for engi-
neering quantum thermodynamic responses. The synergy between strict self-adjointness, exact spectral
solutions, and analytical thermodynamics provides a robust foundation for exploring more complex
scenarios, including many-body interactions, topological deformations, and non-equilibrium quantum
thermal machines.
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Спектральнi та термодинамiчнi властивостi
суперсиметричних квантових систем iз самоспряженим
деформованим iмпульсом

Й. А. Оке1, Ф. А. Досса2,3
1 Школа наук, технологiй, iнженерiї та математики (ED-STIM), Нацiональний унiверситет наук, технологiй,
iнженерiї та математики (UNSTIM), Бенiн

2 Лабораторiя фiзики та прикладних застосувань унiверситетського центру Натiтiнгу, Бенiн
3 Кафедра фiзики, факультет науки i технiки (FAST/UNSTIM), Бенiн

На основi строгого пiдходу до опису квантових систем з геометричними деформацiями, побудовано са-
моспряжений деформований оператор iмпульсу за допомогою формалiзму узагальненого розширеного
оператора iмпульсу. На вiдмiну вiд попереднiх пiдходiв, що ґрунтуются на ермiтовостi граничних умов,
наш метод забезпечує внутрiшню самоспряженiсть як для лiнiйних (𝜇(𝑥) = 𝛼𝑥), так i для квадратичних
(𝜇(𝑥) = 𝛼𝑥2) деформацiй в рамках унiфiкованої неермiтової схеми суперсиметричної факторизацiї. Це
забезпечує точнi аналiтичнi спектри, водночас виявляючи прихованi структури симетрiї 𝔰𝔲(1, 1). Найва-
жливiше те, що ми дослiджуємо термодинамiчнi характеристики таких систем шляхом аналiтичної оцiн-
ки функцiї розподiлу за допомогою наближення Ейлера-Маклорена. Геометрична деформацiя фундамен-
тально змiнює густину станiв 𝜌(𝐸), створюючи чiткi тепловi сигнатури: розбiжний пiк теплоємностi для
лiнiйної деформацiї через накопичення станiв поблизу максимальної енергiї та насичення 𝐶/𝑘B → 0.6
(нижче межi Дюлонга–Птi) для квадратичної деформацiї. Цi результати характеризують геометричну де-
формацiю як параметричне налаштування для можливого квантового термодинамiчного вiдгуку у дефор-
мованих наноструктурах.
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