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We analyse the critical properties of a weakly diluted (random) Ising model with the long-range interaction
decaying with distance x as ~ 17977 in a d-dimensional space. It is known to belong to a new long-range
random universality class for certain values of the decay parameter o. Exploiting the field-theoretic renormal-
ization group approach within the minimal subtraction scheme, we compute the three-loop renormalization
group functions. On their basis, with the help of asymptotic series resummation methods, we estimate the cor-
relation length critical exponent v characterising the new universality class for d = 3 and for those values of o
for which long-range interactions are relevant for the critical behaviour.
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1. Introduction

This year marks the centenary of Ernst Ising’s paper [1]], which has introduced the nowadays famous
Ising model. The model was suggested to Ernst Ising by his adviser Wilhelm Lenz in order to describe a
ferromagnetic phase transition. Ernst Ising found no ferromagnetic ordering in one-dimensional chain of
scalar magnetic moments (spins) with interaction between nearest neighbours for finite temperature [1].
However, since then, the generalization of the Ising model for higher dimensions and its modifications
has been used to explain a collective behaviour in various systems from a wide range of scientific fields
both within and beyond the natural sciences [2]]. The critical properties of the Ising model were also in
the focus of interests of the brilliant Ukrainian physicist IThor Yukhnovskii, whose hundredth anniversary
is also celebrated this year. Especially he was interested in the effects of the interaction range on the
cooperative behaviour [3]. Authors of this paper studied a lot from his books [3} 4]]. Therefore, it is a
great honor for us to dedicate our paper on the Ising model to the memory of Prof. Thor Yukhnovskii.

Our study concerns the analysis of the changes of critical behaviour of Ising model caused by mutual
effects of two factors: long-range (LR) interactions and quenched disorder. The influence of a range of
microscopic interactions between system components on critical behaviour is one of the most important
problems in the theory of critical phenomena. Studies of LR interactions are highly significant due to their
prevalence in physical, chemical, and biological systems [5H8]. Such interactions are usually modelled
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as algebraically decayed with distance x between interacting particles according to the power law

1

J(x) = yd+o ’

(1.1

where d stands for space dimension. Models with interactions given by have found wide applica-
tions in different fields of physics [SH8]]. Recent advances in technology for realizing controllable LR
interactions in optical lattices, molecular and atomic systems [9, [10], particularly with the possibility of
continuous tuning of the decay parameter o~ [11]], have further increased interest in the theoretical study
of systems with interactions of type (I.1).

Models with LR interactions possess distinctive features that affect their critical behaviour. Further on,
we focus on the case of weak LR interactions, for which the decay parameter is positive, o > 0. For this
case, the one-dimensional Ising model (d = 1) with o < 1 in contrast to its short-range (SR) counterpart,
was proven to exhibit a phase transition to the long-range-ordered phase at non-zero temperature [12].
Field-theoretical renormalization group (RG) analysis of the LR interacting n-vector model (Ising system
is its particular case at n = 1) reveals that there are three universality classes depending on o: (i) for
o < d/2 the classical mean-field critical behaviour is realised, (ii) for o > 2 critical exponents coincides
with those of the model with SR interactions, (iii) for d/2 < o < 2 there is the LR universality class, for
which critical exponents depend on o [[13]. Later it was established that the boundary o* between the
SR and the LR universality classes is actually defined by a pair correlation function critical exponent of
the SR model nsr, 0 = 2 — nsr [14]. Such a picture was corroborated by other approaches including
non-perturbative RG (NPRG) [15]], Monte Carlo simulations [[16] and conformal bootstrap [[17] (for other
references see [18]). The estimates characterizing the LR universality class have been obtained within
Monte Carlo simulations for the Ising model mainly in spatial dimensions d = 1 and d = 2 (for collection
of references see [19]). Only a few Monte Carlo results are available for d = 3 [20, 21]]. RG results
for these exponents are available in low-loop approximations [[13} 22| 23]]. The study within the highest
accessible three-loop approximation was performed only recently [19] with a correction of loop-integral
calculations this year [24].

Another factor discussed in this paper is the impact of structural disorder on the critical behaviour.
Since some degree of structural imperfection is unavoidably present in almost all materials, this issue still
attracts interest of researchers. It is known that the changes introduced by the disorder depend on its type:
various realizations of quenched disorder have been studied for SR case (see, e.g., [25]). However, only
two types of disorder have been considered for LR interacting systems in the form of dilution [26H33]]
and in the form of random fields [34H39].

In its turn, LR interacting models with random field have been investigated by a bunch of approaches.
In particular, different aspects of low-temperature long-range order have been explored by rigorous [34+-
36] as well as RG methods [37, 40]. Dynamical ordering has been analysed numerically by Monte
Carlo simulations [38]]. The issue of possible dimensional reduction has been addressed within NPRG
approach [39].

By contrast, the diluted case has been studied only by field-theoretical RG methods [26H33]. These
studies demonstrated relevance of quenched dilution for critical behaviour and the emergence of disorder-
induced universality class. Due to the degeneracy of RG functions for the Ising model with uncorrelated
disorder at the one-loop level, the universal characteristics of this universality class have been obtained
in the form of +/e-expansions [28 30, 31}, [33]]. These expansions are known to have bad convergence
properties in the context of the study of SR models (see, e.g., [41]]). There has been only one attempt to get
reliable results for fixed space dimension in this case: resummation of the RG functions was performed
within a massive renormalization scheme [29]. Almost all previous estimates have been obtained within
the two-loop approximation only, while v/e-expansion extracted from three-loop approximation [33]]
was based on the RG data with errors [19]], corrected only recently [24]. Therefore, in our study we
complete the existing data by our estimate of correlation length critical exponent based on resummation
of three-loop RG functions.

The structure of the paper is as follows. In the next section [2] we introduce the model and its field-
theoretical formulation. In section [3| we describe the renormalization procedure used and present RG
functions. We treat these functions in section [] to extract values of the critical exponent v at spatial
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Figure 1. (Colour online) Structurally disordered two-dimensional (d = 2) diluted Ising model: yellow
disks represent lattice sites x occupied by Ising spins Sx (blue arrows), while dark gray sites correspond
to non-magnetic impurities.

dimension d = 3 with the help of resummation procedures. In section[5|we summarize our findings with
conclusions.

2. Model

The macroscopic spin Hamiltonian of our model can be written in the following form:

H = —ZJ(|x—x'|)cch,SXSX,, 2.1)

X, X’

where x runs over site of d-dimensional (hyper)cubic lattice, J(|x — X’|) > 0 is the ferromagnetic
interaction between S = +1 “classical” Ising spins on sites x and X', its form is defined by equation (L.I),
and the occupation numbers cy either equal to 1 if the lattice site x is occupied by a spin or equal to 0 if
site x is vacant. Here, we are interested in the case of the so-called weak dilution, when concentration of
the occupied sites ¢ is much larger than percolation threshold. We consider that all cx are independent
and identically distributed (i.i.d.) random variables distributed according to

Plexh) =] [plex),  pley) =cdlex = 1)+ (1= 0)(cy). 22)

We are interested in the case of quenched disorder, where the positions of vacancies/nonmagnetic
impurities ¢y are fixed (see figure [T). The static and dynamic critical behaviour of such random-site
Ising model with interactions between neighbour spins has been studied only by numerous Monte Carlo
simulations (see e.g., reviews in [41}, 42]). Unfortunately, we are unware of any studies of such a model
when interactions decay with distance according to equation (I.1)).

For systems with quenched disorder, the thermodynamics of physical observables can be analysed
from the configurational average of the free energy [43]:

F=-8""mZ{c}), (2.3)

where 8~! = kgT, kg is the Boltzmann constant and the configuration-dependent partition function reads

Z({c}) = Spe P, Sp(...)zn Z (...). (2.4)

X Sx=#1
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Overline in means average over distribution (2.2)
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To avoid averaging of the logarithm in equation (2.3) one can utilize the replica trick [44-46]

Z "1
[zuen)” =1 06

InZ({c}) = lim

m—0

The mth power of the configuration-dependent partition function is represented in the form of a functional

integral using the Stratonovich—-Hubbard transformation. This transformation introduces field variables

5,‘3 , (@ ={1,...,m}), conjugated to the spin variables. Subsequently, the trace over the spin subsystem
is taken, and after configurational averaging, the free energy is obtained (see e.g., [47]):

- [wdere [0 - 111 f as . @)

a=1 X

The effective Hamiltonian in ([2.7) for the Ising model with quenched weak dilution (2.1I)) and with LR
interactions (I.T)) reads:

2
weFJ { [7lp P4V /2] Z|¢ [+ ”“[ZW)Z} } 2.8)

T a=1 a=1

In the limit m — 0, the field theory describes the critical properties of a LR interacting random
Ising model. The parameter 7 is connected with the temperature distance to the critical point. The
bare coupling uq is proportional to the concentration ¢ and is positive whereas the bare coupling vy is
proportional to ¢(c — 1) and thus is negative. The last term in (2.8)) is present only for non-zero dilution:
it is directly responsible for the fluctuations effective interaction due to the presence of impurities. We
remind that was obtained with the assumption of a weak quenched dilution (far above the percolation
threshold). Note that theory (2.8) is valid only for o < 2 — njsr. Since we are interested only in the long-
distance properties of the theory, in the limit of a small wave vector k — 0, we kept only the first
non-trivial term of the expansion of the Fourier image of interactions k.

3. RG approach

Within the field-theoretical RG approach [48-50]], the analysis of the critical properties of ¢* models
is based on the calculation of the so-called one-particle irreducible vertex functions. These functions
are perturbatively calculated around the Gaussian model [# = v = 0 in equation (2.8)] in the coupling
constants u and v. However, these calculations result in integrals that are divergent at the upper critical
dimension, which in our case is d,, = 20". To remove these divergencies, a controlled rearrangement of
the perturbative series for the vertex functions is performed by imposing certain normalizing conditions.
In what follows, we use the massless minimal subtraction scheme [51}52]]. We express bare parameters
via the renormalized ones, introducing the renormalizing factors of the field ¢, Z4, the couplings, Z,
and Z, and for operator ¢, Z 2 ensuring finiteness of two-point vertex function with one ¢ insertion.

Then, the scaling bahaviour can be analysed from RG - and y-functions characterizing the change
of the vertex functions under the RG transformation. They are introduced as follows:

du v 0Zy  _ 0Z 4
Bv= Yo = Yo =~

ﬂu:@ln,u’ dlny’ dlnpy’ dlny’ -1

where 7¢2 = Z 4 Z and the derivatives are taken at fixed bare parameters. Here, p is the scale parameter
introduced in the same way as in [19].
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The critical region is controlled by a stable fixed point (FP) of the RG transformations, which must
be also accessible from the initial conditions. The FPs are determined as solutions of the system:

ﬂu(u*’ U*) = O’ ﬁv(u*’ U*) = 0 (32)
The stability of the FPs (3.2) is defined by the stability matrix ( 95¢/2: 94/% ). 1f this matrix, evaluated

at a FP (u*,v"), has both its eigenvalues 4; and A, with positive real parts, then this FP is stable.
The critical exponents are calculated at the stable FP (u*, v*) as follows:

n=2-0+vysu’,v), y~! =2 -y, 07) + ¥ g2 (u”,07). (3.3)

All other critical exponents can be calculated from the scaling relations [48-550].

We work in the three-loop approximation, using the results of loop integral calculations [19, 24].
Note that our procedure differs. The authors of references [[19,24] fixed spatial dimension d and looked
for poles in the deviation of the decay parameter from the real space dimension o = (d — €)/2, while
we fix o and look for poles in the deviations of spatial dimension from the upper critical dimension
d = 20 — €. The result of our calculations of the RG functions (3.1)) within the three-loop approximation
is as follows:

3 1
Bu = u[ —€+ Tu +2v — 8 (27u2+72uv+4202) D,
1 1
+ o (261u3 +960u%0 + 1154u0” + 42403) D + (81 + 3240 + 378us’ + 1360°) Er
1 1
4o (81u3 + 288420 + 3780’ + 1361}3)F(,- + =5 (Bu +40) (3u2 + 6uv + 2v2) G,
1
+ 572 (Bu+20) (9u2 + 30U + 281)2) H‘T], (3.4)
4 1
By = v[—e+6u+ §v— o (9u2+36uv+22v2)D0
1 3 2 2 3\ 2 1 ( 2 2
+ 52 (210 + 94 + 129u0? + 480 )D(,+ gt (63 + 111uw + 440 ) Eo
1 1
4 (9u3 + 3000 + 45u0® + 16v3) Fo + — (3u + 40) (3142 +6uv + 202) Go
7 108
1
+ oot (9u2 + 24u + 1lv2) HU], (3.5)
.o = 1+1 1(32+6 +22)D
Y¢2 = 2” 31) B u uv v o
1 3 2 2 3) 2 1 ( 2 2)
+ s6d (37814 + 1125u7v + 990uv” + 2200 | Dy, + 13" u”+18uv+4v° | E
1 1
+ % (6u3 + 19020 + 18uv? + 41)3) F,+ m(?)u +2v) (3142 + 6uv + 21}2) G, (3.6)
ys = 0. 3.7)

The expression is exact since Zys = 1, because LR term (k) does not renormalize via its non-
analyticity in momentum spase [13| [14]]. Therefore, pair correlation critical exponent is n = 2 — o for
the cases where LR interactions are relevant for critical behaviour. Such a result for 7 is supported
by other approaches (see review in [18]]). Here, € = 20 — d and notations in (3.4)—(3.6) are as follows:
Do =w(1)~2 (§)+¥(0).Ee =D (0) — D (§). Fo =y V(1) — 4D (0), G = "EZIT),
where I'(...) is the gamma function, while ¥ (!)(...) is the digamma function of i-order. Results for
H, were obtained only numerically (for details in computation and numerical estimation for certain o,
see appendix [A). At the two-loop order (first lines of equations (3.4)—(3.6)) we reproduce the known RG
results up to normalization constants [30].

Similarly to the SR case [42], the S-functions (3.4), (3.5) for LR models with quenched dilution are
also known to have four FPs (u*, v*) in the parameter space (u,v) [28[32] 33]]. The physically relevant

43503-5



D. Shapoval, M. Dudka

04| H]U

0.3

0.2

0.0 ) )
-0.1 D

-0.2

-01 0.0 0.1 0.2 0.3 0.4 0.5

Figure 2. (Colour online) Schematic RG flows (denoted by red arrows) for the LR interacting random
Ising model at d < 20 in the parametric space of coupling constants (u,v). Unstable FPs G and P are
shown by blue discs, while stable FPs Uand R are depicted with yellow squares.

FPs are those that correspond to the initial conditions of the effective Hamiltonian (2.8)), namely u > 0
and v < 0. For our case in dimension d < 20, we have the following picture (see figure [2): (i) unstable
Gaussian FP G (1™ = 0, v* = 0); (ii) stable unphysical FP U (u* = 0, v* # 0), but it is inaccessible from
the physical initial conditions # > 0 and v < 0 set by (2.8); (iii) unstable pure (system without impurities)
FP P (u* # 0, v* = 0); (iv) stable random (disorder-induced) FP R (u* # 0, v* # 0). Therefore, only
FP R corresponds to the critical point of the LR interacting Ising model with quenched dilution. The
calculation of the critical exponent v for this fixed point is presented in the next section.

4. Correlation length critical exponent v

4.1. Resummation procedure

Usually, there are two ways to analyse the equations for the FP (3.2) with g-functions of the
form (3.4), (3.5): either developing the € = 20~ — d expansion, or directly by fixing spatial dimension and
the decay parameter o~ and considering the renormalized couplings as the expansion parameters.

We cannot exploit the usual e-expansion to obtain FP R, since the system of equations for FP is
degenerated at the one-loop level. Therefore, we use here the second approach. Perturbative series in
the coupling constants obtained within RG theory for universal quantities are known to be asymptotic
at best rather than convergent, exhibiting factorially growing coefficients and thus a zero radius of
convergence [48, 53]]. Therefore, direct substitution of the couplings into the RG equations does not
yield physically meaningful results, and an appropriate resummation procedure is required. The simplest
approach is to apply Padé approximants directly to the divergent series f(z) = Z,%:o JaZ", representing
them as ratios of polynomials [M/N](z), whose coefficients are fixed to reproduce the first L = M +
N known terms [54)]. However, Padé approximants often develop spurious poles on the positive real
axis, preventing their use in physical regions. A more robust strategy is to employ the Borel-Leroy
transformation [55]]:

S
B(Z)an:;)r,(n_'_—b_'_l)z . “.1)

Parameter b is the Leroy parameter controlling the damping of large-order coefficients. Then, the initial
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series is reproduced with

o)

f(z) = J e 't B(zt) dr. 4.2)

0

In the Padé-Borel-Leroy resummation procedure Borel image (.1I) in (#.2)) is replaced by its Padé
approximant. In our calculation we use Padé-approximant [L — 1/1](zt) with linear denominator:

(o8]

)= J e P [L—1/1](zt) dr. 4.3)

0

For b =0, @) reduces to the standard Padé—Borel resummation [56,/57]. Let us note that any converged
observable should be independent of artificially introduced parameters, such as the Leroy parameter.
However, at any finite loop order L, the resummed series acquire an artificial dependence on such
parameters. To extract a meaningful result, we assume that the optimal estimate of an observable at
order L corresponds to the values of the artificial parameters for which the resummed quantity varies
most weakly — that is, where it becomes stationary with respect to the changes in these parameters. This
criterion is known as the Principle of Minimal Sensitivity [58, 59]. Nevertheless, even the Padé-Borel—
Leroy method may fail for multivariable series due to the poles lying on the integration contour or due to
poor convergence of Padé approximants.

Generalization of the Padé—Borel-Leroy procedure on the case of several variables is obvious with the
help of a resolvent series in an auxiliary variable. For instance, writing any function f(u, v) as f(uz,vz),
one can perform procedure (4.1)—(#.3) for the series in z, eventually setting z = 1 after all steps.

4.2. Results at fixed dimensiond = 3

Let us start the discussion of the values of the correlation length critical exponent v for the physically
relevant case d = 3, considering the two-loop RG functions (first lines of equations (3.4)—(3.6)). We pro-
vide the intermediate technical details in the appendix |B| Applying the Padé—Borel-Leroy resummation
to the two-loop 8, and B3, functions, we are able to found the FP R by fixing d = 3 for all values o
between 3/2 and 2 — nsg, where we use the result nsg = 0.0362 calculated for the SR Ising model in the
highest accessible loop order [60]. At o = 3/2 (the case of upper critical dimension for three dimensional
case, o = d/2) the logarithmic corrections to the scaling are expected in the same way as in SR theory
at d = 4, although we do not touch this issue in our study.

Substituting the obtained FP coordinates into the correspondingly resummed expression for the critical
exponent v, we obtain the data shown with red solid line in figure [3| The results are obtained for the
optimal Leroy parameter, by, = 27 (see appendix . The dependence of v on ¢ is monotonic with a
local maximum at o =~ 1.55. With an increase of o, the values of v go towards the value of the correlation
length critical exponent of the SR random Ising model, vrsr. We present its value vgsg = 0.665, obtained
applying the same Padé—Borel-Leroy resummation to the corresponding SR RG functions, restricted at
two-loop level, by the dashed red line in figure 3] The value vgsr = 0.675 calculated from RG functions
accessible in the highest loop-approximation [41] is shown with the orange dot-dashed line.

For comparison, we present in figure [3] the two-loop results for pure (undiluted) LR Ising model by
dot-dashed line. They are obtained by extracting data for FP P by solving the equation 8, (u*, 0) = 0 with
the correspondingly resummed function 8, and substituting into the expression for v. The significant
difference between the critical exponents of the random LR Ising model and those of its undiluted
counterpart is observed. Therefore, it is interesting to verify this finding using another approach.

The previously used simple resummation techniques, which gave results for two-loop RG functions,
turn out to be insufficiently reliable when applied to the fixed points derived from the three-loop RG
functions (see discussion in the appendix [B). However, we cannot use more sophisticated methods based
on conformal mapping [58}59], since the series for our RG functions obtained in low-loop approximations
are two short.
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Figure 3. (Colour online) Correlation length exponent v for the Ising model with LR interactions and
quenched disorder at d = 3 as a function of . The data in the region d/2 < o < 2 — nsr (denoted
as RLR) are obtained within the two-loop approximation with the help of the Padé—Borel-Leroy procedure
at bopt = 27 (red solid curve) and within the three-loop approximation with the help of the “truncated”
version of the subsequent resummation procedure (solid black curve). The values of v for the mean
field (MF) region (0-<d/2) are shown by thin dashed line. Estimates of v for the random SR (RSR)
model, valid for & < 2 — ngR, obtained within different approximations, are also shown: two-loop
approximation value vggr = 0.665 (red dashed line), three-loop approximation value vRgr = 0.668
(black dashed line), six loop approximation value vggr = 0.675 [41]. The light red dot-dashed curve
presents two-loop data for the critical exponent v of the undiluted LR Ising model.

Therefore, we employ a subsequent resummation procedure which has been shown to perform well in
studies of the three-dimensional SR Ising model with weak quenched disorder. This method is designed
for the resummation of a two-variable asymptotic series arising in the RG analysis of systems with
quenched disorder [61H63]]. The technique involves the consecutive application of the Padé-Borel-Leroy
transformation: first with respect to the coupling associated with the pure system (u), and then with respect
to the disorder-induced coupling (v), thereby implementing the principle of “inequality of rights” [64]
between variables (for more details, see appendix[C). This asymmetrical resummation procedure may help
to avoid Padé poles and provides stable estimates for the fixed points and their stability within high-order
perturbative expansions [62} |63]]. The most reliable fixed point estimates extracted from the three-loop
RG functions are provided by the “truncated” version of the subsequent resummation procedure, which
remains more stable under variations of the control parameter o~ (black solid line in figure [3).

As one can see, for small values of o < 1.75, the three-loop results are very close to the two-loop
values. With a further increase of o, a larger deviation of the v values from different approximations
is observed. After o > 1.9 the three loop data for v abruptly go down, which does not allow to obtain
a reliable estaimate. Such behaviour raises the question of whether the two-loop approximation should
be considered the optimal truncation for the random LR Ising model, or even of the validity of the
perturbative RG approach in this case.

5. Conclusion

In this work, we investigated how the critical behaviour of an Ising system changes under the mutual
influence of two factors: LR interactions and structural disorder. It is known that the random Ising
model with LR belongs to a new “random” universality class, distinct from the pure (undiluted) LR
universality class, as well as from the random SR universality class for the values of decay parameter
d/2 <o <2-nsRr.

Aiming at providing a quantitative description of the critical behaviour in this new universality class,
we considered a scalar ¢ field theory with two coupling constants and employed the field-theoretic RG
approach. We have derived the three-loop RG functions within massless minimal subtraction scheme.
On the basis of these functions, we have calculated the correlation length critical exponent v at a fixed
spatial dimension d = 3 and for the values of decay parameter d/2 < o < 2 — nsg employing various
techniques for analysing asymptotic series.
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Our two-loop estimates obtained with help Padé—Borel-Leroy resummation methods demonstrate a
non-monotonous dependence of v on oo when changing from the mean-field boundary d/2 to the SR
boundary 2 — nsr. There is a significant difference with the corresponding values of v for the undiluted
LR Ising model. Therefore, we hope that our study will motivate verification of this finding within Monte
Carlo simulations.

Herein, within the three-loop approximation we have obtained reliable estimates for v using the
subsequent resummation approach only for o < 1.9. A possible explanation of this outcome is that the
perturbative field-theoretical RG approach is not proper for the random Ising model with LR interactions,
making the two-loop approximation to be optimal truncation in this case.
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A. Computation H,,

The contribution H, in (3.4), (3.5) comes from the three-loop integral depicted by diagram Is
in [19] 24]] (see inset of figure [A.T). As it was shown in [24] it reduces to calculation of kite diagram.
Here, we employ the same method [24], which is based on a decomposition into Hepp sectors, i.e.,
an ordering of Schwinger parameters that isolates 1/e divergences. Considering /4 in the Schwinger-
parameter representation, we obtain:

< B a 612]? sz 02)0‘/2 le—(a1+a2+b1+b2+cl+cz)
I4~Jda1 dg, B1d2b15281 iR (A.1)
0
with
S = 6_11672(51 + 52 +C1+Cp) + 5152(51 +dy+C1 +Co) +C1Ca(ay +ap + [71 + ];2)
+ 51(5251 +Blt_‘2) +ﬁz(l_71£‘_] +52C_2). (A.2)

Here, as mentioned in [24]), the denominator S is symmetric by (i) exchange of the pairs (ay, @), (b1, br),
(€1, ¢2) and by (ii) simultaneous exchange of elements of two of the pairs. As a result, instead of the full
6! = 720 sectors we have (6!)/(3122) = 30 distinct sectors need to be considered.

Omitting the intermediate, rather cumbersome steps, we define H,, which in the case of interest
d — 20 — €, appears as the coefficient of the 1/e-term in the following form:

r()

0'

2

which can be evaluated numerically for specific values of o (see figure . Each § jin || is the
sector-specific polynomial that arises after (i) ordering the six Schwinger parameters into one of the 30
inequivalent sectors, (ii) performing the change of variables {a, a», by, by, ¢, Cr} — {ay, t1,t, 13, 14,15}
and integrating out a; .

H, , (A3)

1

30 _ _ _
J dt‘(tlts)‘r/2 Wtat4) 7~ (13)39 /2!
; .

j=1 0 i=1 S;r

B. Two-loop resummation stability and three-loop resummation limita-
tions

Let us restrict the system of equations (3.4)—(3.6) to the two-loop perturbative order and for numerical
evaluation of the two-loop correlation length critical exponent v we use the resummation techniques
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Uncertainty
L & Computed points

Three-loop diagram /s

(o

Figure A.1. (Colour online) Numerical evaluation of H4 in equation (A.3) with respect to the control
parameter 0. The numerical integration error is estimated as the difference between the results obtained
at different levels of computational refinement and is determined by the extent to which the outcome
stabilizes upon adding additional sampling points. The resulting uncertainty remains within the size of
the plotted markers and does not affect the qualitative behaviour of the curves.

described in sectiond] As can be seen in figure[B.T] reliable results can be obtained even with the simplest
Padé approach (blue dot-dashed line). However, our analysis shows that the Padé—Borel resummation
breaks down in a certain range of the control parameter o (blue solid line). By contrast, the Padé-Borel—-
Leroy procedure remains stable (red solid line). Using the Principle of Minimal Sensitivity, we determine
the optimal value bop = 27, at which the fixed point values become stationary with respect to variations
of o.

0.72p— ;

0.70! E d =3 (2LA) ,

068", 1 s :
v \\ \‘ \___I----
0.66 g ----- NonRes ! ]
SHEE RLR el
064" PBI1/1] C R
] PBL[1/1] ! ]
0.624‘_‘_| I |
15 1.6 1.7 1.8 1.9 2.0

a

Figure B.1. (Colour online) Correlation length exponent v for the Ising model at d = 3 as a function
of o in two-loop approximation. Dark purple dashed line: critical exponent before resummation; blue
dot-dashed line: resummation using the Padé approximant; blue solid line: the Padé—Borel resummation;
while red solid line: the Padé—Borel-Leroy resummation.

In comparison with the two-loop results obtained using the same resummation techniques, we are un-
able to effectively extract reliable estimates of the three-loop critical exponents [see figure[B.2(a)]. While
Padé approximation still shows intervals of regular behaviour separated by the region of controlled pa-
rameter where the resummed expression diverges, Padé—Borel and Padé-Borel-Leroy fail more severely,
producing manifestly unphysical results. This indicates that, at the three-loop level, more sophisticated
resummation strategies are required to obtain meaningful critical exponents.

A common strategy for handling asymptotically divergent series is to determine the fixed point from
a resummed RG S-function at a lower loop order, and then substitute this value into the expressions for
the critical exponents calculated at a higher order [48,153,165]]. This approach typically yields more stable
estimates, since S-function series are usually less well-behaved, whereas the accuracy of the critical
exponents tends to improve when higher-order expansions are used [48, |53} 165]. The estimate of the
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correlation-length critical exponent v obtained within this approach is shown in figure (b).

0.72 0 —  0.72pmm —
E d=3(3LA) @) E d=3(3LA)  (b)
0.70 . 070p b
0.68 ™ | .um e o 5 Lo
v “1: ~"~\ ' RLR :---.: v :___..
066 ! i ; . P
L]’_‘ : x\‘ : m : : """ NonRes \\‘ RLR : M:
0.64¢ E R NonRes bie i (é 1 0.64 ’E T i ;:mlnAFPs\‘ : 128
] s, ! J 2l2tAFPs v . ! ™
0.62 y - Pl ‘s, o 0.62 ] PBLRII2LAFPs '~ v
1.5 1.6 1.7 1.8 1.9 2.0 1.5 1.6 1.7 1.8 1.9 2.0

a a

Figure B.2. (Colour online) Correlation length exponent v for the Ising model at d = 3 as a function of
o in three-loop approximation calculated in FPs from: (a) three-loop RG S-functions and (b) two-loop
RG g-functions, correspondingly. Dark purple dashed line: critical exponent before resummation; blue
dot-dashed line: resummation using the Padé approximant; blue solid line: the Padé—Borel resummation;
while dark purple solid line: the Padé—Borel-Leroy resummation.

C. Subsequent resummation technique

In our case, the RG functions contain two coupling constants: the “pure” coupling u# and the “disorder-
induced” coupling v. Consequently, the RG flow is governed by two functions, B, (u,v) and S, (u,v),
each of which can be expanded as a double series in powers of u and v [see equations (3.4)-(3.6)].
To improve the resummation of multivariable series, a two-step (respectively, subsequent) resummation
technique based on the “inequality of rights” between the pure and random couplings was proposed
in the context of the zero-dimensional (d = 0) diluted SR Ising model [61]]. This technique was then
developed in the context of the three-dimensional counterpart [62} |63]]. In this approach, the series are
treated asymmetrically with respect to # and v.

Let us illustrate this procedure for a generic function f(u, v):

r p=k
Flo) =" Aok, A= ) furu. (C.1)
k=0 n=0

Each coefficient Ay (u) is itself a divergent series in u. For each of them, we construct the Padé-Borel-
Leroy image and extrapolate it using a Padé-approximant [%{r"] (ut) in the inverse transform:

A;{res) (u) _ J e ! Zb] [p k- rk] (ut) dr, (C.2)
Tk

where b, is the Leroy parameter for the u-series. At the calculations, we use i = 1 forall 0 < k < p.
After this stage, the function f(u, v) is rewritten as

p

FO ) =" A ) of, (C.3)

k=0

which is now a function of v with resummed u-dependent coefficients. The second resummation step is
then performed with respect to v:

(o]

) (4, v) = J e s s [pT—l} (vs) ds, (C.4)

u
0
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where [pT_l] L(vs) is Padé-approximant for li with denominator linear in v, and b, is the corresponding
Leroy parameter for the v-series.

in

In practical calculations, the new parameter ¢ can be introduced to represent the number of terms
(C.3) which are to be resummed. Two main variants of the subsequent resummation have been tested:

(i) Full resummation (g = p): the second-stage Borel-Padé-Leroy transform is applied to the entire

resummed series ZLO A,(:es) (1) v*. This approach utilizes all available perturbative information
but may be sensitive to Padé poles on the positive real axis.

(i) Truncated resummation (g = p —1): only the first p — 1 coeflicients are resummed with respect to u,

while the last coefficient A, (1) remains unresummed. Thus, before the second-stage resummation
one has

p-1
£ (u,v) = Z A () ok, (C.5)
k=0
The final resummed function is then obtained as

f(res)(u, v) = J e ™S g2 [pT_z] (vs)ds + A, (u)vP. (C.6)
0 u

This “truncated” version usually avoids Padé poles and provides more stable numerical results [62,
63.
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KpuTunuHi nokasHUKn mogaeni I3iHra i3 3aMopo)xeHnm
CTPYKTYpHUM 6€31aA0M Ta AaNE€KOCSHKHUMU B3aEMOAiAMU NpU
BUMipHocTi npoctopy d = 3

[. Wanosaf™2 M. fyakaTE

L IHCTUTYT Qi3nKM KOHAEHCOBaHMX cncTem iMeHi I.P. KOxHoBCbkoro HauioHanbHOI akagemii Hayk Ykpainu, 79011
JlbBiB, YKpaiHa

2 Cnisnpaus L*& JOKTOPCLKUIA KoNegx i3 CTaTUCTUYHOI Gi3nKIN CKNaAHMX CUCTEM,
Nainuyir-NotapuHris-/ibeiB-KoBeHTpi, EBpona

3 HauioHanbHwnii yHiBepcuTeT “/IbBiBCbKa NosiTexHika”, 79013 /1bBiB, YkpaiHa

Mw aHanisyemo KpUTWYHI BNacTMBOCTI cnabko po3BejeHoi (BMNagKoBoi) Mogeni I3iHra 3 fanekocsXHOW B3a-
EMOJIED, LLLO 3raca€ 3 BiACTaHHIO X AK ~ x~d-o y d-BUMipHOMY MpocTopi. BifoMo, Lo 338 NeBHUX 3HaYeHb
napameTpa 3racaHHA B3aEMOJii 0" Taka CMCTeMa HaNeXUTb 40 HOBOTO AaNeKOCAXHOro BUMaAKoBOro Kacy yHi-
BepCcasbHOCTI. BukopuncToByoumn nigxis TEOPETMKO-N0NbOBOI peHopManizaLiiHoi rpynu y cxemi MiHiManbHOro
BiHIMaHHS, MV 06UYNCNIOEMO TpUNeTaeBi peHoprpynosi ¢yHKuii. Ha iXHiil ocHOBI, i3 3acTOCyBaHHAM MeTOgiB
repecyMOBYBaHHA aCUMMATOTUYHUX PAAIB, MU OLIHFOEMO KPUTUYHUIA NOKa3HNK KOPENALiHOT AOBXUHW V, L0
XapaKTepusye HOBUIA Knac yHiBepcanbHocTi Ansi d = 3 Ta ANs TX 3HaYEHb 07, 3@ IKNX AaNeKOCsXHi B3aEMOZii €
peneBaHTHUMMW ANS KPUTUYHOT NOBEAIHKN.

KnrouoBi cnoBa: kpuTu4Hi ABULLA, MOAeNb I3iHra, cuctemu 3 6€31a40M, 4aNeKOCSKHI B3aEMOZil,
peHopManisayiviHa rpyna
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