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We analyze the universal conformational properties of complex copolymer macromolecules, based on two
topologies: the rosette structure containing 𝑓𝑐 linear branches and 𝑓𝑟 closed loops grafted to the central core,
and the symmetric pom-pom structure, consisting of a backbone linear chain terminated by two branching
points with functionalities 𝑓 . We assume that the constituent strands (branches) of these structures can be of
two different chemical species 𝑎 and 𝑏. Depending on the solvent conditions, the inter- or intrachain interac-
tions of some links may vanish, which corresponds to Θ-state of the corresponding polymer species. Applying
both the analytical approach within the frames of direct polymer renormalization and numerical simulations
based on the lattice model of polymer, we evaluated the set of parameters characterizing the size properties
of constituent parts of two complex topologies and estimated quantitatively the impact of interactions between
constituent parts on these size characteristics.
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1. Introduction

Polymers with complex branching structure characterized by multiple main chain branching attract
a lot of attention in diverse bioapplications [1–5]. In particular, the complex topology of polymer
macromolecules influences the solution viscosity at a given concentration compared to a linear polymer
of comparable molecular weight [6–9]. The simplest representative of the class of branched polymers is
the so-called star polymer with the single branching point having 𝑓 linear chains (branches) radiating
from it [10], still attracting considerable attention of researchers [11–13]. A generalization of the star
polymer, the so-called hybrid rosette structure is obtained when 𝑓𝑟 linear branches form closed loops,
whereas 𝑓𝑐 branches remain linear [14–16] (see figure 1 left-hand). The polymer macromolecule with
two branching points of functionalities 𝑓1 anf 𝑓2, which can be considered as two-star polymers with
one common branch (the backbone) is known as pom-pom polymer [17–21] (see figure 1 right-hand).
As more advanced polymer structures containing multiple banching points, we should also mention the
dendritic macromolecules resembling the structure of a tree with multiple repeating units, which have a
wide range of potential applications [12, 22, 23].

Copolymers are complex molecules formed by linking the polymer chains of two different species.
The synthesis of macromolecules with high molecular weight enables the formation of new functional
biomaterials with the potential for application in regenerative medicine, immunoengineering, imaging,
and controlled drug delivery [24–29]. Block copolymers are a specific class of polymer macromolecules
containing subsequent blocks of two chemically distinct monomers 𝑎 and 𝑏 [30]. An essential feature of
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Figure 1. (Colour online) Schematic representation of rosette (left hand side) and symmetric pom-pom
with 𝑓1 = 𝑓2 = 𝑓 (right hand side) copolymers.

block-copolymer melts is their self-assembling into lamellae and micelles and into more complex struc-
tures [31, 32], which provides potential applications in the fields such as producing dense and nanoporous
membranes for gas separation and ultrafiltration [33], development of novel plastic materials [34] etc.

We concentrate on the conformational properties of complex polymer macromolecules in the regime
of a weak solution. In particular, we consider a set of universal characteristics of size and shape, which do
not depend on the details of the chemical structures of a macromolecule. The most prominent example
of such an observable is the size measure of the polymer macromolecule, the experimentally measurable
gyration radius 𝑅𝑔 [35], which scales with a molecular weight (number of monomers 𝑁) according
to [36, 37]:

⟨𝑅2
𝑔⟩ = 𝐴𝑁2𝜈 , (1.1)

where 𝜈 is a scaling exponent that depends only on the space dimension and on the type of solvent in
which the molecule is dissolved, and 𝐴 is the amplitude that also contains the data about the topology
(type of the branching) [10]. Here and below, ⟨. . .⟩ denotes averaging over an ensemble of all possible
polymer conformations. For a chain in the regime of good solvent, where the repulsive excluded volume
interactions between monomers play the main role, the scaling properties of linear polymer chain are
perfectly captured by a model of self-avoiding random walk (SAW). In particular, in 𝑑 = 3, one has
𝜈SAW = 0.58759700(40) [38]. The model of random walk (RW) is exploited to describe the behaviour of
a polymer chain in the regime ofΘ-solvent, when the excluded volume interactions between monomers can
be neglected (Gaussian polymers). In this regime, one has 𝜈RW = 1/2 except lagarithmic corrections [39].

In 𝑎𝑏 diblock copolymers, depending on the solvent and temperature regime, the polymer structure of
some block (say 𝑎) can be in Θ state and may be effectively described as RWs (Gaussian chains), whereas
the structure of 𝑏 type remains in good solvent regime modelled by SAW. Thus, the gyration radii of
blocks 𝑎 and 𝑏 scale according to (1.1) with exponents 𝜈SAW and 𝜈RW, correspondingly [40, 41], and
there are three characteristic length scales in this case, governed by two types of inter-chain interactions
𝑎 and 𝑏 and intra-chain interaction 𝑎𝑏.

A number of studies were dedicated to the analysis of the universal conformation properties of
diblock polymers [42–46]; the values of scaling exponents have been obtained both analytically [42, 47]
and numerically [42, 43]. In particular, it was observed that the radii of gyration of each of the blocks
are governed by the critical exponents that are defined by the type of their interaction with the solvent
and are not dependent on the interaction with the other segments. The studies of star-copolymers [48, 49]
reveal the dependence of effective scaling exponents on the number and type of branches. Thus, they are
no longer topology independent.

In the present study, we aim at analyzing the peculiarities of scaling behaviour of two examples of
complex branched copolymer structures, based on rosette and pom-pom topologies (see figure 1). We
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consider the constituent strands (branches) of these structures to be of two various species 𝑎 and 𝑏, so that
one of the species can be inΘ state under a particular solvent and temperature condition, whereas the other
one is in a good solvent regime. The layout of the rest of the paper is as follows. We start with an analytical
approach within the frames of continuous chain model and use a direct renormalization approach in
section 2. The description of numerical algorithm along with general discussions of quantitative results
obtained are given in section 3. We end up by giving conclusions and outlook in section 4.

2. Theoretical approach

2.1. Continuous chain model

Within the frames of continuous chain model approach, every arm of a branched polymer is presented
as a continious trajectory of length 𝐿 parameterized by radius vector ®𝑟𝑖 (𝑠), where 𝑠 changes from 0
to 𝐿 [50]. In the present paper we consider pom-pom and rosette structures (see figure 1). The Hamiltonian
model can be presented as:

𝐻 =
1
2

𝐹∑︁
𝑖=0

𝐿∫
0

d𝑠
[
d®𝑟𝑖 (𝑠)

d𝑠

]2
+ 𝑢𝑎

2

𝐹𝑎∑︁
𝑖=1

𝐿∫
0

d𝑠′
𝐿∫

0

d𝑠′′ 𝛿( ®𝑟𝑖 (𝑠′) − ®𝑟𝑖 (𝑠′′))

+ 𝑢𝑏

2

𝐹𝑏∑︁
𝑖=1

𝐿∫
0

d𝑠′
𝐿∫

0

d𝑠′′ 𝛿( ®𝑟𝑖 (𝑠′) − ®𝑟𝑖 (𝑠′′)) +
𝑤𝑎

2

𝐹𝑎∑︁
𝑖=1

𝐹𝑎∑︁
𝑖≠ 𝑗=1

𝐿∫
0

d𝑠′
𝐿∫

0

d𝑠′′ 𝛿( ®𝑟𝑖 (𝑠′) − ®𝑟 𝑗 (𝑠′′))

+ 𝑤𝑏

2

𝐹𝑏∑︁
𝑖=1

𝐹𝑏∑︁
𝑖≠ 𝑗=1

𝐿∫
0

d𝑠′
𝐿∫

0

d𝑠′′ 𝛿( ®𝑟𝑖 (𝑠′) − ®𝑟 𝑗 (𝑠′′))

+ 𝑤𝑎𝑏

2

𝐹𝑏∑︁
𝑖=1

𝐹𝑎∑︁
𝑗=1

𝐿∫
0

d𝑠′
𝐿∫

0

d𝑠′′ 𝛿( ®𝑟𝑖 (𝑠′) − ®𝑟 𝑗 (𝑠′′)). (2.1)

Here, 𝐹 is a total number of constituent chains and 𝐹𝑎, 𝐹𝑏 are the number of chains in subgroups 𝑎 and 𝑏.
𝑢𝑎 and 𝑢𝑏 are the coupling constants for the excluded volume interaction between the points on the same
chain of ether type 𝑎 or 𝑏, 𝑤𝑎 and 𝑤𝑏 are the coupling constants for the excluded volume interaction
between the points on different trajectories of the same type (either 𝑎 type with 𝑎 type or 𝑏 type with
𝑏 type) and 𝑤𝑎𝑏 is a coupling constant for the excluded volume interaction between chains of different
types. With 𝑢𝑎 = 𝑢𝑏 = 𝑤𝑎 = 𝑤𝑏 = 𝑤𝑎𝑏 we restore a case of homopolymer.

The topologies of the macromolecules are accounted for in the definition of partition functions. For
pom-pom polymer with 𝐹 = 𝑓1 + 𝑓2 + 1 it reads:

𝑍 𝑓1 , 𝑓2 =
1

𝑍
pom−pom
0

∫
𝐷®𝑟 (𝑠)

𝑓1∏
𝑖=1

𝑓2∏
𝑗=1

𝛿( ®𝑟𝑖 (0) − ®𝑟0(0)) 𝛿( ®𝑟 𝑗 (0) − ®𝑟0(𝐿)) e−𝐻 . (2.2)

Here, the backbone chain is considered as 0th [parametrized by 𝑟0(𝐿)], the set of 𝛿-functions describes
the fact that 𝑓1 + 1 trajectories start at one end point of the backbone and 𝑓2 trajectories start at its other
end point ®𝑟0(𝐿). We consider the case when 𝑓1 = 𝑓2 = 𝑓 , all arms are of the same type 𝑎 (𝐹𝑎 = 2 𝑓 ) and
the backbone is of type 𝑏 (𝐹𝑏 = 1).

For the case of rosette polymer, the partition function reads:

𝑍rosette =
1
𝑍0

∫
𝐷®𝑟

𝑓𝑐+ 𝑓𝑟∏
𝑖=1

𝛿( ®𝑟𝑖 (0))
𝑓𝑟∏
𝑗=1

𝛿( ®𝑟 𝑗 (𝐿) − ®𝑟 𝑗 (0)) e−𝐻0 . (2.3)

Here, 𝑓𝑐 and 𝑓𝑟 being the number of open and closed trajectories, correspondingly, with chains being of
type 𝑎 and rings of type 𝑏.
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2.2. Direct renormalization method

To describe the universal properties of a continuous chain model one needs to perform renormali-
zation. In this work we use a direct renormalization scheme developed by des Cloiseaux [37].

The aim of this method is to eliminate the divergences that appear in the limit of infinitely long
trajectories by introducing a set of renormalization factors. All of the universal parameters are finite at
the so-called fixed points (FP). The FPs of the renormalization are defined as common zeros for the
𝛽-functions:

𝛽𝑢𝑖,𝑅 = 𝜖𝑢𝑖,𝑅 − 8𝑢2
𝑖,𝑅 = 0, (2.4)

𝛽𝑤𝑖, 𝑗,𝑅
= 𝜖𝑤𝑖, 𝑗 ,𝑅 −

(𝐿𝑖 + 𝐿 𝑗 )2

𝐿𝑖𝐿 𝑗

𝑤2
𝑖, 𝑗 ,𝑅

− 2𝑤𝑖, 𝑗 ,𝑅 (𝑢𝑖,𝑅 + 𝑢 𝑗 ,𝑅) = 0. (2.5)

Here, 𝑢𝑖,𝑅 is renormalized excluded volume interaction constant of the 𝑖-th chain and 𝑤𝑖, 𝑗 ,𝑅 is a constant
between chains 𝑖 and 𝑗 [51].

Fixed points of the model for a case of all 𝐿𝑖 = 𝐿 are:

�̃�𝑖,𝑅 = 0, �̃�𝑖,𝑅 =
𝜖

8
, (2.6)

and for 𝑤𝑖, 𝑗 ,𝑅:

𝑤𝑖, 𝑗 ,𝑅 = 0, ∀ �̃�𝑖 , �̃� 𝑗 , (2.7)

𝑤𝑖, 𝑗 ,𝑅 =
𝜖

4
, �̃�𝑖 = �̃� 𝑗 = 0, (2.8)

𝑤𝑖, 𝑗 ,𝑅 =
3𝜖
16

, �̃�𝑖 ≠ �̃� 𝑗 , (2.9)

𝑤𝑖, 𝑗 ,𝑅 =
𝜖

8
, �̃�𝑖 = �̃� 𝑗 =

𝜖

8
. (2.10)

2.3. Results

Partition function of the pom-pom structure. We start our calculations from considering the partition
function of copolymer pom-pom structure. These calculations are made within the perturbation theory
framework using diagramatic technique [37] to calculate different contributions into the partition function.
The corresponding diagrams are presented in figure 2. We consider only linear terms of the expansion in

Z
1

Z
2 Z

3

Z
4

Z
5

Figure 2. (Colour online) Diagrammatic representations of contributions into the partition function of
the pom-pom structure up to the first order of perturbation theory expansion in coupling constants. The
solid lines are schematic presentations of polymer strands, and the dash line represents a two monomer
excluded volume interaction.
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the coupling constants 𝑢𝑖 , 𝑤𝑖 . The contributions from the diagrams can be presented as:

𝑍1 =
𝑢𝑎 (2π)−𝑑/2𝐿2−(𝑑/2)(

1 − 𝑑
2

) (
2 − 𝑑

2

) , (2.11)

𝑍2 =
𝑤𝑎 (2π)−𝑑/2𝐿2−(𝑑/2) [

22−(𝑑/2) − 2
](

1 − 𝑑
2

) (
2 − 𝑑

2

) , (2.12)

𝑍3 =
𝑤𝑎 (2π)−𝑑/2𝐿2−(𝑑/2) [

32−(𝑑/2) − 2(2)2−(𝑑/2) + 1
](

1 − 𝑑
2

) (
2 − 𝑑

2

) , (2.13)

𝑍4 =
𝑢𝑏 (2π)−𝑑/2𝐿2−(𝑑/2)(

1 − 𝑑
2

) (
2 − 𝑑

2

) , (2.14)

𝑍5 =
𝑤𝑎𝑏 (2π)−𝑑/2𝐿2−(𝑑/2) [

22−(𝑑/2) − 2
](

1 − 𝑑
2

) (
2 − 𝑑

2

) . (2.15)

Each of the diagrams should be accounted for with a corresponding pre-factor, which equals 2 𝑓 for
diagram 𝑍1, 𝑓 ( 𝑓 − 1) for 𝑍2 so that contributions from both side-stars are included. Diagram 𝑍3 has a
pre-factor 𝑓 2. The diagrams 𝑍4 and 𝑍5 that account for the contributions from the interactions related to
the backbone have pre-factors 1 and 2 𝑓 , correspondingly.

Analytical expressions corresponding to the diagrams are presented as functions of space dimension 𝑑,
chain length 𝐿 and coupling constants. The results of expansion over the deviation from the upper critical
dimension 𝜖 = 4 − 𝑑 read:

𝑍1 = �̃�𝑎

(
−2
𝜖
− 1

)
, (2.16)

𝑍2 = 𝑤𝑎

(
2
𝜖
+ 1 − ln 2

)
, (2.17)

𝑍3 = 𝑤𝑎 (2 ln 2 − ln 3) , (2.18)

𝑍1 = �̃�𝑏

(
−2
𝜖
− 1

)
, (2.19)

𝑍2 = 𝑤𝑎𝑏

(
2
𝜖
+ 1 − ln 2

)
. (2.20)

Here, �̃�𝑎 = 𝑢𝑎 (2π)−𝑑/2𝐿2−(𝑑/2) , 𝑤𝑎 = 𝑤𝑥 (2π)−𝑑/2𝐿2−(𝑑/2) are dimensionless coupling constants. The
final expression for the partition function in one-loop approximation reads:

𝑍 𝑓 , 𝑓 = 1 − (2 𝑓 �̃�𝑎 + �̃�𝑏)
(
−2
𝜖
− 1

)
− [ 𝑓 ( 𝑓 − 1)𝑤𝑎 + 2 𝑓 𝑤𝑎𝑏]

(
2
𝜖
+ 1 − ln 2

)
+ 𝑓 2𝑤𝑎 (2 ln 2 − ln 3) . (2.21)

Even so, we are not interested in the scaling properties of partition function, although it still plays an
important role in calculating other observables since their averaging in general is defined as:

⟨(. . .)⟩ = 1
𝑍 𝑓 , 𝑓

𝑓∏
𝑖=1

𝑓∏
𝑗=1

∫
𝐷®𝑟 (𝑠)𝛿( ®𝑟𝑖 (0) − ®𝑟0(0))𝛿( ®𝑟 𝑗 (0) − ®𝑟0(𝐿)) e−𝐻 (. . .). (2.22)

Partition function of the rosette structure. Similarly, we conduct the calculations for the rosette poly-
mers (see the diagrammatic presentation of figure 3). The analytical expressions corresponding to the
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Z
1

Z
2 Z

5
Z

3
Z

4

Figure 3. Diagrammatic representations of contributions into the partition function of rosette polymer
structure up to the first order of perturbation theory in the coupling constants. The solid lines are
schematic presentations of polymer strands, and the dash line represents a two monomer excluded
volume interaction.

diagrams read:

𝑍1 = −2�̃�𝑏 (2π𝐿)−
𝑑
2 𝑓𝑟

Γ

(
2 − 𝑑

2

)2

(𝑑 − 2) Γ (3 − 𝑑) ,

𝑍2 = �̃�𝑎 (2π𝐿)−
𝑑
2 𝑓𝑟

4
(4 − 𝑑) (2 − 𝑑) ,

𝑍3 = 𝑤𝑎 (2π𝐿)−
𝑑
2 𝑓𝑟

4(22−𝑑/2 − 2)
(4 − 𝑑) (2 − 𝑑) ,

𝑍4 = 𝑤𝑏 (2π𝐿)−
𝑑
2 𝑓𝑟

−
1
8

2𝑑
√
πΓ

(
1 − 𝑑

2

)
Γ

(
5−𝑑

2

)
+ 1

3

2𝑑−15− 𝑑
2

[
2F1

(
3
2 ,

𝑑
2 ; 5

2 ; 1
5

)
− 3 2F1

(
1
2 ,

𝑑
2 ; 3

2 ; 1
5

)]
𝑑 − 2

 ,

𝑍5 = 𝑤𝑎𝑏 (2π𝐿)−
𝑑
2 𝑓𝑟

2(𝑑−1)/2√π 2F1

(
1
2 ,

𝑑−1
2 ; 3

2 ; 1
2

)
Γ

(
1 − 𝑑

2

)
Γ

(
3−𝑑

2

) . (2.23)

Each of these diagrams is taken with an additional pre-factor: for the diagrams 𝑍1 and 𝑍2 it is
correspondingly the number of rings 𝑓𝑟 and the number of chains 𝑓𝑐; diagrams 𝑍3 and 𝑍5 should be
accounted for each pair of chains [ 𝑓𝑐 ( 𝑓𝑐 − 1)/2] or rings [ 𝑓𝑟 ( 𝑓𝑟 − 1)/2] and the diagram 𝑍4 for each pair
of one chain and one ring 𝑓𝑐 𝑓𝑟 . Performing the expansion of corresponding expressions in 𝜖 = 4 − 𝑑, we
obtain:

𝑍 𝑓𝑐 , 𝑓𝑟 = (2π𝐿)− 𝑑
2 𝑓𝑟

{
1 − 𝑓 2

𝑐 𝑤𝑎 + 4 𝑓𝑐 𝑓𝑟𝑤𝑎𝑏 + 2 𝑓 2
𝑟 𝑤𝑏 − 2 𝑓𝑐�̃�𝑎 − 𝑓𝑐𝑤𝑎 + 4 𝑓𝑟 �̃�𝑏 − 2 𝑓𝑟𝑤𝑏

𝜖

+ 𝑓𝑐�̃�𝑎 + 2 𝑓𝑟 �̃�𝑏 +
𝑓𝑐 ( 𝑓𝑐 − 1)

2
(ln 2 − 1)𝑤𝑎 + 𝑤𝑏 𝑓𝑟 ( 𝑓𝑟 − 1)

×

√

2
1∫

0

d𝑡
ln(2 − 𝑡)

√
𝑡 (𝑡 − 2)

√
4 − 2𝑡

+ 1
 +

2
5
𝑓𝑐 𝑓𝑟𝑤𝑎𝑏

[√
5 ln

(√
5 + 3

)
−
√

5 ln 2 − 5
] }

.(2.24)

This expression is used in calculations of averaging of the observables considered below, with the
averaging defined as:

⟨(. . .)⟩ = 1
𝑍

∫
𝐷®𝑟 (𝑠)𝐹 [𝛿] e−𝐻 (. . .). (2.25)

Here, 𝐹 [𝛿] is a set of 𝛿-functions defining the topology.
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Rg1
Rg2 Rg3

Rg4
Rg5

Figure 4. (Colour online) Diagrammatic representation of contributions into 𝜉 ( ®𝑘) in Gaussian approx-
imation. The solid lines are schematic presentations of polymer strands, each of length 𝐿, and arrows
represent the so-called restriction points 𝑠1 and 𝑠2.

Size characteristics. Within the continuous chain model, the gyration radius is defined as:

⟨𝑅2
𝑔⟩ =

1
2𝐿2(𝐹)2

𝐹∑︁
𝑖, 𝑗=0

𝐿∫
0

𝐿∫
0

d𝑠1 d𝑠2⟨(®𝑟𝑖 (𝑠2) − ®𝑟 𝑗 (𝑠1))2⟩. (2.26)

In the case of copolymer structure, containing constituent strands of different chemical nature, the
gyration radius (2.26) does not have an analytically defined scaling. Instead, each strand has its own
scaling behaviour as well as the contributions from correlations between chains lead to its own scaling
behaviour [43, 51]. We have:

⟨𝑅2
𝑔⟩ = ⟨𝑟2

𝑔,𝑎⟩ + ⟨𝑟2
𝑔,𝑏⟩ + ⟨𝑟2

𝑔,𝑎𝑏⟩, (2.27)

where the definition of components may depend on the topology of polymer structure. In the case of
rosette polymers, diagrams with restriction points on the linear branches give contribution into ⟨𝑟2

𝑔,𝑎⟩;
the one with both restriction points on the closed branches (loops) give a contribution into ⟨𝑟2

𝑔,𝑏
⟩ and the

rest — into ⟨𝑟2
𝑔,𝑎𝑏

⟩. Similar is the situation in the case of pom-pom structure with the exception of the
diagrams with restriction points on different poms, which give the contribution into ⟨𝑟2

𝑔,𝑎𝑏
⟩. A full list of

diagrams separated into the proper groups is provided in the Appendix.
To calculate the corresponding analytical expression, an identity is used

⟨(®𝑟𝑖 (𝑠2) − ®𝑟 𝑗 (𝑠1))2⟩ = −2
d

d| ®𝑘 |2
𝜉 ( ®𝑘) ®𝑘=0,

𝜉 ( ®𝑘) ≡ ⟨exp{−i®𝑘 (®𝑟𝑖 (𝑠2) − ®𝑟 𝑗 (𝑠1))}⟩. (2.28)

The final expression for gyration radius of backbone of a pom-pom structure reads:

⟨𝑟2
𝑔, b⟩𝑝𝑝 =

𝑑𝐿

6

[
1 + 2�̃�𝑏

𝜖
+

(
35
4

− 12 ln 2
)
𝑓 𝑤𝑎𝑏 +

𝑓 2𝑤𝑎

12
− 13

12
�̃�𝑏

]
, (2.29)

gyration radius of each “pom” is given by:

⟨𝑟2
𝑔,𝑎⟩𝑝𝑝 =

𝑑𝐿 𝑓 (3 𝑓 − 2)
3

(
1 + 2�̃�𝑎

𝜖
+ 1

24(3 𝑓 − 2) {𝑤𝑎𝑏 [144 ln 2(2 𝑓 − 3)

− 3(52 𝑓 − 87)]+𝑤𝑎

[
12 ln 2(3 𝑓 3−78 𝑓 2+119 𝑓 + 40)−36 𝑓 3+864 ln 3 𝑓 ( 𝑓 − 2)

− 318 − 232 𝑓 2 + 837 𝑓
]
− 2�̃�𝑎 (42 𝑓 − 29)

} )
, (2.30)
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and the remaining “mixed” part of the gyration radius will read:

⟨𝑟2
𝑔,𝑎𝑏⟩𝑝𝑝 = 𝑑𝐿2 𝑓 2( 𝑓 +1)

(
1+ �̃�𝑎+�̃�𝑏

𝜖
+ 1

72( 𝑓 + 1)
{
2𝑤𝑎 [12 ln 2(3 𝑓 2 − 28 𝑓 − 6)

+ 9 ln 3 𝑓 (8 𝑓 + 25) + 3 𝑓 3 − 79 𝑓 2 − 20 𝑓 + 39] − 𝑤𝑎𝑏 [14 𝑓 2 + 76 𝑓 + 21

− 72 ln 3 𝑓 ( 𝑓 − 1) + 24 ln 2 (3 𝑓 2 − 15 𝑓 − 4)] − 42�̃�𝑎 ( 𝑓 + 1) − 6�̃�𝑏 (6 𝑓 + 7)
} )

. (2.31)

Similarly, we derive the expressions for the case of rosette polymer structure:

⟨𝑟2
𝑔, a⟩𝑟 =

𝑓𝑟 (3 𝑓𝑐 − 2)𝑑𝐿
6

{
1 + 2�̃�𝑎

𝜖
+ ( 𝑓𝑐 − 1) [16 ln 2(3 𝑓𝑐 − 5) − 26 𝑓𝑐 + 53]𝑤𝑎

4(3 𝑓 1 − 2)

− �̃�𝑎 (42 𝑓𝑐 − 29)
12(3 𝑓𝑐 − 2) + 𝑓𝑟 �̃�𝑎𝑏

25(3 𝑓𝑐 − 2)

[√
5 arctan

(
5− 1

2
) (

60 𝑓 2
𝑐 + 132 𝑓𝑐 − 199

)
+ 10

√
5 ln 2(3 𝑓 2

𝑐 − 3 𝑓𝑐 + 1) − 110 𝑓𝑐 + 150 − 10
√

5 ln(
√

5 + 3) (3 𝑓 2
𝑐 − 3 𝑓𝑐 + 1)

] }
, (2.32)

⟨𝑟2
𝑔, b⟩𝑟 =

𝑓𝑟 (2 𝑓𝑟 − 1)𝑑𝐿
12

(
1 + 2�̃�𝑏

𝜖
+ 𝑤𝑏 ( 𝑓𝑟 − 1)

8(2 𝑓𝑟 − 1)

{√
2 arctan

(
2− 1

2
)
(34 𝑓𝑟 − 59)

+
1∫

0

16
√

2 ln(2 − 𝑡) (𝑡2 − 3𝑡 + 1)
(
√︁
(𝑡) (𝑡 − 2)

√
4 − 2𝑡)

d𝑡 −
1∫

0

768𝑡2arctan
[
(4𝑡2 − 4𝑡 − 1)− 1

2
]
(𝑡 − 1)2( 𝑓𝑟 − 2)

(4𝑡2 − 4𝑡 − 1) 5
2

d𝑡

−
1∫

0

64(𝑡 − 1)arctan
[
(−4𝑡2 + 4𝑡 + 1)− 1

2
]

(−4𝑡2 + 4𝑡 + 1) 5
2

(30𝑡4 − 63𝑡3 + 19𝑡2 + 14𝑡 + 2)d𝑡
}

+ 𝑤𝑎𝑏 𝑓𝑐

8400(2 𝑓𝑟 − 1)

{
2
√

5 arctan(5− 1
2 ) (6720 𝑓 2

𝑟 + 76763 𝑓𝑟 − 77435)

− 3360
√

5 ln(
√

5 + 3) 𝑓𝑟 (2 𝑓𝑟 − 1)

+ 155567 + 70 ln 2[48(2 𝑓 2
𝑟 − 1)

√
5 − 197( 𝑓𝑟 − 1)] − 157247 𝑓𝑟

} )
, (2.33)

⟨𝑟2
𝑔, ab⟩𝑟 =

𝑓𝑟 𝑓𝑐𝑑𝐿

12

{
1 + �̃�𝑏 + 3�̃�𝑎

2𝜖
− 7

8
�̃�𝑏 +

𝑤𝑏

8
( 𝑓𝑐 − 1) (24 ln 2 − 13)

+ 𝑤𝑎𝑏

100
[√

5 arctan
(
5− 1

2
)
(80 𝑓𝑐 𝑓𝑟 + 32 𝑓𝑐 + 192 𝑓𝑟 + 7) − 40

√
5 ln(

√
5 + 3) 𝑓𝑐 𝑓𝑟

+ 40
√

5 ln(2) 𝑓𝑐 𝑓𝑟 − 10 𝑓𝑐 − 110 𝑓𝑟 + 40
]

− ( 𝑓𝑟 − 1)𝑤𝑎

32

[
192

√
2∫

1

arctan
(
𝑠−1) (𝑠 − 1)2(𝑠 + 1)2
√

2 − 𝑠2𝑠4
d𝑠

+ 29
√

2 arctan
(
2− 1

2
)
− 84 ln 2 + 8

]}
. (2.34)

Scaling exponents

Size characteristics exponents. As it was mentioned above, in the case of copolymer structure, we have
three characteristic length scales, governed by two types of inter-chain interactions 𝑎 and 𝑏 and intra-chain
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interaction 𝑎𝑏, so that the segments of different species as well as correlations between segments are
governed by different scaling exponents. Within the continuous chain model, the size exponents may be
calculated using the expression [37]:

2𝜈𝑥 − 1 =
𝜖

2

(
�̃�𝑎

d ln⟨𝑟2
𝑔,𝑥⟩

d ln �̃�𝑎
+ �̃�𝑏

d ln⟨𝑟2
𝑔,𝑥⟩

d ln �̃�𝑏
+ 𝑤𝑎

d ln⟨𝑟2
𝑔,𝑥⟩

d ln𝑤𝑎

+ 𝑤𝑏

d ln⟨𝑟2
𝑔,𝑥⟩

d ln𝑤𝑏

+ 𝑤𝑎𝑏

d ln⟨𝑟2
𝑔,𝑥⟩

d ln𝑤𝑎𝑏

)
. (2.35)

The estimates for the critical exponents governing correspondingly each of the three terms in (2.27) for
the case of pom-pom structure read:

𝜈
𝑝𝑝

𝑏
=

1
2
(1 + �̃�𝑏) , (2.36)

𝜈
𝑝𝑝
𝑎 =

1
2
(1 + �̃�𝑎) , (2.37)

𝜈
𝑝𝑝

𝑎𝑏
=

1
2

(
1 + �̃�𝑏 + �̃�𝑎

2

)
, (2.38)

whereas for the case of rosette polymer we get:

𝜈𝑟𝑏 =
1
2
(1 + �̃�𝑏) , (2.39)

𝜈𝑟𝑎 =
1
2
(1 + �̃�𝑎) , (2.40)

𝜈𝑟𝑎𝑏 =
1
2

(
1 + �̃�𝑏 + 3�̃�𝑎

4

)
. (2.41)

Similarly, like it was observed in the case of block copolymers in [43, 51, 52], scaling exponents 𝜈𝑥𝑎 and
𝜈𝑥
𝑏

remain unchanged by the presence of the second species in the polymer structure and do not depend
on the interaction between different species 𝑤𝑥 . With �̃�𝑏 = �̃�𝑎, one recovers the homopolymer behaviour.

Though the universal exponent of a total gyration radius of the whole copolymer structure cannot
be defined, we can derive an expression for the gyration radius ⟨𝑅2

𝑔⟩ by simply adding all the diagrams
together. In general, it will read:

⟨𝑅2
𝑔⟩ = ⟨𝑅2

𝑔⟩0 [1 + (. . .)] , (2.42)

with ⟨𝑅2
𝑔⟩0 being the Gaussian approximation and [1 + (. . .)] a swelling factor in one loop approximation

in the coupling constants. According to the definition (2.35) we may evaluate an effective critical exponent
for the cases of pom-pom and rosette structures, correspondingly:

𝜈
𝑝𝑝

𝑒 𝑓 𝑓
=

1
2

(
1 + 12 𝑓 2�̃�𝑎 + 6 𝑓 2�̃�𝑏 + 2 𝑓 �̃�𝑎 + 6 𝑓 �̃�𝑏 + �̃�𝑏

18 𝑓 2 + 8 𝑓 + 1

)
, (2.43)

𝜈𝑟𝑒 𝑓 𝑓 =
1
2
+ 𝑓𝑐 (3 𝑓𝑐 + 3 𝑓𝑟 − 2)�̃�𝑎

6 𝑓 2
𝑐 + 8 𝑓𝑐 𝑓𝑟 + 2 𝑓 2

𝑟 − 4 𝑓𝑐 − 𝑓𝑟

+ 𝑓𝑟 (2 𝑓𝑐 + 2 𝑓𝑟 − 1)�̃�𝑏
2(6 𝑓 2

𝑐 + 8 𝑓𝑐 𝑓𝑟 + 2 𝑓 2
𝑟 − 4 𝑓𝑐 − 𝑓𝑟 )

. (2.44)

Again, for 𝑢𝑎 = 𝑢𝑏, we recover an expression for an exponent of a homopolymer. These exponents are
not properly defined. They may have a more practical application, since they can be related to the one
observed in the experiment. Such calculations were previously performed in simulations in reference [48]
for star copolymers for which the topology dependent effective exponents were obtained.
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Figure 5. (Colour online) On the left: Size ratio 𝑝
𝑝𝑝
𝑔 as a function of the branching parameter 𝑓 for a RW

backbone and ether RW or SAW poms. On the right: Size ratio 𝑝𝑟𝑔 for an linear RW arm in rosette as a
function of 𝑓𝑐 = 𝑓𝑟 = 𝑓 and rings being either RW or SAW.

2.4. Size characteristics

Though the interactions between different strands do not influence the scaling exponents, they do
have an impact on the size characteristics which can be shown through consideration of the size ratios.
In the present work we consider size ratios 𝑝

𝑝𝑝
𝑔 , 𝑝𝑟𝑔 defined as

𝑝
𝑝𝑝
𝑔 =

⟨𝑟2
𝑔, b⟩𝑝𝑝

⟨𝑅2
𝑔, chain⟩

, (2.45)

𝑝𝑟𝑔 =
⟨𝑟2

𝑔, arm⟩𝑟
⟨𝑅2

𝑔, chain⟩
, (2.46)

where ⟨𝑟2
𝑔, b⟩𝑝𝑝 and ⟨𝑟2

𝑔, arm⟩𝑟 are correspondingly radii of gyration of the backbone of pom-pom polymer
and a linear branch in rosette polymer, and ⟨𝑅2

𝑔, chain⟩ is the radius of gyration of individual linear chain
of the same molecular mass.

Substituting expression (2.29) into the numerator of (2.45) and the same expression with 𝑓 = 0
into the denominator and performing a series expansion of the denominator in respect to the coupling
constants, we get the expression:

𝑝
𝑝𝑝
𝑔 = 1 +

(
35
4

− 12 ln 2
)
𝑓 𝑤𝑎𝑏 +

𝑓 2𝑤𝑎

12
. (2.47)

Let us consider the case, when the backbone of pom-pom polymer is of a RW type (�̃�𝑏 = 0), and the size
ratio with, correspondingly, the RW linear chain is considered. The results of evaluation of the size ratio
(2.47) at different possible interactions within the side poms and between side poms and backbone are
presented in figure 5 (left-hand) as functions of the branching parameter 𝑓 . The case when side poms
are also RWs and there is not mutual interaction between backbone and side poms (𝑤𝑎𝑏 = 𝑤𝑎 = 0) is
trivial and gives 𝑝𝑝𝑝

𝑔 = 1. The size ratio increases with 𝑓 when the excluded volume interactions between
backbone and side poms are present. The maximum impact on the size is observed in the case of SAW
side poms, interacting with RW backbone (𝑤𝑎𝑏 = 3𝜖/16, 𝑤𝑎 = 𝜖/8).

An expression for gyration radius of a single arm of rosette polymer structure reads:

⟨𝑟2
𝑔, arm⟩𝑟 =

𝑑𝐿

6

{
1 + 2�̃�𝑎

𝜖
− 13

12
�̃�𝑎 +

2
5
√

5 𝑓𝑐 𝑓𝑟𝑤𝑎𝑏

[
ln 2 − ln

(√
5 + 3

)
+ 2 arctan

(
1/
√

5
)]

− 1
25

𝑓𝑟𝑤𝑎𝑏

[
27 arctan

(
1/
√

5
)√

5 − 40
]
− [( 𝑓𝑐 − 1)/8] (48 ln 2 − 35)𝑤𝑎

}
. (2.48)
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Table 1. Scaling exponents for pom-pom polymers.
𝑓 𝜈𝑒 𝑓 𝑓 𝜈𝑒 𝑓 𝑓 𝜈𝑎𝑏 𝜈𝑎𝑏

𝑤𝑎𝑏 ≠ 0 𝑤𝑎𝑏 = 0 𝑤𝑎𝑏 ≠ 0 𝑤𝑎𝑏 = 0
1 0.556(2) 0.560(3) 0.554(2) 0.559(3)
2 0.563(2) 0.566(4) 0.557(3) 0.561(4)
3 0.559(2) 0.572(2) 0.550(4) 0.566(3)
4 0.571(5) 0.572(6) 0.565(6) 0.563(7)
5 0.563(3) 0.565(3) 0.556(4) 0.556(4)

Again, substituting it into (2.46) leads to the following expression for the size ratio:

𝑝𝑟𝑔 = 1 + 2
5
√

5 𝑓𝑐 𝑓𝑟𝑤𝑎𝑏

[
ln 2 − ln

(√
5 + 3

)
+ 2 arctan

(
1/
√

5
)]

− 1
25

𝑓𝑟𝑤𝑎𝑏

[
27 arctan

(
1/
√

5
)] √

5 − 40 − [( 𝑓𝑐 − 1)/8] (48 ln 2 − 35)𝑤𝑎 . (2.49)

Again, let us consider the case when the linear branches of rosette polymer are of a RW type (�̃�𝑏 = 0).
The results of evaluation of the size ratio (2.49) at different possible interactions within the remaining
loop branches and between linear and loop branches are presented in figure 5 (right-hand) as functions of
the branching parameter 𝑓 . The maximum impact on the size ratio is observed in the case of SAW loop
branches, interacting with RW linear branches.

3. Numerical calculations

We started with a lattice model of self-avoiding walks (SAW) and random walks (RW) on simple
cubic lattice. To simulate a set of conformations we use a pivot algorithm [53, 54]. Choosing a random
knot on one of the trajectories we perform one of the symmetry operations to the part of the structure:

• for a side arm of pom-pom and open trajectory in rosette, the operation is performed between the
pivot point and the free end of chosen arm;

• for the backbone of the pom-pom, the operation is performed between the pivot point and end
points of all the side arms of one of the poms effectively moving it as well;

• for the closed trajectory of the rosette, the operation is performed between the pivot point and a
point on the trajectory for which the chosen operation the trajectory remains closed.

First, 20𝑁𝐹 operations are used to reach a starting conformation, then 106 operations are performed
for each trajectory length 𝑁 to receive observables by averaging them over the ensemble of the obtained
conformations. We perform the calculations for the lengths up to 𝑁 = 150 steps on each of the 𝐹

trajectories.
Scaling exponents are calculated by approximating the data with:

ln(⟨𝑅2
𝑥⟩) = 2𝜈𝑥 ln 𝑁 + 𝐴. (3.1)

Results for this approximations are provided in tables 1 and 2. They are in good agreement with previous
results for diblock chain and ring copolymers [42, 47] as well as miktoarm stars [49] and show that
interactions between the trajectories do not influence the scaling exponents, although for a conclusive
statement additional sets of simulations and a second order analytical calculations are needed. However,
we can make a conclusion that even in the higher order calculations 𝑤𝑎𝑏 interactions do not play any
significant role, if any at all, in the scaling behaviour of copolymers.
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Table 2. Scaling exponents for rosette polymers.
𝑓𝑐 𝑓𝑟 𝜈𝑒 𝑓 𝑓 𝜈𝑒 𝑓 𝑓 𝜈𝑎𝑏 𝜈𝑎𝑏

𝑤𝑎𝑏 ≠ 0 𝑤𝑎𝑏 = 0 𝑤𝑎𝑏 ≠ 0 𝑤𝑎𝑏 = 0
1 1 0.538(3) 0.545(3) 0.533(2) 0.544(4)
2 1 0.518(7) 0.528(6) 0.528(3) 0.537(6)
3 1 0.509(8) 0.513(4) 0.525(3) 0.527(4)
4 1 0.505(9) 0.504(3) 0.533(4) 0.526(4)
1 2 0.540(7) 0.548(5) 0.529(7) 0.538(6)
2 2 0.535(8) 0.541(4) 0.531(3) 0.543(4)
3 2 0.535(9) 0.527(4) 0.526(3) 0.535(5)
4 2 0.518(7) 0.517(7) 0.533(4) 0.527(8)

4. Conclusions

We analyzed conformational properties of two representatives of a class of complex branched macro-
molecules: the rosette structure containing 𝑓𝑐 linear branches and 𝑓𝑟 closed loops grafted to the central
core, and the symmetric pom-pom structure, consisting of a backbone linear chain terminated by two
branching points with functionalities 𝑓 . We consider the constituent strands (branches) of these structures
to be of two various species 𝑎 and 𝑏, so that one of the species can be in Θ-state under a particular solvent
and temperature condition, whereas the other one is in a good solvent regime. For a chain with the
repulsive excluded volume interactions between monomers, the conformational properties are perfectly
captured by a model of self-avoiding random walk (SAW); whereas to analyze the behaviour of polymer
chain in the regime of Θ-solvent (Gaussian polymers), the model of random walk (RW) is exploited.

Within the frames of analytical approach based on direct polymer renormalization scheme, we eva-
luated the set of parameters characterizing the size properties of constituent parts of complex topologies
considered [radii of gyration of backbone (2.29) and side poms (2.30) of pom-pom copolymers and
radius of gyration of individual linear branch of rosette copolymer (2.48)]. To quantitatively estimate
the impact of interactions between constituent parts of macromolecules on their size characteristics, we
introduced the size ratios (2.47) and (2.49). Our results confirm the increase of size ratios in presence
of excluded volume as compared with Θ-state. The values of effective critical exponents [equations 2.43
and (2.44)], governing the effective linear size measure behaviour of pom-pom and rosette structures,
correspondingly, are evaluated as well, both analytically and numerically.

Appendix

Here, we give examples of diagrammatic calculations. We consider a simple case of two chains with
both restriction points on the same trajectory and the interaction points on different ones. There are three
possible diagrams and their sum reads:

𝐿∫
0

d𝑠
𝐿∫

0

d𝑧
𝑠∫

0

d𝑠2

𝑠2∫
0

d𝑠1

[
𝑠2 − 𝑠1 −

(𝑠2 − 𝑠1)2

𝑠 + 𝑧

]
(𝑠 + 𝑧)− 𝑑

2

+
𝐿∫

0

d𝑠
𝐿∫

0

d𝑧
𝐿∫
𝑠

d𝑠2

𝑠∫
0

d𝑠1

[
𝑠2 − 𝑠1 −

(𝑠 − 𝑠1)2

𝑠 + 𝑧

]
(𝑠 + 𝑧)− 𝑑

2

+
𝐿∫

0

d𝑠
𝐿∫

0

d𝑧
𝐿∫
𝑠

d𝑠2

𝑠2∫
𝑠

d𝑠1 (𝑠2 − 𝑠1) (𝑠 + 𝑧)− 𝑑
2 . (A.1)
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Figure A.1. (Colour online) Diagrammatic presentation of the contributions into the gyration radius in
one loop approximation.

Since all three integrals contain the same factor (𝑠 + 𝑧)− 𝑑
2 that does not depend on the restriction points,

the expression can be rewritten as:

𝐿∫
0

d𝑠
𝐿∫

0

d𝑧


𝑠∫
0

d𝑠2

𝑠2∫
0

d𝑠1

(
𝑠2 − 𝑠1 −

(𝑠2 − 𝑠1)2

𝑠 + 𝑧

)

+
𝐿∫
𝑠

d𝑠2

𝑠∫
0

d𝑠1

(
𝑠2 − 𝑠1 −

(𝑠 − 𝑠1)2

𝑠 + 𝑧

)
+

𝐿∫
𝑠

d𝑠2

𝑠2∫
𝑠

d𝑠1 (𝑠2 − 𝑠1)
 (𝑠 + 𝑧)− 𝑑

2 . (A.2)

All the integrals inside [. . .] contain the same term under the integration, which allows to rewrite the

Figure A.2. (Colour online) Diagrammatic presentation of the contributions into the gyration radius in
one loop approximation.
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expression as:

𝐿∫
0

d𝑠
𝐿∫

0

d𝑧


𝑠∫
0

d𝑠2

𝑠2∫
0

d𝑠1 (𝑠2 − 𝑠1) +
𝐿∫
𝑠

d𝑠2

𝑠∫
0

d𝑠1 (𝑠2 − 𝑠1) +
𝐿∫
𝑠

d𝑠2

𝑠2∫
𝑠

d𝑠1 (𝑠2 − 𝑠1)
 (𝑠 + 𝑧)− 𝑑

2

+
𝐿∫

0

d𝑠
𝐿∫

0

d𝑧


𝑠∫
0

d𝑠2

𝑠2∫
0

d𝑠1

(
− (𝑠2 − 𝑠1)2

𝑠 + 𝑧

)
+

𝐿∫
𝑠

d𝑠2

𝑠∫
0

d𝑠1

(
− (𝑠 − 𝑠1)2

𝑠 + 𝑧

) (𝑠 + 𝑧)− 𝑑
2 . (A.3)

The last two terms in the first line can be joined since the limits of the integration over 𝑠2 are the same
and the integration over 𝑠1 can be presented as one integral:

𝐿∫
0

d𝑠
𝐿∫

0

d𝑧


𝑠∫
0

d𝑠2

𝑠2∫
0

d𝑠1 (𝑠2 − 𝑠1) +
𝐿∫
𝑠

d𝑠2

𝑠2∫
0

d𝑠1 (𝑠2 − 𝑠1)
 (𝑠 + 𝑧)− 𝑑

2

+
𝐿∫

0

d𝑠
𝐿∫

0

d𝑧


𝑠∫
0

d𝑠2

𝑠2∫
0

d𝑠1

(
− (𝑠2 − 𝑠1)2

𝑠 + 𝑧

)
+

𝐿∫
𝑠

d𝑠2

𝑠∫
0

d𝑠1

(
− (𝑠 − 𝑠1)2

𝑠 + 𝑧

) (𝑠 + 𝑧)− 𝑑
2 . (A.4)

The similar arguments now may be presented for the case of integration over 𝑠2, so the final expression
reads:

𝐿∫
0

d𝑠
𝐿∫

0

d𝑧 (𝑠 + 𝑧)− 𝑑
2


𝐿∫

0

d𝑠2

𝑠2∫
0

d𝑠1 (𝑠2 − 𝑠1)


+
𝐿∫

0

d𝑠
𝐿∫

0

d𝑧


𝑠∫
0

d𝑠2

𝑠2∫
0

d𝑠1

(
− (𝑠2 − 𝑠1)2

𝑠 + 𝑧

)
+

𝐿∫
𝑠

d𝑠2

𝑠∫
0

d𝑠1

(
− (𝑠 − 𝑠1)2

𝑠 + 𝑧

) (𝑠 + 𝑧)− 𝑑
2 . (A.5)

The first line here is a multiplication of the diagram 𝜉1 and 𝑍2 from the pom-pom partition function. The
calculation of the gyration radius in one loop approximation in general may be presented as:

⟨𝑅2
𝑔⟩ = 𝑍−1(⟨𝑅2

𝑔⟩0 − 𝑢(Sum of digrams)) = ⟨𝑅2
𝑔⟩0𝑍−1

(
1 − 𝑢

(Sum of digrams)
⟨𝑅2

𝑔⟩0

)
= ⟨𝑅2

𝑔⟩0(1 + 𝑢𝑍𝑥)
(
1 − 𝑢

(Sum of digrams)
⟨𝑅2

𝑔⟩0

)
= ⟨𝑅2

𝑔⟩0

(
1 − 𝑢

[
(Sum of digrams)

⟨𝑅2
𝑔⟩0

− 𝑍𝑥

])
.(A.6)

The expression in square brackets can be rewritten as
(Sum of digrams) − 𝑍𝑥 ⟨𝑅2

𝑔⟩0
⟨𝑅2

𝑔⟩0
. Note that all the

diagrams can be divided into two groups: the reducible one presented in figures A.1 and A.2 with the
black lines [their contributions are always presented as the product of the diagrams contributions denoted
by 𝜉 (shown in figure 4) and denoted by 𝑍 (shown in figures 2 and 3)] and irreducible are presented
with the blue lines. The latter group can be divided into smaller groups for each of which the arguments
conducted above can be provided, thus allowing to separate the contributions of the type 𝜉𝑦𝑍𝑥 , where
𝜉𝑦 is a contribution into the gyration radius in Gaussian approximation and 𝑍𝑥 on a much earlier stage.
These contributions are cancelled by 𝑍𝑥 ⟨𝑅2

𝑔⟩0 and thus we do not need to calculate them. We can limit
the calculations to considering the integrals that do not get cancelled, which considerably reduces the
calculations. Since the groups of diagrams that contain the interactions between different trajectories do
not contribute into the scaling exponents or, in other words, do not contain poles in the 𝜖-expansions,
and if necessary can be calculated at a fixed space dimension 𝑑 = 3 when considering Douglas–Freed
approximation, only these terms will be important in one loop approximation.
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Унiверсальнi властивостi галужених кополiмерiв у слабких
розчинах

Х. Гайдукiвська 1,2, В. Блавацька 1,3

1 Iнститут фiзики конденсованих систем Нацiональної академiї наук України, вул. Свєнцiцького 1, 79011
Львiв, Україна

2 Iнститут Фiзики, Сiлезький унiверситет, вул. Першого полку пiхоти 75, 41-500 Хоржув, Польща
3 Дiоскурi центр фiзики i хiмiї бактерiй, Iнститут фiзичної хiмiї, Польська академiя наук, 01-224 Варшава,
Польща

Проаналiзовано унiверсальнi конформацiйнi властивостi складних полiмерних макромолекул на основi
двох топологiй: структура розетки, що мiстить 𝑓𝑐 лiнiйних гiлок i 𝑓𝑟 замкнених петель, прикрiплених до
центрального кору, i структура симетричного пом-пом, що складається iз основного лiнiйного ланцюжка
iз двома точками галуження функцiональностi 𝑓 на обох кiнцях. Вважається, що складовi ланки (гiлки) цих
структур можуть бути двох рiзних типiв хiмiчного складу 𝑎 та 𝑏. Залежно вiд умов розчинника, взаємодiї в
мехаж ланцюжкiв та мiж ланцюжками можуть зникати, що вiдповiдає Θ-стану вiдповiдного типу полiме-
ра. Застосовуючи як аналiтичний пiдхiд в рамках прямого полiмерного перенормування, так i чисельнi
симуляцiї на основi граткової моделi полiмера, отримано набiр параметрiв, що характеризують розмiр-
нi характеристики складових частин обох складних топологiй, i кiлькiсно описано вплив взаємодiй мiж
складовими частинами на цi характеристики.

Ключовi слова: полiмери, скейлiнг, унiверсальнi властивостi, ренормалiзацiйна група, чисельнi
симуляцiї
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