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The study is devoted to enhancing the existing techniques of calculating Mayer’s expansion cluster integrals for
lattice models of matter. Two important optimizations are proposed: simplifying the calculation of the integrand
at each integration point and reducing the number of such integration points due to eliminating physically iden-
tical configurations. Based on those optimizations, new data on high-order cluster integrals are obtained for a
number of 2D and 3D lattice models.
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1. Introduction

Theoretical description of phase transitions in many-particle systems still stays a challenging problem
of molecular physics, statistical mechanics, condensed matter physics, physical chemistry, and other
related areas. Since the 19th century, the real success has been achieved at the qualitative level only for
two extremely specific statistical models: the van der Waals—Maxwell equation of state based on the mean-
field approximation of intermolecular interactions [1}2]] and Onsager’s solution of the Ising problem [3. 4],
which permits determining the condensation parameters for the Lee—Yang two-dimensional lattice gas
with the square-well potential [3]].

Some recent generalizations based on the Mayer cluster expansion [6]] have renewed interest to the
problem [[7], but their results are also qualitative rather than quantitative. In particular, an exact generating
function for Mayer’s expansion in terms of irreducible cluster integrals (virial coefficients) as well as
reducible cluster integrals [6] and new equations of state based on this function [[7H9] have finally allowed
clearing the long-standing “problem of the virial expansion divergence” [10-14] and establishing a
strict mathematical saturation-point definition general for classical fluids [7, [12} [15 [16] and quantum
systems [[17} [L8]].

In seminal books on statistical mechanics [[19-24]], the lattice models of matter are considered as
thermodynamic systems with a discrete configuration phase-space: lattice gases, the Ising model of
magnets, lattice statistics of binary mixtures, etc. Concerning the theory of phase transitions, these
statistical models turned out to be of special interest [} [13, [25H32]] due to a number of reasons. First
of all, there exists the above-mentioned expression for phase-transition parameters of the simplest two-
dimensional Lee—Yang lattice gas [S]], which helps with direct comparisons among different analytical
or numerical approaches. Secondly, the known “particle-hole” symmetry of such models [28] as well
as recent generalization of the lattice statistics [30-32] permit an exact theoretical prediction of the
phase-transition activity for any lattice model of gases, magnets, and binary mixtures. The third reason
of such interest to the lattice models is that their cluster integrals (i.e., the power coefficients in Mayer’s
expansion of the partition function [6l (7]]) are defined as finite exact sums in contrast to the models with
a continuous phase-space, where cluster integrals can only be evaluated by using numerical integration
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techniques for each value of temperature. Moreover, a special technique of summation [28, 30] permits
defining the lattice statistics cluster integral only once as an exact function of temperature in a form of
some polynomial in powers of Mayer’s function [6l (7].

On the other hand, any accurate cluster-based determination of the saturation point (in terms of
density and pressure) actually requires information on the corresponding cluster integrals to the orders
of hundreds or thousands that, unfortunately, can hardly be determined even by using the modern
computational equipment. At the moment, the highest order of the calculated integrals reaches 67 for
various 2D-lattice models and 5 for 3D models [28] 130]. Due to a huge number of integration points,
any attempt to calculate the integrals of higher orders (and, therefore, to extend the set of exactly known
cluster integrals) still turns into a very complex computational problem.

The present study is devoted to enhancing the algorithm of integration over the lattice configurations
in order to calculate the cluster integrals of the orders higher than those of integrals known at the
moment. Such enhancing involves two major optimizations: the first one is a fundamental simplification
of the Wheatley algorithm [33]] for calculating reducible cluster integrands at each configuration point
by moving its most complex stages to the final treatment of the resulting integral and the second is an
effective reduction of the actual number of integration points (configurations).

2. Theoretical background

2.1. Simplification of “per point” computations

In accordance with its definition by the Mayers [0, 7], the reducible cluster integral of the n-th order,
b,,, implies the integration over all the configuration phase-space of n particles. Its integrand is a sum of
all possible products of pair Mayer’s functions, f;; = fi; (ri s T), where each particle (say, particle i) is
“connected” by f;; to another particle (j) — in each product, any particle must be connected at least to
one of the rest particles or it may be connected to a number of particles by the corresponding number
of Mayer’s functions. Graphically, such a single product of Mayer’s functions is often represented by
the corresponding “connected diagram” (or “connected graph’), where each Mayer’s function is called a
“bond” connecting some pair of particles (see figure [Th), and the whole reducible integrand is always a
sum of all such products possible for the cluster of n particles.

Obviously, the generation of all possible connected diagrams itself is a very complicated and chal-
lenging task for high orders, n, even aside from the mentioned many-dimensional integration. As a rule,
each reducible cluster integral is considered as a sum of products of relatively simpler irreducible cluster
integrals, which are directly associated with virial coefficients [6,[7]. There is a great experience in calcu-
lating the irreducible integrals (virial coefficients) for various interaction models [33H40] at the moment.
Except for the simplest first-order irreducible integral (see figure[Ib), the other irreducible integrals (for
three, four, and more particles) are represented by “biconnected diagrams”, where each particle must
have at least two “bonds” connecting it to the others (see figure [Tk and d). For high-order irreducible

o S ]

Figure 1. (Colour online) One of the many connected diagrams representing the b1, integrand (a) that,
in turn, can be considered as a combination of six 1st-order irreducible integrands (b), one 2nd-order
irreducible integrand (c), and one of the parts (d) of the 3rd-order irreducible integrand.
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integrals, the generation of all the possible diagrams is almost as challenging as for the corresponding
reducible integrals.

In particular, a very effective algorithm to the calculation of the irreducible integrand at a certain
integration point was proposed by Wheatley [33]]. Actually, this algorithm may be split into two separate
stages: at the first stage, the reducible integrand is determined in a recursive procedure and, at the
second stage, the corresponding irreducible integrand is determined in an even more complex recursive
procedure. Hereafter, we are interested in calculation of only reducible integrals, because the first stage
of Wheatley’s algorithm may be essentially simplified, and there are effective procedures for further
conversion between reducible and irreducible cluster integrals [[11} 14, [15]].

The original recursive procedure of computing the reducible integrand, fc{"} , for the {n} set of
particles at any configuration can be represented by the following relation [33]]:

C{vn} _ én} _ Z fc{‘s}fén}/{s}’ (1)
{s}e{n}

where fém} is the product of all the possible (f;; + 1) for all the pairs in some {m} set of particles. The

{s} set always includes the st (central) particle (for the set of only this one central particle, fé =1).
The {n}/{s} set is always complementary to {s} and it never includes the 1st particle (for a set of one
particle, fgl =1).

That approach requires implementing the recursion of equation (T)) (and, hence, computations of all
possible C{S} and fé"} / {S}) at each integration point, although, such “per point” computations may be
fundamentally simplified.

A key property of equation (1)) is that fC{S} and fé"}/ ) Values of each product in equation @) are
always over independent phase-spaces of separate {s} and {n}/{s} subsets of particles. Therefore, it is
possible to integrate the fc{s} and fé"} 15} over all the configuration points of the {n} set separately —
actually, to take the separate sums for all {s} and {n}/{s} subsets over all the configurations — and,
only then, to find the resulting sum of the corresponding products after walking over all the configuration
points. Moreover, as any {s} subset includes a central particle, the correct summation of fC{S} over the
total integration volume must yield the reducible integral of the order s less than n, which can actually
be already known from previous calculations of reducible integrals of lower orders.

As aresult, such an approach eliminates performing a large number of complex recursive computations
of féS} values at each configuration point: it requires only collecting the information on fém} values for
certain {m} subsets of {n} and, thus, makes the “per point” computations essentially faster.

It should additionally be emphasized that this simplification can be applied to calculating the reducible
integrals only. The corresponding irreducible integrals require much more complex “per point” computa-
tions based on the original Wheatley’s algorithm including a huge number of recursions for high n [33].
On the other hand, the configuration phase-space of any irreducible integral (and, hence, the total number
of relevant integration points) is limited to a greater extent in comparison to the corresponding reducible
integral due to the presence of additional “bonds” in biconnected diagrams. Therefore, there arises a
question, which exactly approach can be more effective, and the answer depends on the software and
hardware being used for integration. It should be decided whether to perform simple computations over
a greater number of points or to perform complex computations over a smaller number of points. Corre-
spondingly, any possibility to reduce the number of integration points would be especially important for
reducible integrals.

2.2. Reducing the integration phase-space

As it has already been mentioned above, a conventional calculation of b,, implies the integration over
the V"~! phase-space volume of n — 1 particles around one particle assumed to be the first (or central)
particle and V is the maximum volume, where those n particles may form the longest connected diagram
(a chain).

Namely, for the simplest 2D Lee—Yang lattice model [S], where each particle can interact with only
four its nearest neighbors (in case of n = 3, the integration volume, V, of this model is shown in figure[2),
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Figure 2. (Colour online) Integration volume per particle for n = 3 in the 2D Lee—Yang lattice model.
Numbers correspond to coordination spheres.

the total number of integration points reaches [2n (n — 1) + 11"L At high orders (see the 1st and 2nd
columns of table [I), this number makes it almost impossible to perform any real computations over all
the integration points and, for other lattice models, the number of relevant configurations becomes even
much greater.

Table 1. Comparison between non-optimized and enhanced approach for the Lee—Yang model.

Integral order, | Non-optimized approach, | Enhanced approach,
n points points
3 169 55
4 15 625 995
5 2 825761 25720
6 844 596 301 875 946
7 377 149 515 625 37305 195
8 235260 548 044 817 1916 172535
9 195 408 755 062 890 625 115 608 738 525

Nevertheless, there is an option to reduce the actual number of integration points. In any reducible
integral, all the particles (excluding the central one) are considered to be indistinguishable and, thus,
a huge number of integration points may differ only in indices of particles, but they can be physically
equivalent in essence.

Therefore, an obvious way to reduce the number of integration points is to make the n — 1 particles
distinguishable and, then, account for all equivalent configurations (due to permutations of indices) by
the corresponding multiplier. In this way, each numbered particle can occupy some limited number of
numbered cells belonging to some “coordination spheres” (see figure[2)), where it can be connected with
“preceding” and “following” particles of the cluster in their own cells: the first particle always remains
in the central cell (sphere 0); the 2nd particle can be placed at the center (sphere 0) and all cells of sphere
1; the 3rd particle can be placed at the same cell as the 2nd one and all the cells after the 2nd (cells after
the 2nd in the sphere, where the 2nd stays at the moment and all the following cells of all spheres up to
sphere 2); the 4th particle can occupy all the cells beginning from the position of the 3rd one up to “the
last” cell of sphere 3 and so on.

The integrand of each mentioned configuration must be included to the resulting sum with the integer
“weight”, which is the number of equivalent configurations due to the actual indistinguishability of
particles. This weight can easily be determined for each configuration as (n — 1)!/(k2k3ky...k,,), where
ko =2, if the 2nd particle occupies the same cell as the 1st one and k, = 1 otherwise; k3 = kp + 1, if the
3rd particle occupies the same cell as the 2nd one and k3 = 1 otherwise; k4 = k3 + 1, if the 4th particle
occupies the same cell as the 3rd one and k4 = 1 otherwise, etc.

Let us consider the corresponding algorithm for n = 3 (see figure[2) in detail. Particle 1 is always in
the central cell O (the sole cell in sphere 0). Particle 2 can occupy the same cell 0 as well as any of 4 cells
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in sphere 1. When particle 2 occupies the central cell 0, k, = 2 and particle 3 can occupy the same cell
as well as any of 12 cells in spheres 1 and 2: one position with k3 = k, + 1 = 3 and 12 positions with
k3 = 1 or 13 positions in total. When particle 2 occupies the first cell of sphere 1, k; = 1 and particle 3
can occupy the same first cell of sphere 1 as well as any of 11 other cells in spheres 1 and 2: one position
with k3 = kp + 1 = 2 and 11 positions with k3 = 1 or 12 positions in total. When particle 2 occupies
the second cell of sphere 1, k» = 1 and particle 3 can occupy the same second cell of sphere 1 as well
as any of 10 “next” cells in spheres 1 and 2: one position with k3 = 2 and 10 positions with k3 = 1
or 11 positions in total. When particle 2 occupies the third cell of sphere 1, k; = 1 and particle 3 can
occupy the same third cell of sphere 1 as well as any of 9 next cells in spheres 1 and 2: one position with
k3 =2 and 9 positions with k3 = 1 or 10 positions in total. Finally, when particle 2 occupies the fourth
cell of sphere 1, k; = 1 and particle 3 can occupy the same last cell of sphere 1 as well as any of 8 cells
in sphere 2: one position with k3 = 2 and 8 positions with k3 = 1 or 9 positions in total. The resulting
number of all described configurations is 13 + 12+ 11 + 10+ 9 = 55 for n = 3 (see table|[I).
For any n > 2, the total number of integration points may be expressed as follows:

1 s(i2)

N = Z Z K3 (i2, j2),

i2=0 jp=1

where s (7) is the number of cells in sphere i, which depends on the lattice model, and Kj (i, j) is
determined by the recursive relation,

s(i) k=1 s(m)

K (i, ) = ZKkH @i+ Z Z Kit1 (m, 1),

=] m=i+1 I=1
for k < n. Its last value for k = n is
k-1
Ko (i) =s@)=j+1+ > s(m).
m=i+1

Table[T|clearly demonstrates the corresponding reduction of the integration points for the above-mentioned
2D Lee—Yang lattice model. For n = 8, the proposed enhancement reduces the number of configurations
by more than 10° times. For n = 9, the reduction is more than 10° times.

Regarding the simplification of Wheatley’s algorithm described in the previous subsection, each fQ
value must be calculated for only one certain subset {m} of {n} at some integration points in order to
walk over the total phase space of such a subset. Say, for b4, only the fg‘, 534, fé234 values must be

summarized over all really distinct configurations.

{m}

3. Results of computations

In order to check the effectiveness of both the proposed optimizations, computations of reducible
cluster integrals were performed for two 2D square-lattice models (with 4 and 8 neighbor interactions)
and two 3D cubic-lattice models (with 6 and 26 neighbor interactions).

In case of nearest-neighbor or next-nearest-neighbor interactions (the square-well interaction poten-
tial), Mayer’s function, f;; (r;;,T), may take only three certain values: —1 (absolute repulsion); some

positive f(T) value (constant finite attraction); O (no interaction). Correspondingly, each fé'"}, as a
product of all the ( fij+ 1) functions, can yield only O (at least, one f;; = —1) or (f + l)k, where the
exponent, k, ranges from O to m (m — 1) /2 depending on which f;; functions are 0 and which ones are
equal to f. This permits to collect only the k values for each non-zero fém} over different configurations
and then to calculate the resulting reducible integral, b,,, in a form of some exact polynomial in powers
of £(T) [28130].

For comparison, the previous non-optimized CPU computations (i.e., computations based mostly on
a central processing unit without using the facilities of graphics processing units) were only possible up to
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the 5th order for the mentioned 2D models and 4th order for 3D ones. In fact, computing the integrals of
higher orders required the usage of multithread GPU (graphics processing unit) calculations 28,130, 41].
Namely, for bg and b7 of the Lee—Yang model, the non-optimized multithread GPU computations took
minutes and hours, respectively.

Applying only one of the proposed optimizations — reducing the number of integration points (but
still performing recursive operations based on equation (I)) at each point) — has allowed real computations
of the Lee—Yang b7 on CPU: it took about 43 minutes on Intel Core 17-7700. Adding the simplification of
Wheatley’s algorithm (i.e., avoiding the recursive operations and collecting only the information on the
fém} sets) has additionally reduced the time of such computations of b7 to 4 seconds (about 600 times
less)!

Moreover, even CPU computations based on the proposed enhanced approach have provided an
important new information on reducible integrals for all the above-mentioned lattice models. In particular,
such integrals were calculated up to the 9th order (the b9 computation took about 5 hours) for the Lee—Yang
model (2D square model with 4 nearest neighbors, see table @) As to the other models, the achievements
are as follows: for 2D square model with 8 neighbors, the reducible integrals were calculated up to the
8th order (see table[3); for 3D square model with 6 nearest neighbors — up to the 7th order (see table[d));
for 3D square model with 26 neighbors — up to the 6th order (see table [5).

Table 2. Reducible cluster integrals of 2D square lattice model (the Lee—Yang model), where each particle
can interact with only four nearest neighbors.

nbppp!

—1+4f

1—12f +18f2

—1424f —100f2 + 8853 +4f*

1 —40f +32012 — 740 f3 + 415 F* + 40

—1+60f — 78012 +3352f3 — 4986 % + 1872 + 3246 + 127

1 - 84f +1610f2 — 110043 + 30093 f* — 31444 f5 + 75740 + 21847 + 15458

—1+ 112f — 2968 f% + 29456 3 — 126740 f* + 24347215 — 186104 16 + 24912 f7 + 13364 18 + 1552 1% + 48 10
1 — 144 + 50402 — 68376 f3 + 423342 f* — 1272348 3 + 1816362 f° — 1034496 7 + 36981 3 + 73440 1°
+12582 10 4 75611 4 9 12

Clo|w|alu|lsr|wiv|s

Table 3. Reducible cluster integrals of 2D square lattice model, where each particle can interact with all
eight of its nearby neighbors.

nbnp(;;k]

—1+8f
1 -24f +84f%+12f3

—1+48f — 4562 + 9123 + 336 f* + 56 + 4 f©

1 - 80f + 14402 — 77003 + 9250 4 + 6360 £ + 2140 £° + 44017 + 4518

—1+120f — 34802 + 34448 13 — 118452 f* + 78912 £ + 98460 f6 + 52020 f7 + 18006 £ + 4140 £ + 564 110
+36 11

7 | 1-168f+71402 — 111776 3 + 712278 f* — 1667288 > + 400036 f© + 1292984 £7 + 995533 8 + 491680 f°
+173446 £10 + 43624 F11 + 7546 12 + 81213 + 4214

8 | —1+224f — 131042 + 2963523 — 2965896 * + 13198336 f> — 21261568 f° — 3432576 f7 + 1403083213
+16053536 f2 + 10632400 £10 + 5076192 11 + 1830276 f12 + 500464 13 + 101152 F14 + 14240 15

+1232 16 148717

AN~ |W|IN|S

Thus, the number of exactly known reducible integrals has been increased by 1-2 orders for the
considered lattice models. By using the recursive procedure of conversion [[L1}14}[15], the corresponding
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irreducible cluster integrals have also been calculated in the same form of exact polynomials in powers
of Mayer’s function f(T') (see tables[6H9).

Table 4. Reducible cluster integrals of 3D cubic lattice model, where each particle can interact with only
six nearest neighbors.

n-1

n nbnp0
2 | —1+6f

30 1-18f+4582

4 | —1+436f — 2462 +380f3 + 124
5

6

7

1 —60f +780f2 — 31003 + 3330 f* + 240 3
—1+90f — 18902 + 1377613 — 37197 f* + 29574 15 + 37320 + 108 f7
1 - 126f +3885f2 — 446323 + 216300 f* — 432012 + 259784 £° + 50400 17 + 315013 + 56 1°

Table 5. Reducible cluster integrals of 3D cubic lattice model, where each particle can interact with all
twenty six of its nearby neighbors.

n-1

n | nbup;
2 | —1+26f

31 1-78fF+975f%+ 1323
4

5

—1+156f — 52262 + 41844 f3 + 14832 f* + 2760 f° + 268 f©
1 —260f + 1638012 — 3333803 + 1899895 f* + 1210380 1> + 470360 10 + 13466017 + 27495 18
+3760 9 +280 10

6 | —1+390f —39390 12 +1453592f3 — 20680311 f*+87818118 13 + 86340444 £© + 52241940 f7 + 24851418 f8
49659124 19 + 3078828 £10 + 795192 11 + 162486 12 + 25416 13 + 2808 f 14 + 168 19

Table 6. Irreducible cluster integrals of 2D square lattice model (the Lee—Yang model), where each
particle can interact with only four nearest neighbors.

kBipy

—1+4f

-1 - 1252

—1+12f2+40f3 + 124

—1-80f3 - 220f* - 160

—1+40f3 +600f* + 17043 + 1380 f° + 6017

—1-588% - 53765 — 1344010 — 10584 f7 — 1428 13

—1+196* +7504 15 + 47880 £ + 102624 17 + 82236 8 + 19824 0 + 336110

—1 - 48963 — 8472010 — 406944 f7 — 785916 18 — 6635520 — 21643210 — 1123211 + 7212

R[N | N[ WR|| =

In turn, the obtained new information permits to significantly improve the theoretical description
of subcritical behavior (including the phase transitions) for lattice models of gases [11} [15} [16], the
Ising models of magnets [30], and lattice models of binary mixtures [31} [32]. For example, figure [3]
demonstrates an obvious improvement of theoretical magnetization curves, I(H), calculated for the Lee—
Yang magnetic on the basis of Mayer’s expansion for the Ising model [30]. In that Mayer’s expansion,
the set of 10000 power coefficients (i.e., reducible integrals) is approximated [29, [32] by using the
information on some limited number of exactly known irreducible cluster integrals.

Such scaling technique, which permits to approximate almost unlimited {b,} sets on the basis of
some finite {8} set, is well described in a number of papers [[29} [31} [32]. In brief, the actual value of
phase-transition activity, zg, which is always exactly known for any lattice model, strongly determines the
asymptotic behavior of high-order reducible integrals [14]]. On the other hand, a certain {8} set, which
is always limited at some k¢ order, determines the correspondingly incorrect value of phase-transition
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Table 7. Irreducible cluster integrals of 2D square lattice model, where each particle can interact with all
eight of its nearby neighbors.

kBrpk

—1+8f

—1-24f2 42453

—1+2412 — 6413 — 144 1% + 1683 + 12f°

—1+80/3 +680f* — 128015 — 17600 + 112057 + 1808

—1-40f3 = 1320* + 4728 £ + 1752016 — 894017 — 1758013 + 8460 f° + 282010 + 180 1!
—1+1176f* — 9744 5 — 78960 £6 + 17976 f7 + 218736 3 — 871927 — 216636 11°
+41664 £11 432844 112 4 4872 F13 4 252114

7 | =1 -=392f*+ 113121 + 198296 £© + 61328 f7 — 1273048 £8 + 337680 12 + 3534384 £ 10
+101136 11 — 2229108112 — 7056 £13 + 312368 14 + 80864 £15 + 8624 110 + 336 £17

AN N[ BR[|~

Table 8. Irreducible cluster integrals of 3D cubic lattice model, where each particle can interact with only
six nearest neighbors.

kBipy

-1+6f

—1-18f2

—1+18f2+60f3+36f*

—1 - 12013 — 450 % — 48053

—1+60f3 + 1170 f* + 4356 £ + 4620 % + 54017

—1 - 1134 % — 1310415 — 41580 ° — 44856 f7 — 1134013 + 336f°

alu|r|lw|o|—]x

Table 9. Irreducible cluster integrals of 3D cubic lattice model, where each particle can interact with all
twenty six of its nearby neighbors.

k | kBipk
1| —1+26f
2 | —1-78f%+26453
3 | —1+78f% — 13243 +3312f* + 828017 + 804 16
4 | —1+2120f3 - 22990 f* — 3600013 + 2773606 + 39928017 + 109980 £8 + 150402 + 1120 £10
5 | =1 -1060f3 +52410f* — 16524 f> — 23738406 + 1540140 f7 + 2030118013 + 25901040 1°
+12469740 £10 + 3757560 F 11 + 81243012 + 127080 £ 13 + 14040 £ 14 + 84015
activity, zisncor“"“, as well as any unlimited {b,,}, where only low-order reducible integrals are correct up

t0 max = kmax + 1 and all the others are incorrect. In order to “correct” such incorrect integrals of the
orders higher than np,x and reproduce their correct asymptotics at very high orders, they can simply be
scaled by the ratio of correct and incorrect values of phase-transition activity in appropriate power:

incorrect n-1
b, = bincorrect S
n—"%n

s

Figure E] clearly demonstrates that, as the order, kn,x, of the considered irreducible integrals is in-
creased, the corresponding magnetization curves at H — 0 come closer to the spontaneous magnetization
point exactly known for this 2D model [3, 5] (note that the scales on both axes of I and H are considerably
enlarged in the figure). Such clearly observed improvement justifies the efforts taken for enhancing the
computations of cluster integrals.

It can also be added that applying another and more complex scaling techniques [[15] almost does not
affect the presented magnetization curves at the scale of figure (3| at least.
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Figure 3. (Colour online) Magnetization curves of the 2D square Ising model with nearest-neighbor
interactions at T = 0.87¢ (¢ is the Curie point). The circle corresponds to the exact spontaneous
magnetization point of this Lee—Yang model [3| 5] at the same T'. For each curve, Mayer’s expansion
includes 10000 reducible cluster integrals calculated by using the scaling technique [29} 131} 32] on
the basis of some limited set of irreducible integrals: a — {81, 82}; b — {81, 82,83, B4, B85, Bg}; ¢ —

{B1, B2, B3, Ba, Bs Be» B> B -

4. Conclusions

Certain peculiarities of the lattice models of matter (thermodynamic systems with a discrete con-
figuration phase-space) provide two important capabilities to essentially optimize the computations of
their cluster integrals: i) a simplification of Wheatley’s algorithm [33]] fundamentally reduces the number
of mathematical operations at each integration point (configuration point) by moving the most complex
stages of this algorithm to the final treatment of the resulting integral; ii) a particular approach to searching
the really different configurations effectively reduces the total number of integration points (see table|[T).

As a result, the overall enhancement involving both the mentioned optimizations has permitted to
extend the information on cluster integrals by one-two orders for a number of different lattice models
(see tables [2H5] for reducible cluster integrals and tables[6H)|for irreducible cluster integrals) and, thus, to
considerably improve the theoretical description of subcritical behavior (including the phase transitions)
for the corresponding lattice gases, magnets (see figure [3| for example), and binary mixtures.

In prospect, there are possible directions of further developing and applying the proposed approach.
At the moment, only CPU computations have been performed by using this approach though the essential
simplification of per-point operations makes it especially effective for multithread GPU computations.
Correspondingly, it seems quite expectable to obtain the information on cluster integrals of higher
orders by implementing the same enhanced approach in future GPU computations. Moreover, there is a
possibility to apply it to studying one of still challenging problems of Mayer’s cluster expansion — the
real dependence of cluster integrals on the integration volume [9} 42]] — especially in view of a recently
proposed approach [42] to their integration by using periodic boundary conditions.
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Enhanced approach to calculation of cluster integrals for lattice models of matter

BaocKkoHaneHuii niaxip Ao po3paxyHKiB rpynosux iHterpanis
ANA I'paTKOBUX Moaeneil pe4yoBMHN

M. B. Ywkau, C. HO. Yuwkay,

HauioHanbHWiA yHiBepcuTeT KopabnebyayBaHHs iM. agmipana Makaposa, Mpocn. lepois YkpaiHu, 9, Mukonais,
54025, YkpaiHa

JocnifxeHHA NPUCBAYEHO BAOCKOHANEHHIO iICHYOUMX METOAIB 06UMCIEHHS rPYNnoBMX iHTerpanie B posknagi
Maiiepa ansa rpaTkoBMX Mogeneil peyoBrHU. 3aNpoNoOHOBaHO JBa MOX/IMBUX LLUAAXM CYTTEBOT ONTUMI3aLlii Ta-
KMX 06UMNCNEHb: CNPOLLEHHS 06UNCEHb B KOXHI OKpeMili TouLji Ta 3MeHLLIEeHHS KilbKOCTi TOYOK iHTerpyBaHHs
3aBASAKN BUKIOYEHHIO Qi3UYHO eKBiBaNIEHTHUX KOHQIrypaLiil. Ha oCHOBI Li€i onTyMi3aLii 0TpMMaHo HOBY iH-
¢dopmalito Npo rpynoB.i iHTerpany BUCOKUX NOPAAKIB Ans Aekinbkox 2D i 3D rpaTkoBUX Mojeneii.

KntouoBi cnoBa: posknag Maiiepa, 3BigHi rpynoBi iHTerpanu, 38°a3aHi giarpamu, CTaTucTvka rpatok, aaroputm
Yitni
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