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We consider the SEIRS epidemiology model with such features of the COVID-19 outbreak as: abundance of
unidentified infected individuals, limited time of immunity and a possibility of vaccination. The control of the
pandemic dynamics is possible by restricting the transmission rate, increasing identification and isolation rate of
infected individuals, and via vaccination. For the compartmental version of this model, we found stable disease-
free and endemic stationary states. The basic reproductive number is analysed with respect to balancing quaran-
tine and vaccination measures. The positions and heights of the first peak of outbreak are obtained numerically
and fitted to simple in usage algebraic forms. Lattice-based realization of this model is studied by means of the
asynchronous cellular automaton algorithm. This permitted to study the effect of social distancing by varying
the neighbourhood size of the model. The attempt is made to match the quarantine and vaccination effects.
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1. Introduction and the model

It has been six and half years since the first outbreak of the pandemic caused by the SARS-CoV-2
virus took place in 2019, but its periodic local bursts [1]] continue to put a strain on the healthcare services
and on various sectors of society. In more general terms, this pandemic put to a severe test the existing
approaches to tackling newly emerging pathogens [2]]. At the early stages of a pandemic, the main goal
was to stop its spread by all means, and the only measures available were strict individual hygiene and
restrictive quarantine for social contacts termed as a lockdown. These measures were mostly effective
in slowing the pandemic down at its early stage [3H8], but had an adverse effect on economy [9, [10],
mental well-being [[11H13]], and education process [[14} [15]. Various algorithms for gradual relaxation of
alockdown were suggested, see, e.g., reference [[16]. Development of a range of specialized vaccines [[17]
opened up the possibility for a more balanced approach that combines both quarantine and repeated
vaccination measures. However, immunization, acquired either in a natural way or via vaccination,
turned out to be temporal due to both physiological reasons and due to mutation of a virus itself [[L8-21]].
Most notable new variants of a virus were Alpha, Delta, Omicron, etc. [22H24]. As a result, the pandemic
turned into an decaying oscillatory process [1} 25H28]]. The merits of these oscillations, in terms of
their time periodicity and evolution of respective amplitudes, is of much interest for predicting the most
efficient measures that help to control the pandemic while causing a minimal impact on the society.
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A wide range of mathematic models [29,30], varied in their structure, features and assumptions, have
been developed to reproduce and predict the development of a pandemic. They have evolved over time
in response to the emerging evidence, e.g., gradually including the effects of virus mutation, vaccination
and immunity loss. Currently, a broad range of factors such as: travel restrictions [31], quarantine
measures [16, 32]], mutation of a virus [33H41]], acquired immunity via vaccination [42550], and its
gradual loss [51]] have been taken into account to various extent. However, “the exact dynamics of waning
immunity are still uncertain, and are therefore incorporated into models using different approaches”, as
remarked in reference [30]]. The models are often parametrised [52} |53] using available local or global
statistical data from the WHO [54] or local sources.

Most of the models are of the compartmental type [S5], as pioneered by Kermack and McKend-
rick [56], yielding a set of ordinary differential equations (ODE). In this type of modelling, the population
is split into a set of compartments, containing, e.g., susceptible, exposed, symptomatic and asymptomatic
infective, recovered, vaccinated, isolated, hospitalized, etc., individuals with established transition rates
between the compartments, and assuming strong mixing between individuals. The choice for the set
of compartments is based upon the need to examine the role of particular process, namely: infection
transmittance, identification of infected individuals, vaccination, virus mutation, etc. However, the attempt
to take into account every possible process may overcomplicate the analysis of pandemic dynamics
because of a large number of transition rates.

Save for the simplest case of the SIS model [57], the models of this type cannot be solved analytically.
Typical workflow includes classification of stationary states of ODE, analysis of the basic reproduction
number, and numeric solution for the pandemic dynamics at various combinations of transition rates. The
aim of the current study is to construct rather minimalistic compartment model which takes into account
a temporal nature of immunity, acquired either in a natural way or via vaccination, and undertaking the
analysis according to the workflow outlined above. The basic reproductive number will be examined from
the point of view of balancing the anti-pandemic measures. In this way, the study is a continuation of
some previous works of ours [58H61]]. Despite a large number of previous works on the same topic, our
study has a distinct feature in obtaining approximate algebraic forms for the positions and magnitudes of
the first peak of a pandemic, as functions of a set of transition rates, which may have a practical use.

The minimalistic SEIRS compartmental model, which incorporates the effects of vaccination and of
a loss of immunity, is illustrated in figure [I] It contains four compartments, classified by the type of
individuals they contain: susceptible to virus, S; unidentified infective, E; identified isolated infective, /;
and recovered non-infective, R. The same letters, S, E, I, and R, denote respective fractions of individuals
they contain.
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Figure 1. The SEIRS epidemiology model for the COVID-19 dissemination.

Infecting (transfer of an individual from S to E compartment) occurs with the rate of 5. To keep
the model simple, we do not introduce a separate compartment for exposed individuals [42} 44 46]49].
Therefore, the infecting rate, 8, is affected by both social distancing, and by keeping sanitary norms, but
these two factors cannot be separated in our model. Infected individual became instantly infective, as
follows from the known facts of infectivity during the incubation period [62]]. Infective individuals are
identified (transferred from E to I), via testing, with a rate of . Again, not to overload a model with
too many processes, we consider the case of an ideally disciplined society, where the identified infective
individual becomes instantly isolated, either in home or in a hospital. The difference in curing in both
cases is rather minor, save for fatal and severe forms. Therefore, we do not distinguish such patients, in
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contrast to some other models [42] 46]. Both unidentified and isolated infective individuals are supposed
to recover, acquire temporal immunity, and loose their infectivity (transferred to R compartment) with the
same recovery rate of y. Vaccination provides a shortcut from the S compartment straight into the R one.
We note, that vaccination in our model is explicit, and changed dynamically with the time evolution of the
system, contrary to a static vaccination case [50], where the fraction of immune individuals is set constant.
We neglect the vaccine activation period, and do not separate such factors as population coverage by
vaccination and vaccine efficacy [46], since both are combined into a single vaccination rate w. In this
way, all individuals residing in the R compartment are assumed to be temporarily immunized. Upon loss
of immunity these are transferred back into the susceptible group S with the loss of immunity rate ¢.
These “returned” individuals may be subject to reinfection [63H65]. This may occur due to the mutation
of the SARS-CoV-2 virus, e.g., into Alpha, Delta, or Omicron variant, but this can be taken into account
in our model only implicitly, via the increase of the loss of immunity rate of ¢. The model also neglects
the birth and death rates.

The rates S, @, v, ¢ and w can be related to the real life statistical data. If the population size is N
individuals, then the absolute number of susceptible, unidentified infective, identified isolated infective
and recovered non-infective individuals are Ng = SN, Ng = EN, Ny = IN and Ng = RN, respectively.
Assuming a time unit equal to a single day, the absolute number of individuals infected per day is
BNs(Ng/N). The coefficient a reflects how widely the population is covered by appropriate medical
testing and defines the number of newly identified infective individuals per day, aNg. Such type of
data should be available from medical institutions. Recovery rate vy, is inversely proportional to the
average period of infectivity, for which much data have been systemized in reference [66]. There is
some distribution of the results depending on many factors, but a reasonable average estimate of 14 days
is often cited [67H71]]. This leads to the following estimate: y = 1/14. The loss of immunity rate, ¢,
inversely proportional to the time interval between (re)infections, is difficult to estimate as an unique
average value [72]. Though the early studies reported the time interval for the loss of immunity of 2—3
months [73], 3-4 months [74]], as well as long lasting immune memory [75]], later works emphasize
the role of vaccination, advanced age, the presence of comorbidities [76]]. The presence of chronic
diseases, namely: ischemic and inflammatory heart disease, dysrhythmias, venous thromboembolism,
cerebrovascular diseases are found as an important factor as well [77]]. Therefore, one may face the need
to fix the time interval to a certain value, e.g., 120 days, yielding the estimate for ¢ = 1/120. Finally, the
vaccination rate, w, can be estimated from the absolute number of individuals vaccinated per day, wNg,
the information available from medical institutions.

The epidemiology model, shown in figure|l|and discussed in detail above, yields the following set of
ODE with the normalization condition:

S =-BES - wS + ¢R, (1.1)
E=BES - (y+a)E, (1.2)
I =aFE -yl (1.3)
R=vy(E+I)+wS - ¢R, (1.4)
S+E+I+R=1. (1.5)

One can clearly identify the effect of the presence of isolated I and recovered R individuals in this model
by introducing cumulative fractions of all uninfected individuals, S = S + R, and all infected ones,
E’ = E + 1, and the normalization is: §’ + E’ = 1. The equations set (L.I)—(1.4) can be rewritten as a
single equation for E’

E'=B(E'-1)(S' -R) - yE', (1.6)

which has the same form as the one for the SIS epidemiology model [S8], when S and [ are substituted
via §” and E’, respectively, but with the reduced number of transmission acts. The latter are given by
the product (E’ — I)(S’ — R), where both infective and susceptible parties are lessened by / and R,
respectively. The equation (I.6) is, obviously, not self-sufficient, as one needs to complement it by the
equations providing the time evolution for the / and R fractions. To do so, one may attempt either to rewrite
the equations set (I.I)—(T.4) in terms of four variables S, E’, I and R, or to use certain approximations to
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express E and R fractions via §” and [’ variables, similarly as suggested in reference [61] for the SEIRS
model without the immunity and vaccination considered there.

The purpose of this study is to examine the stationary states and the time evolution of the SEIRS
model as defined in figure [I] with the emphasis on the quarantine measures, the role of immunity loss
and vaccination on pandemic dynamics. The study is of a general type with no direct link to particular
country/region or statistical data of any sort. We, therefore, focus on the features and tendencies as
predicted by this model rather than on practical recommendations that can be used straightaway. Section[2]
contains the analysis of the stationary states (fixed points) for the model and analysis of their stability; in
section[3|we discuss early-time spread and the decay dynamics of the disease dissemination by combining
numerical and approximate analytic tools; in section [4] we consider the equivalent cellular automaton
model, section [5] contains conclusions.

2. Fixed points and their stability

The stationary states (fixed points) for the SEIRS model are the solutions of the following equations
set:

—BES —wS + ¢R =0, 2.1)
BES — (y+@)E =0, (2.2)
aE -yl =0, 2.3)
y(E+1)+wS - ¢R=0, 2.4
S+E+I+R=1. (2.5)

We restrict our analysis to the case when both the loss of infectivity, y, and the loss of immunity, ¢, rates
are constant and non-zero
v = const > 0, ¢ = const > 0. (2.6)

This is logical, as the values for these two averaged over population, depend on the merits of the disease
itself and cannot be easily affected.

Disease-free (DF) fixed point

Hereafter we denote all the fractions in the DF fixed point by the 1 superscript. The definition of the
DF fixed point requires that E* = I = 0. It is easy to see from the equation (2.3) that, if condition (2.6)
holds, then I" = (a/y)E" and both these fractions turn into zero simultaneously. The set of equations is
reduced to

wST—pRT =0, (2.7)
ST+RT =1, (2.8)
yielding the solution:
St = 4 , Ef =7 = 0, R = w ] (2.9)
p+w p+w

Endemic (EN) fixed point

The fractions in the EN fixed point are denoted by the * superscript. The endemic fixed point is defined
as such, that both E* > 0 and I* > 0. They are related via equation resulting in I* = (a/y)E”,
with both v > 0 and @ > 0, hence, a single condition E* > 0 is sufficient. In this case, both sides of
equation can be divided by E* resulting in a straightaway solution for S* = (y + @)/ for S*. Now,

the remaining equations in the set (2.1)—(2.5)) are
(y+@)E* — pR* = —wS™, (2.10)
(y+a@)E*+yR* =y(1 - 8%). (2.11)
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The complete solution for the EN fixed point can be written in the following form

« ’y+OK

v o= Y*e 2.12
3 (2.12)

® Y¥ % 1ot

E = — Y 11_ss]. 2.13
(7+a)(7+90)[ /5] @19

% _ O'/SD % ¥

r = ——*  [1-5*/8"], 2.14
Gragre L5 G

 S— 1—(1—2)3*}. (2.15)
Yto Y

Again, this solution exists only at E* > 0, which, according to equation yields §* < S' for the §*
fraction. Following equation (2.12)), one can see that, if the expression for S* = (y + @)/ becomes equal
or greater than ST, the crossover to the DF fixed point takes place. Using the expression for S* (2.9)), this
condition for the DF fixed point can be written as

Ro= — P 4 (2.16)

(y+a)(p+w)
where R( has a meaning of the basic reproductive number. Let us note that in the limit case of @ = w =0
(no identification and no vaccination), the expression Ry = S/ for the SIS model is retrieved (in this case
the E fraction of the current model serves as the / fraction in the SIS model). Taking into account the
assumption (2.6), the expression (2.16) indicates the way of bringing the basic reproductive number Ry
down by means of both decrease of the transmission rate 8 and by an increase of the identification @ and
vaccination w rates. One can rewrite the condition Ry < 1 for the DF state in any of the following three

forms
(y+a)(p+w) _ By _ By
—_—, X2 A=Y, W2Wc=
©® p+w v+ a
One can interpret these inequalities as the requirements for the pandemic to be lowered. At fixed
identification, @, and vaccination, w, rates, this can be achieved only via quarantine measures that reduce
infection rate below S.. Similarly, at a fixed transmission, 3, and vaccination, w, rates, this can be
done only at sufficient coverage of population by tests, with identification rate @ > «a.. Finally, at fixed
transmission, S, and identification, @, rates, the vaccination measures should be above the minimum rate
of we.

\%

B<Be= — ¢ 2.17)

As far as the pandemic can be lowered by a combination of such measures as isolation (lowering ),
wide coverage by tests (increasing @) and vaccination (increasing w), the question arises concerning the
most balanced approach in economical terms. For instance, a wider coverage of a population by tests may
achieve the same level of the pandemic reduction as imposing a certain level of quarantine measures, but
my means of less effect on the economy. The full differential of Ry

1 1

1 1
—dRy = —=dB — da — d 2.18
Ry 0 B s v+ a @ p+w @ ( )

provides the respective weights for the infinitesimal changes, d§, da and dw, with which they enter the
resulting infinitesimal change dRo/Ry of the basic reproductive number. If the particular model values
for @, B, v, ¢, and w, as well as the respective financial burdens, de, dB, and dw, can be estimated, then
the most balanced strategy for lowering the pandemic can be envisaged.

Let us concentrate now on the linear stability analysis for both fixed points. To reduce the number of
parameters, we eliminate the R fraction by using the expression (I.5)). Then, the equations set (T.T)—(I.3)
can be rewritten as

S = —BES-wS+¢(1-S—E-1I), (2.19)
E = BES-(y+a)E, (2.20)
I = aFE -yl (2.21)
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The eigenvalues A of the Jacobian matrix J are given by the equation

—BE - (¢ +w) - 4 -BS—¢ —¢
detJ = BE BS—(y+a)-12 0 |=0. (2.22)
0 a -y -4

Replacing the determinant by its algebraic expression yields
A+Y)A+BE+p+w)(A-BS+y+a)+BE[(1+y)(BS+¢) +ap] =0. (2.23)

For the DF fixed point, we substitute {S, E} by {ST, ET}, the expressions for the latter are given by
equation (2.9). This simplifies the equation to

A+y)A+o+w)(A-BS +y+a)=0. (2.24)
and provides the following roots: /11; =—y, /l; = —(¢ +w), and /1;( =BST - (y+a)=—-(y+a)(1 = Ry).

Since y > 0 and ¢ + w > 0, then both /q and /12 are always negative. One has Ry < 1 in the DF fixed

point, hence, /lg < 0 there. Therefore, the linear stability analysis indicates the DF fixed point to be stable

at Ry < 0 (where all roots A; are negative), but cannot determine its stability at Ry = 1.

For the EN fixed point, we substitute {S, E} by {S*, E*}, the expressions for the latter are given by
equations (2.12)) and (2.13)). Hence, one sees that 5™ = y + @, and the equation (2.23)) takes the following
form

A +y)(A+BE" +o+w) +BE* [(A+y)(y+a+¢) +ap] =0. (2.25)
It can be rewritten as
Bry+o+w+BE P +[y(p+w) + (y+a+y+@)BE A+ (y+a)(y +@)BE* =0. (2.26)

We examine it in a graphic way, similarly to the case of the SEIRS model with no immunity [61],
hence skipping handbook details [78] here. There are three variable parameters, @, S and ¢, therefore
we consider the discriminant Q of the cubic equation @ and its three roots, A1, A, and A3, as the
functions of @ and 3 at a fixed vaccination rate w.

The no vaccination case, w = 0, is shown in the figure[2] frames (a) and (b), and it is considered first.
All quantities of interest, Q and A;, are shown only within the region (a, 8), where Ry > 1 and the EN
fixed point (2.12)—(2.15) is a valid solution. The crossover to the DF fixed point occurs along the line
given by Ry = 1, shown in red in the surface plot for Q. For the sake of clarity, it is translated along the
Z-axis into the red dashed wall in the surface plots for 4;. The surface representing Q indicates positive
values for the latter in the whole Ry > 1 region, hence, the equation @ has one real, 11, and two
complex, A, and A3, roots. As it follows from the surface plots for 4| and for the real parts of A, and A3,
all three are negative in the whole Ry > 1 region. This confirms the stability of the EN fixed point within
this region, as examined graphically.

The case with the vaccination rate of w = 0.01 is shown in the figure [2] frames (c) and (d). One
observes the rotation of the Ry line here and the reduction of the Ry > 1 area compared to the w = 0
case. The surface plot for Q keeps its general shape, but it is more “jammed” from the crossover line
towards the (@ = 1, 8 = 1) point. The values of Q keep remaining positive in the whole Ry > 1 region.
In contrast to this, the surfaces for A and for the real parts of A, and A3, appear to be the same as in the
case of w = 0, but are cut now at a new position of the crossover line Ry = 1. All three are negative within
the Ry > 1 region. The same holds true upon the further increase of the vaccination rate w (not shown),
until the Ry > 1 region moves out of the square defined by the 0 < @ < 1 and 0 < 8 < 1 boundaries. As
a result, we conclude that the EN fixed point is stable within the Ry > 1 region at all vaccination rates w.

3. Numerical integration of differential equations and the approximate
expressions for the first pandemic peak

Here we employ a numerical integration of equations (I.I)—(T.4), performed via the second-order
integrator

X(r+At) =X(©1)+X(0)At + %X(r)Atz (3.1
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Figure 2. (Colour online) Frame (a) shows the discriminant Q of the cubic equation (2.26), frame (b) the
real parts of its roots A; for the no vaccination case, w = 0. Frames (c) and (d) show the same respective
characteristics for the vaccination rate of w = 0.01.

for each set of fractions, X = {S, E, I, R}, applied iteratively with the time step Ar assumed to be equal to a
single day. At time instance ¢ = 0, the system is characterized by the initial fraction of unidentified infected
individuals E(0) = Ey, assumed to be brought from outside, and the other fractions are: S(0) = 1 — Ej,
and 1(0) = R(0) = 0. Different values of Ey are examined. The equations are coupled, as far as both the
first derivatives X, given by equations —, and the second derivatives

S = —B(SE+ES)—wS+¢R, (3.2)
E = B(SE+ES)-(y+a)E, (3.3)
I = aE-vl, 3.4
R = y(E+I)+wS—¢R, (3.5)

at the time instance ¢t depend on all variables, S, E, I and R at the same instance ¢. The source of
infection is the E fraction, because in the current model, depicted in ﬁgurem we consider an ideal case of
instant isolation of identified infective individuals into a group /. On the other hand, part of the latter are
isolated in the hospitals and at home, therefore / reflects the load put on the health system. Therefore, we
concentrate on the time evolutions, E(¢) and I(¢), of these two fractions. These are examined at various
initial values of Eq and at various 8, @ and w rates.
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3.1. The no vaccination case, w = 0

We first discuss the no vaccination case, w = 0. Contrary to the SEIRS model with no immunity [61],
we observe an oscillatory behaviour for E(¢) and I(¢) for most combinations of 8 and « rates being
considered. Both plots in the figures Eka) and (b) indicate that, at fixed 8 and «, the decrease of E( does
not affect the first peak heights, Enax and Inax, for both fractions, but shifts their respective positions,
I'max,E and fmax 7, towards the later times. The amount of a shift is found to be proportional to —log Ey.
The plots displayed in the figures [3(c) and (d) show that a decrease of the contact rate 3 decreases both
Emax and Inax and shifts tmax g and fmax, 7. The same effect is achieved by an increase of the « rate, as
shown in figures Eke) and (f).

Both the first peak heights, Enax and Inmax, and their respective positions, fmax g and fmax s, are
of great practical interest for predicting of the pandemic development. It is, however, impractical in
solving equations (I.I)—(T-4) numerically at each required parameters set for this purpose, and one
would improve the predictive practicality of the modelling approach by suggesting simple approximate
expressions instead. To this end, we examined the general shape for all properties of interest, fmax,E,

(@  B=03,0=0.1 (b) B=0.3, a=0.1
T T T T T T
0.12 | Eg=10"° s 0.12 | Eg=10"°
! E=10" —— Ei=107 ——
_ 000 r Eg=10"" 1 _or Eg=10" 1
S 0.06 | 4 Soost .
0.03 |- / 0.03 |- /
O : \: i | 0 :\ | |
0 50 100 150 200 250 ¢ 0 50 100 150 200 250 ¢
(© E=10", a=0.1 (@ E=10", a=0.1
0.25 T T T T 0.25 T T T T
p=0.25 —— B=0.25
0.2 1 p=0.30 —— | 0.2 1 B=0.30 —— |
015 |- B=0.35 4 _oisf B=0.35 .
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S oo P T oor b /\ P
0.05 | . 0.05 |- / f g
] X S ._{,
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T T T T T T
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03 =015 1 % =015
SIS 0=0.24 i SRl 0=0.24 i
0.1 ; \\—/\___; 0.1 [ |
R o B ——
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Figure 3. (Colour online) Numeric results for the time evolutions of the unidentified infected, E(¢), and
isolated infective, I(t), fractions at various model parameters. The no vaccination case, w = 0, is shown.
Frames (a) and (b) demonstrate the effect of variation of the initial value E( at fixed 8 and a; (c) and
(d) show the effect of the contact rate S at fixed Ey and «; (e) and (f) demonstrate the same for the
identification rate « at fixed Ey and S. Dashed vertical lines show approximate positions and heights
of the first peak of a pandemic, and are the results of approximate analytic expressions, see explanation
further below in the text.
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1000 T T T T
tmax,E - O -

800 | rmax,l -
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Figure 4. (Colour online) Example for the timax £, fmax,1 (), as well as Emax and Imax (b) as the functions
of the identification rate « at a fixed transmission rate 8 = 0.3 and initial condition Ey = 107>, Vertical
dashed lines provide the position of the critical identification rate ., given by equation (Z.17).

fmax,I> Emax and Imay, as the functions of the identification rate « at various fixed transmission rate 8
and initial conditions given by Ey. We found that both peak positions, fmax. g and fmax 1, diverge as @
approaches a., where the latter is defined in equation (2:.17), see figure {(a). Both peak heights, Emax
and I ., decay to zero as @ approaches ., see figure f(b). These observations, alongside with the one
from figure EI, that both #max, £ and fimax,7 are proportional to —log Eg and Ep,x and Inax are independent
of Ey, led to suggesting the scaling expressions of the following form

a -v(B,Eo)
tmax,E(@, B, Eg) = —log(Eo)A(B) [1 - } , (3.6)
a’c(ﬁ)
o -w(B,Eo)
tmax,l(a" ﬁ’ EO) = —IOg(E())B(ﬁ) [1 - —:| 5 (37)
ac(ﬂ)
o r(B)
max \ &, = C 1- ) 3.8
Enax(a, B) (,3)[ 2 (B) (3.8)
o a q(B)
Imax s = D 1- s 3.9
(@h = PBE [ ac(m} G
where
ac(B)=p-v. (3.10)

Functional forms for all unknown coefficients, A(8), B(8), C(B8) and D(), and related exponents,
v(B, Ey), w(B, Eg), p(B) and g(B), are obtained by fitting the data obtained by the numeric solution
given by expression (3.1)). Let us remark, that, contrary to the theory of phase transitions [79], where one
seeks the universal critical exponents in the vicinity of a critical point (in our case, when @ — a.), we
opted here for the so-called effective critical exponents that are capable of approximating the properties
of interest in a wider range of the « rate. Therefore, the exponents v, w, p and ¢ are the functions of
either 3 or both 8 and Ej.

The peak height coefficients and exponents, as the functions of their respective arguments, are shown
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Figure 5. (Colour online) The results of fitting of tmax (@, B, Eg) (3.6) and fmax 1 (@, B, Eg) (B.7).
(a) shows the exponent v(B, Ep) as the function of E at fixed 8. (b) shows the same for the exponent

w(B, Egp). (c) shows the amplitudes A(B) and B(B). (d) shows the exponents vy(8) and wy(B) entering
expressions (3.13) and (3.16), respectively.

in figure 5] They can be fitted by the following expressions

A(B)
U(ﬂ’ EO)

vo(B)
B(pB)

w(p, Eop)
wo(B)

As an accuracy check, we display the scaling plots for the combinations [tmax, /(- log(Eo)A)]

1/w(B,E
and [tmax,l/(_log(EO)B] o)

1.22/(8 - )",
% arctan[—vg(B) +0.32(—log Ep)],

—0.40 +2.11(B — 0.104)-3¢,
1.54/(B - )%,

2

— arctan[—w(B) + 0.25(-log Ey)],
T

—0.81 +2.22(8 — 0.104)%-33,

3.11)
(3.12)

(3.13)
(3.14)

(3.15)
(3.16)

1/v(B,Eo)

vs (1 — @/a.)"", obtained for the set of values of 8 and Ej, see

figure [6] The data, obtained by means of numeric integration, are found to very closely follow the

expected y(x) = x dependence.

In a similar way, the peak positions coeflicients and exponents, as the functions of their respective
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Figure 6. (Colour online) Accuracy check for the scaling expressions @ (a) and (3.7) (b). A wide range
of transmission rates, 8 € [0.1,0.4], is displayed, where for each B three different initial conditions,
Eo=10"7,107% and 1075 are studied and displayed in the plot.
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Figure 7. (Colour online) Coefficients C(8) and D() (a) and the exponents, p(8, Eg) and g(B, Eg) (b),
for the scaling expressions (3.8) and (3.9).

arguments, are shown in figure 7] They can be fitted by the following expressions

C(p)
rB)
D(p)
q(B)

1.18/(B — 0.089)°%8, (3.17)
1.62 arctan(—0.70 + 24.46p3), (3.18)
6.53/(B — 0.089)'-33, (3.19)
1.25 arctan(—6.89 + 96.82p). (3.20)

Again, as an accuracy check, we display the scaling plots for the combinations [Empax/C]?%#) and

[Imax@e/a/D]9P) vs 1 —a/a. in figure

well, too.

and found these to follow the y(x) = x dependence reasonably

Hence, in this section we performed a numerical integration (3.I) of the system of ODE (I.I)-
(1.4) focusing at the time evolutions of the fractions of unidentified, E(z), and identified isolated, (¢),
individuals. Infection starts from the non-zero initial fraction Ey = E(0), and three values for these were
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Figure 8. (Colour online) The same as in figure[g|but for the scaling expressions (3.8) (a) and (3.9) (b).

examined, Ey = 1079, 1073, and 10~*. Both the recovery rate, vy = 1/14, and the loss of immunity
rate, ¢ = 1/120, were fixed, as discussed in section Time evolutions, shown in ﬁgure demonstrate
a decaying oscillating behaviour for both E(¢) and I(¢) within a wide range of @ and g (the cases of
0.02 < @ < 0.24 and 0.25 < B < 0.4 are shown). We examined the position and the magnitude for the
first peak in each case, and found that its position for both fractions displays a critical-like behaviour
when approaching a.. Hence, by applying some strong measures in identification and isolation of infected
individuals, characterized by a., one may postpone the first pandemic peak to an infinite time. Based
on this type of dependency, we suggested scaling-like approximate algebraic expressions (3.6)—

for the positions and magnitudes of the first peak as the functions of the model rates. These have been
checked to reproduce their counterparts obtained via numeric integration with a high accuracy.

3.2. The vaccination case, w > 0

In this section we take into account vaccination of population undertaken with variable rate w > O.
Vaccination leads to two noticeable effects. The first one is the shift of respective first peaks for E ()
and I(¢) fractions to longer times; whereas the second one is an essential reduction of their respective
magnitudes, see figure[9} The approximate expressions for these read

-v(B,Ep)
tmax,E(a’B’ E(),CL)) = _log(EO)A(B)TE(B’ (’-)) [1 - %] 5 (321)
a -w(B,Ep)
tmax,1(@, B, Eo,w) = —log(Eo)B(B)71(B,w) [1 - m] , (3.22)
E - C 1 o« | 3.23
max (@, B,w) = C(B)ue(B,w) [ - m] , (3.23)
o o q(B)
Inax (@, B,0) = D(B)ur(B, w)a{.(ﬁ, o) [ a8 w)} , (3.24)
where
?E(B,w) = ( Be _ y) exp(450) (3.25)
and
ol (B w) = ('3—9” - 7) exp(35w). (3.26)
W+
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Figure 9. (Colour online) The effect of vaccination rate w on the time evolution of the fractions E(¢)
and I(t) at various values for the @ and S rates, as designated in respective frames (a)—(f) in the figure.
Dashed vertical lines show approximate positions and heights of the first peak and are the results of
approximate analytic expressions, see explanation in the text.

The expressions for A(B), v(B, Eo), B(8), w(B, Ey), C(B), p(B), D(B) and ¢(B) have been obtained
above, see equations (3.11)—(3.20). The critical value for & now depends on w and the expressions for
aE (B, w) and (B, w) differ by the exponent argument prefactor only. The no vaccination limit case,
aE(B,0) = al(B,0) = a.(B), where a.(B) is given by equation , holds. On top of the dependence
of the critical value on w, both peak positions and heights in equations (3.21)—(3.24) acquires additional,

w-dependent, multipliers,

TE(:B’ w) = eXP[_S‘U(ﬁ - 7)]’ (327)
(B,w) = exp (—5—“’) , (3.28)
B-vy
1
pe(Bw) = exp (—&) : (3.29)
B-vy
2
ur(Bow) = exp (—3—“’) : (3.30)
B—v

respectively. All these multipliers disappear at the no vaccination limit w = 0.
Hence, it is interesting to note that the non-zero vaccination rate, w, enters the approximate algebraic
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expressions for the positions and magnitudes of the first peaks for the time evolutions E(¢) and ()
in two places. The first one is the explicit dependence of the critical identification rate, @, on w; and
the second one is the presence of additional, w-dependent factors, in equations (3.27)—(3.30). The other
terms are absolutely the same as for the no vaccination case, given by equations (3.1T)—(3.20). As judged
from the positions and magnitudes of the first peak evaluated from equations (3.21)—(3.26), that are
shown in figure[9] via dashed lines, the approximations are rather good and match well the time evolution
oscillations obtained via numeric integration.

4. Cellular automaton simulations

The compartmental SEIRS model, considered in sections [2] and [3] has a number of limitations. One
of them is the assumption of perfect miscibility between the individuals comprising the population. It is
assumed that during a discrete time step, any susceptible individual can meet any unidentified infective
individual and contract the disease with the constant probability 5. As discussed above, it is a composite
probability that includes: probability for two individuals to meet, probability that the infected individual
spreads virus around, and probability that the susceptible individual is infected. In real life, all three may
be quite independent and subject to certain distributions. The approach with a separate compartment
of exposed individuals [42] 44| 46| 49] splits the meeting and disease transmission events into two.
However, even in this case, the model does not account for the effects of social contacts, e.g., in the form
of communication networks [80H82] and, on a larger scale, on geography-based population arrangement.
This limitation is caused by the mean-field nature of any compartmental model.

To take into account the spatial arrangement of individuals within the SEIRS model as defined in
figure I} we consider their simplest 2D arrangement: a simple square lattice with a neighbourhood size
for each individual, given by the number ¢ of its neighbours. The setup is similar to that being discussed
for the case of a simpler SIS model in reference [58]]. In particular, the vertex set of a graph is Z2, and
each individual is characterized by a neighbourhood radius R, > 0, such that the neighbourhood of a
given k € Z? is defined as: k" ~ k whenever |k’ — k| < R,. The choice of R, is made to obtain the
neighbourhood size equal to the previously chosen neighbourhood size g. Each k is associated with an
individual, that is characterized by its state sy, which takes any value from a set of {s, e, i, r}, the letters
correspond to the susceptible, unidentified infected, identified infected and recovered states, respectively.
The evolution of the system of N such individuals is driven by the algorithm, based on transition rules
between the states of each individual in the SEIRS model, depicted schematically in figure[T] The principal
difference with the compartmental realization of this model is that the transmission occurs locally, within
the sphere of the radius R, around each infected individual.

We consider a square lattice of N = 700 = 490 000 individuals which brings the model to a realistic
size of a medium-sized town. The periodic boundary conditions are applied along both Cartesian axes.
The set of neighbourhood sizes ranges from g = N (the limit of the compartmental model) down to g = 4
(von Neumann neighbourhood). In this way the effect of quarantine is considered explicitly, by reducing
the neighbourhood size ¢, and can be partly separated from the probability to contract a disease. At each
time instance, we made N random choices of individuals, and their states are updated according to their
current state and the states of their neighbours. This levels up the time discretization with the Ar of the
numeric integration (3.1I). We employed the asynchronous realization of the cellular automaton algorithm,
when the change of s; occurs immediately, and affects the rest of N updating attempts performed at the
same time instance.

We focus here on the time evolution of the fraction of identified infected individuals, I(¢), as it
characterizes the load put on the medical system of an imaginary town. The strength of quarantine
measures is defined by restrictions imposed on social contacts defined via the neighbourhood size ¢g. It is
fixed throughout the system of N individuals, but other options are equally possible. For instance, g can
be chosen at random from some interval, [0, gmax ] [38l], or according to some specified distribution. In
the latter case, one can mimic certain network structures [80H82] in an implicit way.

Figureshows the time evolution /(¢) for four cases: no (w = 0), slow (w = 0.001), fast (w = 0.010)
and ultrafast (w = 0.020) vaccination at fixed 8 = 0.5, @ = 0.1 as shown in the frames (a)—(d), respectively.
For each of these cases we consider a wide set of neighbourhood sizes, ¢, as indicated in the plots. For
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the no vaccination case, the quarantine measures resulted in two effects: the first is a shift of a first and
consequent peaks to longer times, and the second is lowering their maximum values. Let us note that
the stationary state (at least, its estimate at large r ~ 600) is still a nonzero value 7(600) > 0, until
very strict quarantine measures (¢ = 16) are undertaken. Of course, such measures affect the society
strongly, both economically and in a mental way. The situation is quite similar for the slow vaccination
case (w = 0.001), where small shifts of all the peaks to the right and small decrease of their maxima are
observed. The behaviour of 7(z) changes drastically for the fast vaccination case (w = 0.010), where one
observes not only an essential lowering of all peaks, but also a decrease of the 1(600) value. Suppression
of the epidemic outbreak can be achieved at much relaxed quarantine measures, the neighbourhood size
of g = 768 instead of g = 48 for the no vaccination case. This tendency strengthens further at the
yet further increase of vaccination rate, w = 0.020. In this case, even for no quarantine measures, the
outbreak does not progress beyond I ~ 0.02 for the current choice of the 8 and « rates. Similar results
are obtained for the other choices of 8 and «@, which are not shown for the sake of brevity.

As discussed in section [2] real life demands a good balancing between quarantine and vaccination
measures in terms of minimizing economic burden. To this end, we tried to match the cases, when only
one, either vaccination, or quarantine, measure is implemented, for the same set of 8 = 0.5 and @ = 0.1
rates. The result is shown in figure [TT] where we matched the height of the first peak in both cases. In
this way, the vaccination rate w = 0.0065 can be associated with the quarantine measures of g = 768,
whereas the vaccination rate w = 0.0135 with g = 192, respectively. However, one should remark that
equivalent vaccination rate, found in this way, does not shift the position of the first peak (observed by
implementing equivalent quarantine measures), and leads to a much stronger reduction of the height of
the second peak as compared to equivalent quarantine measures. Therefore, the exact match between two
measures is impossible, but, nevertheless, the results given in figures[I0]and [[T]provide some trends that
may help in balancing between these two measures.

(@  @=0.000 (b) ©=0.001
0.25 : : : : 0.25 : : : :
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02 | ¢=768 . 02 |- ¢=768 ——— |
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Figure 10. (Colour online) The effect of vaccination rate w and of the quarantine measures (via the
neighbourhood size ¢) on time evolution of the fraction I(¢). The case of 8 = 0.5, @ = 0.1 is shown for
the system of N = 490000 individuals on a square lattice with the system evolution driven via cellular
automaton algorithm. Respective values for w for each frame, (a)—(d), are indicated in the figure.
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Figure 11. (Colour online) An attempt to match the effect of vaccination (different w rates) and that of
the quarantine measures (different neighbourhood sizes ¢), as seen on time evolution of the fraction /(7).
The case of 8 = 0.5, @ = 0.1 is shown for the system of N = 490 000 individuals on a square lattice with
the system evolution driven via cellular automaton algorithm.

5. Conclusions

We propose here the SEIRS epidemiology model, which takes into consideration principal features
of the COVID-19 pandemic: abundance of unidentified (asymptomatic or with mild symptoms) infected
individuals, limited time of immunity and a possibility of vaccination. It assumes the presence of four
states for individuals: susceptible; infected/infective but not yet identified; infective/infective identified
and isolated; and recovered but with a temporal immunity. Vaccination changes the state from susceptible
straight to recovered. The model involves: transmission rate 3, identification rate @, vaccination rate w,
that can be varied, and fixed curing rate y and loss of immunity rate ¢ based on an average statistics.

For the case of a compartmental realization of this model, we found two stationary states (fixed
points) for the set of differential equations of the model: the disease-free and the endemic one. They
exist in their respective restricted regions of the parameter space due to the limitations for all fractions to
stay positive and do not exceed 1. The linear stability analysis indicates the stability of both fixed points
within their respective regions. The expression of the basic reproductive number enables us to discuss the
ways to lower the number of infected individuals in a stationary state via changing the model parameters.
This can be achieved by lowering the contact rate S and/or by the increase of the identification @ and
vaccination w rates. However, if 5 equals or exceeds the critical value S., the disease-free fixed point
cannot be achieved at any combination of @ and §. The expression for the basic reproductive number
enables prediction of the most balanced approach to bring a pandemic down in economic terms, if the
rates can be estimated from the real-life statistics.

Numeric integration is employed to obtain the time evolution for the fractions of infected/infective
individuals of both types. The results for the positions and heights of the first pandemic peak, obtained
numerically, are fitted to simple algebraic forms. These are based on observations that the positions of the
peaks diverge and their heights turn into zero, when the identification rate o approaches the critical value
a.. The obtained algebraic expressions provide means for simple estimates for the first peak positions
and height depending on the set of values for model rates.

To separate the effect of quarantine measures from infective rate, we performed computer simulations
of a lattice-based realization for this model using the cellular automaton algorithm. We found, that
the quarantine measures delay and lower the first and subsequent peaks for the fraction of infected
individuals, but do not lead to the complete elimination of the disease at long times, unless extremely
restrictive quarantine measures are undertaken. By contrast, vaccination both lowers the peak magnitude
and reduces the fraction of infected/infective individuals at long times. The attempt is made to match
both quarantine and vaccination measures aimed at a balanced solution for effective suppression of the
pandemic.
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MopentoBaHHSA enigemiin SARS-CoV-2 3a gonomoroto
KOMNapTMEHTHOI Ta KOMipKOBO-aBTOMaTHOI mogaenein SEIRS,
L0 BPaxoBYOTb epeKTU CKIHUEHHOro iMyHiTeTy Ta BaKLUHaLii

1. IanVlubKMVlm, T. I'Iau,araHm

L IHCTUTYT Qi3nKM KOHAEHCOBaHMX cucTeM imeHi I.P. FOxHoBcbkoro HAH Ykpainu, Byn. CBeHuiubkoro 1, 79011
JlbBiB, YkpaiHa

2 IHCTVTYT NprKnagHOT MaTeMaTnKM Ta GyHAAMEHTaNbHUX HaykK, HauioHanbHWMiA yHiBepcuTeT “/IbBiBCbKA
nonitexHika”, syn. C. bangepu 12, 79013 JibBiB, YkpaiHa

Mw posrisigaemo enigemionoriuHy mogens SEIRS, Lo BpaxoBye Taki ocobnmsocTi cnanaxy COVID-19 ak: HasaB-
HiCTb 3HAYHOI KiNbKOCTi HeieHTUPIKOBAHUX XBOPWX, CKIHYUEHHWIA Yac IMYHITETY Ta MOXAUBICTb BakLMHaLii. Au-
HaMika NoLUNPeHHS NaHAeMii KOHTPOIETLCS COLiaNbHNUM ANCTaHLiFOBAHHSAM, IHTEHCUBHICTIO ifeHTUdiKaLi iH-
$ikoBaHUX iHAMBIAIB, @ TaKOX BaKLUMHaLli€lo nonynsyii. 4na komnapTMeHTHOI Bepcii L€l MoAeni oTpuMaHi CTiliki
CTauioHapHi CTaHW: 3 NTOBHUM NOAONAHHAM NaHAeMii Ta eHAeMiYHWiA cTaH. Ba3oBe penpoAykTUBHe YMCa0 aHani-
3Y€ETbCS 3 ypaxyBaHHAM 6anaHcy KapaHTMHHMX Ta BakKUMHaLiAHUX 3ax04iB. OTpUMaHi YnceNbHO MNONOXEHHS Ta
BMCOTa MepLUOro Miky crnasaxy anpoKCMMOBaHi NPOCTUMY Yy BUKOPUCTaHHI anrebpaiyHnMy popmamu. FpaTkosa
peanisauis Liei mogeni gocnifxeHa 3a AOMOMOroH anropuTMy aCMHXPOHHOTO KOMiPKOBOrO aBTOMary, Lo Aano
MOX/IMBICTb BUBYWTW BM/IWB COLiaNbHOMO AMCTaHLitOBaHHS 6e3nocepesHbo: Yepes BUbip po3Mipy cycigctsa
areHTiB Mogeni. 3pobneHo Cnpoby 3icTaBUTK ePeKT KapaHTUHY Ta BakUMHaLLi Ta ix 6anaHcyBaHHS.

KnrouoBi cnoBa: koMrnapTMeHTHi MoAeni, KOMipKoBuii aBToMart, enigemii
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