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A theoretical framework is developed for the electron miniband structure in one-dimensional chains of spheri-
cal quantum dots subjected to weak positional disorder. Within the tight-binding approximation and effective-
medium approach, stochastic fluctuations of the inter-dot spacing are mapped onto the renormalization of
key Hamiltonian parameters: the hopping integral B, overlap integral Q, and on-site energy shift M. Analyti-
cal expressions for these parameters are derived by performing an ensemble average over a narrow Gaussian
distribution of positional deviations (o < a). The resulting generalized dispersion relation reveals that weak
positional disorder broadens the minibands. For typical fabrication fluctuations o= = 0.1 g, the miniband width
increases by 8-12% , depending on the mean inter-dot distance a. This sensitivity to disorder decreases rapidly
with increasing lattice period due to the exponential decay of electron wave functions. In this weak-disorder
regime, the Anderson localization length significantly exceeds the lattice constant, meaning states remain delo-
calized.

Key words: chain of quantum dot, electron miniband structure, nanoparticle, positional disorder,
tight-binding approximation

1. Introduction

Currently, a considerable number of promising high-performance devices (photodetectors, solar cells,
transistors, optoelectronic circuits) are based on nanostructures [1H5].

Among various nanostructured systems, quantum dot (QD) arrays have attracted tremendous attention
due to their potential applications in high-performance devices such as QD lasers, third-generation solar
cells, single photon emitters, and QD memories [6]]. These three-dimensionally confined semiconductor
structures exhibit unique quantum effects, including sharp density of states and size-tunable optical
properties [6]]. QD arrays can be fabricated through various approaches, including self-assembled growth
via Stranski-Krastanov mode in molecular beam epitaxy and metal-organic chemical vapor deposition,
as well as through colloidal synthesis methods.

Particularly promising are ordered QD arrays with precisely controlled positions, sizes, and spatial
distribution [7]]. Unlike randomly distributed self-assembled QDs, ordered arrays offer several crucial
advantages: (i) predictable and reproducible optical and electrical properties; (ii) reduced inhomogeneous
broadening due to uniform QD sizes; (iii) precise site control enabling integration into photonic devices;
and (iv) the ability to engineer miniband structures through controlled interdot coupling. In ordered
arrays, QDs can be arranged in one-dimensional (1D), two-dimensional (2D), or three-dimensional (3D)
configurations, each offering distinct electronic and optical characteristics. These systems exhibit band-
like carrier transport and engineered optical absorption across specific energy ranges. Those properties
are particularly valuable for intermediate band solar cells [8]]. Furthermore, ordered colloidal quantum dot
arrays demonstrate nearly polarization-independent absorption, which is an advantage for solar energy
harvesting applications where incident sunlight is unpolarized [8]].
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It is specifically for ordered QDs that the theory of miniband spectra of QD superlattices
was developed. The electron miniband structure was calculated using various methods, including the
plane wave method [9, [15} [17]], the modified augmented plane wave method [[10], and the tight-binding
method [14, [16]. 1D [14}[16], 2D [9] [17]] and 3D [[11}, 12, 15] QD configurations were analyzed
here. In the works [OHI5]], ordered arrays of identical QDs were considered, typically assuming perfect
periodicity and uniformity in size, shape, and composition to simplify the miniband calculations. These
studies focused on symmetric superlattices where the primitive unit cell contains a single type of QD,
enabling straightforward application of methods such as plane waves or tight-binding approximations to
derive the electronic band structure.

By contrast, the work [[16] explored a more complex QD chain configuration, where the primitive cell
of the superlattice incorporates two distinct QDs. These QDs differ either in their chemical composition
or in size. The tight-binding method was adapted to account those cases.

However, achieving perfectly ordered QD arrays remains a significant technological challenge in
practice [7]. Real QD arrays are invariably characterized by certain degrees of inhomogeneity in both
quantum dot sizes and in spatial distribution. These imperfections can introduce a weak disorder, which
can affect the electronic properties, such as broadening of minibands and potential localization effects.
In view of this, the aim of the study is to elucidate the role of weak disorder in modifying the miniband
structure in one-dimensional chains of spherical QDs.

2. Heterosystem model and method of calculation

The model describes an infinite periodic chain of spherical QDs with centers at R, = an,n € Z
(figure[I). A weak disorder in the QD positions is taken into account, where &, denotes small random
deviations from the ideal coordinates R,,. Each QD has a radius app. The confinement potential of each
QD is chosen as a spherically symmetric rectangular potential well. Under the single-level approximation,
the QD radii are constrained such that each QD possesses only one electronic state.

5]1— 1 : 811 8n+ 1

Figure 1. (Colour online) One-dimensional chains of spherical QDs.
For an isolated QD (at Ry = 0 ), the Hamiltonian of one QD has form

o 1

Hop = ——V—=V+U(P), 2.1
oD TG +U(7r) 2.1
where
— I D
U(?)={ U, QD 2.2)
0, 7 € matrix,

is the confinement potential of the QD. The electron effective masses within the heterosystem are mg in
the QD and m in the matrix, respectively. In the isolate QD, electron has energy eigenvalue Egp and
the wave function for stationary states
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_1 |Asin(ér), r <aop,
Yop (F) = Yoo (6, ¢)r™" { 18in(&7) op (2.3)
Aze s r>agp,
satisfying the Schrodinger equation
Hopvop(7) = Egp¥op (7), 2.4)

where Yoo(8, ¢) is the spherical harmonic,

&= 1[2)’)’10((]() +EQD)/h, K = V—ZmlEQD/h. 2.5)

The ideal chain consists of QDs at positions R,, = an, wheren =...,-1,0,1,.. .. For the whole QD
chain, the electron Hamiltonian has the form:

2
N - 1
H= —h—V -
2 m(F)

V+ > UG- R). (2.6)

Due to translational symmetry, the QD wave functions satisfy the condition Y op (¥ + 13,,) =yop(7).
Thus, according to Bloch’s theorem, the wavefunction satisfying the Schrodinger equation with Hamil-
tonian (2.6)) takes the form

- 1 - ikR -
= = D e Rryon (7 - Ry), @.7)

n=—oo

where & is the electron wave vector in the first Brillouin zone - < k@ < 7, and N is the number of QDs in
the chain. Substituting this function into the Schrodinger equation, multiplying by the complex conjugate
function, and using the nearest-neighbors approximation yields the electron energy as a function of the
wave vector, like in [14,[16]:

2M + 2B cos(kd)

E(k)=Egp + —,
1+2Q cos(ka)

2.8)

where the parameters are defined as follows:

M = (Yop(A|UG - D|wop (),
B=(Yop(P|UGF -d)|pop(F-a), (2.9)
0 = (Yop(Plwop(F-a)).

The nearest-neighbor approximation remains valid throughout the considered range of inter-dot
distances (¢ = 40 — 60 A). Numerical estimates show that the overlap integrals with next-nearest
neighbors are at least one order of magnitude smaller than those with nearest neighbors due to the
exponential decay of the wave function outside the QD [14}[16].

Equation (2.8)) describes the ideal case where all QDs are identical and arranged strictly periodically.
However, in the presence of weak positional disorder (small random deviations d,, from the ideal positions
R,, in Oz direction), the model can be extended. Then, R,, = an + §,,. The deviations ¢,, are assumed to
be independent random variables following a normal distribution:

1 52
5 ~ N(0,07), P(6,) = exp (— n ) (2.10)
2o 202

The Gaussian distribution for positional deviations is chosen because it naturally describes statistical
fluctuations arising during epitaxial growth and colloidal synthesis of QD arrays, as confirmed by high-
resolution TEM and AFM studies of self-assembled QDs [7, (19, 20]]. Here, o is the standard deviation,
quantifying the degree of disorder in the QD positions. Under the condition of weak disorder (o < a),
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the distance d,, between neighboring QDs, which determines the relevant integrals (B, M, Q), is given
by:

dp=|Rps1 — Rpl = a+ (6pa1 — 6p) =a +96, 2.11)

where § < a too. Since J,.1 and d,, are independent, the variance of their difference sums is as follows:

8= 6ps1 — 6n ~ N(0,202). (2.12)

Since the integrals in (2.9) depend on the distance between QDs, they can be expanded in a series for
small deviations. Let X (d) denote a general parameter (where X stands for Q, M, or B), then

X(a+6)=X(a)+X (a)é + %x”(a)a2 + %X"'(a)53 ..., (2.13)

Averaging over the Gaussian distribution yields (§) = 0, (6%) = 202, (6°) = 0, etc. Hence,

1
(X) =X(a)+ Ex"(a)<52> +0(0") =X(a) + X" (a)o* + 0 (™). (2.14)
The variance of the parameter (to estimate fluctuations) is given by:

Var(X) = (X?) — (X)? = X' (a)*(6%) + O(c*) = 2X'(a)*? + O (o). (2.15)

In the case of weak disorder, the parameters are replaced by their average values: (M), (B), and (Q).
The effective dispersion relation is then given by:

2(M) + 2(B) cos(ka)
1 +2{Q) cos(ka)
2[M(a) + M" (a)c?] +2[B(a) + B" (a)o?] cos(ka)
1+2[Q(a) + Q" (a)c?] cos(ka) '

(E(k))

o+

~ Ep+ (2.16)

Equation (2.16) takes into account that @ = (0,0, a). Therefore, equation (2.16) allows for the deter-
mination of the electron dispersion relation in the chain of QDs in the presence of weak positional
fluctuations.

3. Analysis of the obtained results

All calculations presented in this work were performed at very low temperatures (7 — 0 K). At
finite temperatures, phonon scattering and thermal broadening of the levels would additionally widen the
minibands, potentially masking the weak-disorder effects considered (see, for example, [21]).

To demonstrate the theoretical results, numerical calculations were performed for a chain of spher-
ical GaAs QDs embedded in an AlAs matrix. The following material parameters were used: mgy =
0.063me [18], m; = 0.15m, [18]], and a potential barrier height of Uy = 968 meV [18]], where m, is a
free electron mass. With these parameters, the QD has a single bound electronic level when its radius is
less than 21 A. On the other hand, extremely small QD radii limit the applicability of the effective mass
approximation. Therefore, a radius of 20 A was selected for the calculations.

Figure [2] shows the energy minibands of the electron (bands formed by the periodic arrangement
of QDs) as a function of the wave vector. The effect of possible positional disorder is also included.
The parameter o in distribution (2.12) is chosen to be ten times smaller than the distance between QDs
(0o = a/10). Thus, within the considered range of a, the condition of weak disorder is satisfied.

Figure [2] also demonstrates that disorder induces a broadening of the miniband. In the effective-
medium approximation, the positional disorder leads to renormalization of the average parameters and,
consequently, to an apparent broadening of the minibands. Importantly, the Anderson localization length
in the weak-disorder regime considerably exceeds the lattice period (£1oc > a), so the miniband states
remain delocalized. True Anderson localization would require stronger disorder (o/a 2 0.3), which lies
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Figure 2. (Colour online) Electron miniband structure of an ideal (blue curves 1) and a disordered (red
curves 2) spherical QD chain.
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Figure 3. (Colour online) Electron miniband width calculated with (red curve 1) and without (blue curve 2)
disorder. The inset shows the difference in miniband widths between the disordered and ideal cases.

beyond the scope of the present study [22]. Figure [3|displays the miniband width W = E(xnt/a) — E(0) as
a function of the parameter a for both the disordered system and the ideal QD chain. Both figures indicate
that an increase in the QD period a results in a decrease in the miniband width. Furthermore, the inset in
figure [3] highlights the discrepancy between the widths calculated with and without taking disorder into
account (AW = Wisorder — Wideal)- It is evident from both figures that the inclusion of disorder leads to
a broadening of the miniband compared to the ideal case. However, as the superlattice period increases
(scaling the variance as to maintain the weak disorder regime), the difference between the miniband
widths diminishes. This convergence is attributed to the decrease in the absolute values of the integrals
Q, M, and B (figure ) with increasing inter-dot separation.

The renormalization of the tight-binding parameters due to disorder has a physical interpretation. The
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Figure 4. Dependence of integrals Q, M, and B on the period a.

term proportional to o2 in the expression for the hopping integral B effectively reduces the bandwidth.
This can be understood as the suppression of coherent tunneling due to the mismatch of phases in the
wave functions caused by random spacing. At the same time, the effective onsite energy shifts due to
the modification of the confinement potential by neighboring QDs (terms containing M and Q). The
interplay of these effects leads to the observed broadening of the minibands.

4. Conclusion

This study presents a theoretical approach to model the electronic energy spectrum in chains of
spherical quantum dots affected by weak positional disorder. By applying the tight-binding approximation
in conjunction with an effective medium scheme, we obtained explicit formulas for the adjusted tunneling
integral B, overlap parameter Q, and site energy correction M assuming a Gaussian spread in the spacing
between dots. The calculations reveal that such a disorder leads to a widening of the minibands, arising
from variations in tunneling rates and the overall potential profile, yet the band structure remains intact
under weak perturbations where the Anderson localization length by far surpasses the average lattice
spacing. Additionally, it was found that the miniband width becomes less vulnerable to disorder as
the inter-dot distance grows, owing to the rapid exponential fall-off of the electron wavefunctions.
Overall, these findings offer valuable tools for assessing the manufacturing tolerances and serve as
practical recommendations for enhancing the efficiency of quantum dot-based optoelectronic components,
including cascade lasers and infrared detectors.
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Bnaue cna6koro no3uuifiHoro HeBNOpsAKyBaHHA Ha MiHi3OHHY
CTPYKTYpY B OAHOBUMIiPHMX JIAHLOXKKAX chepuyHumnx
KBAaHTOBUX TOUYOK

P. 4. Newko

Kadeapa ¢pisnkn Ta inpopmauiiHnx cuctem, lporobuLibknin Aep>xaBHWi NeAaroriuHnin yHiBepcuTeT iMmeHi
IBaHa ®paHka, Byn. CTpuiicbka, 3, 82100 Aporobuy, YkpaiHa

Po3po6aeHo TeopeTUUHy MOAENb CTPYKTYPU eNeKTPOHHUX MiHi30H B OAHOBMMIPHUX NaHLIOXKaX chepryHmx
KBaHTOBVX TOHYOK 33 YMOB C/1abKOro No3uLiiHoro 6esnagy. Y Mexax HabinxkeHHs CUAbHOTO 3B'A3Ky Ta MeToAY
edeKTNBHOro cepeloBMILLA CTOXaCTUYHI GpAyKTyaLii BiACTaHi MiXX TOUKaMu Bif06paxatoTbCs Ha MepeHopMyBaH-
Hsl K/IOYOBYMX MapaMeTpiB raMinbTOHIaHa: iHTerpana nepeckoky B, iHTerpana nepekputts Q Ta 3CyBy eHeprii Ha
By31i M. AHaniTVyHi BUpasu ANs LMX napameTpiB OTPUMaHO LUNSXOM ycepeAHeHHs 3a aHcambieM A5 By3bkoro
rayccoBoro po3noAiny nosuuiiHux BigxuneHs (00 < a). OTprMaHe y3arafbHeHe AucnepciiHe CniBBiAHOLLEHHS
noKasye, Lo Cnabkuidi No3nLiiHNiA 6e3nag BUKANKAE PO3LLUMPEHHS MiHi30H. 30kpema, ANS TUMOBUX TeXHONOTi-
YyHUX eaykTyauiii o = 0.1a wWrprHa MiHI30HN 3pocTae Ha 8-12% (3a71€XHO Big cepeAHbOi BiACTaHI MiX ToukaMu
a). BogHouac uyTAMBICTb LUMPWHM MiHI30HU 0 6e31ay LIBUAKO 3MeHLLYETbCA 3i 36inbLUeHHAM nepiody rpaTku
yepes ekCroHeHLjiaNbHe 3aracaHHs XBUNbOBMX QYHKLi eNeKTpoHa. Y po3rasHyTOMY pexumi ciabkoro 6esnagy
JLOBXMHA Nokanisauii AHAepcoHa 3HaYHO MepeBULLYE CTany rpaTky, TOMY CTaHU MiHI30HW 3aAULLAKOTLCA Aeno-
KanizoBaHMMMU.

Kno4oBi cNoBa: HEKOHLEHTPUYHA CPepuyHa KBAHTOBA TOYKA TUMY “SAPO-060/0HKa", eNeKTPUYHe rose
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