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Accurate descriptions of reference systems are a central task in liquid-state theories for the study of more com-
plex systems. Using scaled particle theory (SPT), we derive a fully analytical description of the thermodynamic
properties of a hard-sphere (HS) fluid confined in size-polydisperseHS randomporousmedia, extending the exis-
ting approaches to higher matrix packing fractions. We calculate chemical potentials for a wide range of porous-
matrix parameters, including the matrix packing fraction, degree of polydispersity, and particle-size distribu-
tions. Within the proposed framework, our results show excellent agreement with available Monte Carlo simu-
lations and previous integral-equation theories over a broad range of matrix packing fractions, 0.1 ⩽ 𝜂0 ⩽ 0.3,
and degrees of polydispersity.

Key words: polydispersity, hard-sphere fluid, random porous media, thermodynamics

1. Introduction

Fluids confined in disordered porous environments exhibit thermodynamic and structural properties
that differ significantly from those of bulk systems due to the combined effects of excluded volume,
geometrical constraints, and quenched disorder. Such conditions are common in soft matter systems,
including colloidal suspensions in porous gels or solids [1], ionic liquids in nanoconfinement [2, 3], and
polymer and protein solutions under macromolecular crowding [4, 5], where confinement plays a crucial
role in determining the equilibrium behavior and material response.

Hard-sphere (HS) models provide a fundamental reference for understanding these effects, since they
isolate purely entropic contributions arising from packing and excluded volume [6]. In the context of
monodisperse random porous media, the thermodynamic and structural properties have been studied
using a variety of theoretical approaches, including integral equation methods [7–11], density functional
theory [12, 13], scaled particle theory (SPT) [14–19] and computer simulations [16, 20, 21].

In porous media, HS fluids are served as reference systems for more complex interactions. Among
these approaches, SPT has proven particularly useful due to its analytical character. Recently, original
SPT [22–24] has been successfully extended [14–19] to describe HS fluids confined in random porous
matrices modelled as quenched collections of immobile obstacles (Madden–Glandt model [25, 26]).
Within this framework, analytical expressions for chemical potentials, pressures, and adsorption proper-
ties have been obtained for monodisperse fluids in monodisperse porous media, showing good agreement
with simulation results at low and intermediate packing fractions of matrix particles. These develop-
ments have established SPT as a valuable tool for studying confined fluids in disordered environments. In
this way, phase behavior of Lennard-Jones fluid [27], anisotropic fluids [28–30], ionic liquids [31–34],
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polydisperse fluids [35, 36], patchy colloids [37, 38], and model antibody fluid [39, 40] in monodisperse
random porous media have been studied.

However, in many soft matter systems of practical interest, size-polydispersity is an intrinsic feature.
Colloidal particles, polymers, and biomolecular assemblies typically exhibit broad size distributions, and
even moderate polydispersity can strongly affect thermodynamic properties, packing behavior, and phase
equilibria. Though the thermodynamics of fluids in one component porous matrices has been extensively
investigated, including within SPT-based and related analytical frameworks, considerably less attention
has been paid to the fluids under confinement in multicomponent (or polydisperse) porous media.

The existing studies of HS fluids in disordered polydisperse matrices have often relied on numerical
calculations and on simulation treatments that restrict polydispersity of the matrix, or assume narrow size
distributions [41–45]. As a result, a fully analytical description that simultaneously accounts for size-
polydispersity in the porous matrix remains limited. Such a description is highly desirable, as it would
provide transparent insight into how the matrix packing fraction, matrix polydispersity, and various
distributions jointly influence the thermodynamic behavior.

In this work, we develop a new approximation within the scaled particle theory description of HS
fluids confined in polydisperse random porous media, explicitly incorporating size-polydispersity in the
matrix obstacles. Treating the porous medium as a quenched polydisperse HS matrix and the confined
fluid as an annealed monodisperse system, we derive closed analytical expressions for the excess chemical
potentials and pressures. The proposed approach allows for a systematic analysis of the effects of matrix
packing fraction and polydispersity on the thermodynamics of confined HS fluids.

The theoretical predictions are evaluated for representative size distributions and are compared with
available Monte Carlo simulation data and established integral equation theoretical results in relevant
cases. We find that the present SPT-based framework provides an accurate description of monodisperse
HS fluids in polydisperse random porous media, extending the existing analytical theories and offering a
useful reference for future studies of confined soft-matter systems.

This paper is dedicated to the 75th anniversary of the birth of our good friend and colleague Stefan
Sokolowski. He was one of the leaders in the development of the statistical-mechanical theory of adsorp-
tion of fluids and interfacial phenomena. Among his numerous contributions there is a development of
the replica Ornstein-Zernike (ROZ) integral equation theory for associative fluids adsorbed in random
porous media [10, 11] and for HS fluids adsorbed in polydisperse porous media [41–43, 45]. In the
present work, we generalize the scaled particle theory SPT2 developed in our group [14–16, 20, 21] for
HS fluids in a polydisperse HS matrix. As a result, we obtain a series of SPT2b analytical approximations
for the thermodynamic properties of HS fluids in polydisperse matrices. We also propose a new, simple
approximation, SPT2b3**, within which we achieve an excellent agreement with computer simulation
results for HS fluids in polydisperse porous matrices obtained by S. Sokolowski and coworkers [45].

2. Generalization of the SPT2 approach to HS fluids in size-polydisperse
disordered HS matrices

In contrast to the fully numerical ROZ approach [7–11], the SPT framework provides rather accurate
analytical expressions for the chemical potential and pressure of a HS fluid confined in a HS matrix [14–
18, 20, 21]. The core idea of SPT is to determine the thermodynamic properties of a fluid by analyzing
the work required to create a cavity of variable size inside the system. More precisely, SPT relates
macroscopic thermodynamic quantities to the reversible work needed to insert a scaled test particle into
the fluid, ranging from an infinitesimally small particle up to the size of real fluid particles. The exact result
for an infinitesimal scaled particle in a HS fluid confined in a disordered matrix was obtained in [14].
However, the approach developed in [14], referred to as SPT1, contained a subtle inconsistency that
arises when a matrix particle size is significantly larger than a fluid particle size [15]. This inconsistency
was eliminated in [16] within the framework of a new approach named SPT2. Subsequently, the SPT2
approach for HS fluid in disordered porous media was generalized to HS mixture in multicomponent HS
matrix [19]. This result will be used here for the generalized SPT2 theory for HS fluid in size-polydisperse
disordered HS matrix. We note that the reversible work needed to create the cavity by a scaled particle
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in HS fluid which is free from any other fluid particles is equal to the excess chemical potential of the
scaled particle, 𝜇ex

𝑠 . By generalizing our previous exact result for an infinitesimal scaled particle [14],
the expression for the excess chemical potential of a small scaled particle in the presence of a porous
medium can be written in more general form [18, 19]:

𝛽𝜇ex
𝑠 (𝜆𝑠) = ln 𝑝0(𝜆𝑠) − ln

[
1 − 𝜂1

(1 + 𝜆𝑠)3

𝑝0(𝜆𝑠)

]
. (2.1)

Here, 𝛽 = 1/𝑘B𝑇 , where 𝑘B is the Boltzmann constant and 𝑇 is the temperature; 𝜆𝑠 = 𝑅𝑠/𝑅1 is the
scaling parameter, with 𝑅𝑠 the radius of scaling particle and 𝑅1 = 𝜎1/2 the radius of a fluid particle (𝜎1 is
the diameter). The fluid packing fraction is 𝜂1 = 𝜌1𝑉1, where 𝜌1 is the fluid density and 𝑉1 = 4π𝑅3

1/3 is
the volume of a fluid particle. We use here conventional notations [14, 16, 17], in which the index “1”
denotes a fluid component, the index “0” denotes matrix particles, while for the scaled particle the index
“s” is used. The term 𝑝0(𝜆𝑠) = exp[−𝛽𝜇0

𝑠 (𝜆𝑠)] is defined by the excess chemical potential of a scaled
particle confined in an empty matrix, 𝜇0

𝑠 (𝜆𝑠). It represents the probability of finding a cavity created by
the scaled particle in the matrix in the absence of fluid particles.

For a large scaled particle, the excess chemical potential is determined by the thermodynamic expres-
sion:

𝛽𝜇ex
𝑠 (𝜆𝑠) = 𝑤(𝜆𝑠) +

𝛽𝑃𝑉𝑠

𝑝0(𝜆𝑠)
, (2.2)

where 𝑃 is the pressure of fluid, and 𝑉𝑠 is the volume of the scaled particle. The multiplier 𝑉𝑠/𝑝0(𝜆𝑠)
arises from the excluded volume occupied by matrix particles and can be interpreted as the probability
of finding a cavity created by a scaled particle in the matrix in the absence of fluid particles. The
original SPT2 approach [16, 18] includes two parameters that characterize the porosity of the matrix:
the geometric porosity, 𝜙0, and the thermodynamic porosity, 𝜙1 (probe particle porosity). The geometric
porosity depends solely on the structure of the matrix and is related to the volume of the void space
between the matrix particles,

𝜙0 = 𝑝0(𝜆𝑠 = 0). (2.3)

The probe particle porosity is determined by the excess chemical potential, 𝜇0
1, of fluid particles in the

limit of infinite dilution in the matrix and depends on the nature of the fluid under study:

𝜙1 = 𝑝0(𝜆𝑠 = 1) = exp
(
− 𝛽𝜇0

1
)
. (2.4)

𝑤(𝜆𝑠) in (2.2) is the surface term to the 𝜇ex
𝑠 (𝜆𝑠) and, according to the ansatz of SPT2 theory [18]

𝑤(𝜆𝑠) can be presented in the form of expansion:

𝑤(𝜆𝑠) = 𝑤0 + 𝑤1𝜆𝑠 +
1
2
𝑤2𝜆

2
𝑠 . (2.5)

The coefficients 𝑤0, 𝑤1, and 𝑤2 of this expansion can be determined from the continuity of 𝜇ex
𝑠 (𝜆𝑠) and

its derivatives, 𝜕𝜇ex
𝑠 /𝜕𝜆𝑠 and 𝜕2𝜇ex

𝑠 /𝜕𝜆2
𝑠, at 𝜆𝑠 = 0. By setting 𝜆𝑠 = 1, expression (2.2) provides the

relation between the pressure, 𝑃, and the excess chemical potential, 𝜇ex
1 , of the fluid in the matrix,

𝛽
(
𝜇ex

1 − 𝜇0
1
)
= ln(1 − 𝜂1/𝜙0) + 𝐴

𝜂1/𝜙0
1 − 𝜂1/𝜙0

+ 𝐵
(𝜂1/𝜙0)2

(1 − 𝜂1/𝜙0)2 + 𝛽𝑃

𝜌1

𝜂1
𝜙1

, (2.6)

where the coefficients 𝐴 and 𝐵 are given by:

𝐴 = 6 − 4
𝑝′0
𝜙0

+
(
𝑝′0
𝜙0

)2

− 1
2
𝑝′′0
𝜙0

,

𝐵 =
1
2

(
3 −

𝑝′0
𝜙0

)2
, (2.7)

and determine the structure of the disordered porous medium. Here 𝑝′0 =
𝜕𝑝0 (𝜆𝑠 )

𝜕𝜆𝑠
|𝜆𝑠=0, 𝑝′′0 =

𝜕2𝑝0 (𝜆𝑠 )
𝜕𝜆2

𝑠
|𝜆𝑠=0.
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Using the Gibbs–Duhem equation, (
𝜕𝑃

𝜕𝜌1

)
𝑇

= 𝜌1

(
𝜕𝜇1
𝜕𝜌1

)
𝑇

, (2.8)

one can obtain analytical expressions for the chemical potential and pressure of a fluid in porous media
within the SPT2 framework. However, the obtained expressions have a defect connected with the diver-
gence at 𝜂1 = 𝜙1. To avoid this divergence, it is possible to replace 𝜙1 with 𝜙0. Replacing 𝜙1 with 𝜙0
everywhere in the SPT2 approach leads to the SPT2a approach in which the chemical potential and the
pressure are determined as

𝛽𝜇SPT2a
1 = ln

(
Λ3

1𝜌1
)
+ 𝛽𝜇0

1 − ln (1 − 𝜂1/𝜙0) + (1 + 𝐴) 𝜂1/𝜙0
1 − 𝜂1/𝜙0

+
(
𝐴

2
+ 𝐵

) (
𝜂1/𝜙0

1 − 𝜂1/𝜙0

)2
+ 2𝐵

3

(
𝜂1/𝜙0

1 − 𝜂1/𝜙0

)3
, (2.9)

(
𝛽𝑃

𝜌1

)SPT2a
=

1
1 − 𝜂1/𝜙0

+ 𝐴

2
𝜂1/𝜙0

(1 − 𝜂1/𝜙0)2 + 2𝐵
3

(𝜂1/𝜙0)2

(1 − 𝜂1/𝜙0)3 . (2.10)

Here 𝜌1 is the density of fluid particles, Λ1 is the thermal wavelength and

𝜂1 = π𝜌1𝜎
3
1 /6 (2.11)

is the packing fraction of the fluid particles. However, SPT2a underestimates the influence of porous
media. In order to improve the description, it is better to use SPT2b approach which includes the
logarithmic divergence at 𝜂1 = 𝜙1,

𝛽𝜇SPT2b
1 = 𝛽𝜇SPT2a

1 − ln (1 − 𝜂1/𝜙1) + ln (1 − 𝜂1/𝜙0) . (2.12)

The next approximation proposed in [20] is called SPT2b1 and corrects SPT2b by removing the
divergence at 𝜂1 = 𝜙1 through an expansion of the logarithmic terms in SPT2b,

ln (1 − 𝜂1/𝜙1) ≈ ln (1 − 𝜂1/𝜙0) −
𝜙0 − 𝜙1

𝜙1

𝜂1/𝜙0
1 − 𝜂1/𝜙0

. (2.13)

The chemical potential can then be expressed as:

𝛽𝜇SPT2b1
1 = 𝛽𝜇SPT2a

1 + 𝜙0 − 𝜙1
𝜙1

𝜂1/𝜙0
1 − 𝜂1/𝜙0

. (2.14)

Other approximations developed in our group [20, 21] introduce a third type of porosity, 𝜙∗, which
represents the maximum allowable packing fraction of fluid particles in the considered matrix. This
approximation provides a correct description of the thermodynamic properties of the system across the
entire range of low, medium, and high densities. To avoid the divergence 𝜂1 = 𝜙1, we follow the algorithm
proposed in [21] where the logarithmic term is expanded in a series around (𝜙1 − 𝜙★) [20], where 𝜙★ is
defined as

𝜙★ =
𝜙0𝜙1

𝜙0 − 𝜙1
ln

𝜙0
𝜙1

, (2.15)

which is exact for the one-dimensional case [46] and can be considered as a good approximation for the
three-dimensional case. The logarithmic term in the SPT2b approach (2.12) can be rewritten as

ln (1 − 𝜂1/𝜙1) ≈ ln (1 − 𝜂1/𝜙0) −
𝜙0 − 𝜙★

𝜙★
𝜂1/𝜙0

1 − 𝜂1/𝜙0
− 𝜙★ − 𝜙1

𝜙★
𝜂1/𝜙★

1 − 𝜂1/𝜙★
. (2.16)
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Taking into account expansion (2.16) and equation (2.12), we obtain expressions for the chemical
potential and pressure in the SPT2b3* approximation for the system under study:

𝛽𝜇SPT2b3★
1 = 𝛽𝜇SPT2a

1 + 𝜙0 − 𝜙★

𝜙★
𝜂1/𝜙0

1 − 𝜂1/𝜙0
+ 𝜙★ − 𝜙1

𝜙★
𝜂1/𝜙★

1 − 𝜂1/𝜙★
, (2.17)

(
𝛽𝑃

𝜌1

)SPT2b3★

=

(
𝛽𝑃

𝜌1

)SPT2a
+ 𝜙0 − 𝜙★

𝜙★
𝜙0
𝜂1

[
ln(1 − 𝜂1/𝜙0) +

𝜂1/𝜙0
1 − 𝜂1/𝜙0

]
+ 𝜙★ − 𝜙1

𝜂1

[
ln(1 − 𝜂1/𝜙★) +

𝜂1/𝜙★
1 − 𝜂1/𝜙★

]
. (2.18)

In the next section, we show that SPT2b3* exhibits some problems at higher matrix packing frac-
tions 𝜂0, and we introduce a new approximation, SPT2b3**, which can be obtained from (2.17) by
neglecting the last term in the expansion (2.16). As a result, we obtain:

𝛽𝜇SPT2b3★★
1 = 𝛽𝜇SPT2a

1 + 𝜙0 − 𝜙★

𝜙★
𝜂1/𝜙0

1 − 𝜂1/𝜙0
, (2.19)

(
𝛽𝑃

𝜌1

)SPT2b3∗∗

=

(
𝛽𝑃

𝜌1

)SPT2a
+ 𝜙0 − 𝜙★

𝜙★
𝜙0
𝜂1

[
ln(1 − 𝜂1/𝜙0) +

𝜂1/𝜙0
1 − 𝜂1/𝜙0

]
. (2.20)

Taking into account the Carnahan–Starling correction [28, 47, 48], the expression for the pressure of a
HS fluid can be written accordingly:

𝛽𝑃HS = 𝛽𝑃SPT2... + 𝛽Δ𝑃CS, (2.21)

where 𝛽𝑃SPT2... is the corresponding SPT2 approximation used in this work (SPT2a, SPT2b1, SPT2b3*
or SPT2b3**) and the second term is the Carnahan–Starling correction:

𝛽Δ𝑃CS

𝜌1
= − (𝜂1/𝜙0)3

(1 − 𝜂1/𝜙0)3 . (2.22)

Similarly, the expression for the chemical potential of a HS fluid in a size-polydisperse HS porous matrix
can be written as

𝛽𝜇HS
1 = 𝛽𝜇SPT2...

1 + 𝛽Δ𝜇CS
1 , (2.23)

were the term 𝛽𝜇SPT2...
1 denotes the corresponding SPT2 approximation used in this work (SPT2a,

SPT2b1, SPT2b3*, or SPT2b3**), as given by equations (2.9), (2.14), (2.17), and (2.19), respectively.
The Carnahan–Starling correction to the chemical potential is given by

𝛽Δ𝜇CS
1 = − (𝜂1/𝜙0)3

(1 − 𝜂1/𝜙0)3

[
ln(1 − 𝜂1/𝜙0) +

𝜂1/𝜙0
1 − 𝜂1/𝜙0

− 1
2

(𝜂1/𝜙0)2

(1 − 𝜂1/𝜙0)2

]
. (2.24)

In all presented expressions for the chemical potential and the pressure of HS fluids, the influence of
porous media is defined by the geometric porosity,

𝜙0 = 𝑝0(𝜆𝑠 = 0), (2.25)

and the thermodynamic porosity,

𝜙1 = 𝑝0(𝜆𝑠 = 1) = exp
(
− 𝛽𝜇0

1
)
. (2.26)

It is important to emphasize that the geometric porosity, 𝜙0, characterizes the fraction of free volume
not occupied by the porous medium. The thermodynamic porosity, 𝜙1, characterizes the adsorption of
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a fluid in a porous medium at infinite dilution. In accordance with definition (2.26), it accounts for the
thermodynamic insertion of a test fluid particle into the matrix.

For multicomponent HS matrix,

𝑝0(𝜆𝑠) = 1 − π

6

∑︁
𝛼

𝜌0𝛼 (𝜎0𝛼 + 𝜆𝑠𝜎1)3 . (2.27)

Here 𝜌0𝛼 is the number density of matrix particles of species 𝛼 (
∑

𝛼 𝜌0𝛼 = 𝜌0), 𝜎0𝛼 = 2𝑅0𝛼, 𝜎1 = 2𝑅1,
and 𝜆𝑠 is the scaling parameter.

The introduction of the probe particle porosity can be achieved by constructing an approximate
form of the chemical potential based on an appropriate equation of state for a mixture. In the present
analysis, the excess chemical potential of the fluid particles in the limit of infinite dilution 𝜇0

1 relies on the
formulation developed by Salacuse and Stell [49] obtained through the integration of the compressibility
equation for a polydisperse HS model. This result was improved by Leon et al. [45] within the framework
of Mansoori–Carnahan–Starling–Leland approximation [50]. As a result, the expression for 𝜇0

1 for HS
fluid at infinite dilution in polydisperse matrix was presented in the following form [45]:

𝛽𝜇0
1 = − ln(1 − 𝜉03) + 𝜎1

3𝜉02
1 − 𝜉03

+ 𝜎2
1

[
3𝜉01

1 − 𝜉03
+

3𝜉2
02

𝜉03

1
(1 − 𝜉03)2 +

3𝜉2
02

𝜉2
03

ln(1 − 𝜉03)
]

+ 𝜎3
1

[
π

6
𝛽𝑃0 +

𝜉3
02

𝜉2
03

𝜉03 − 2
1 − 𝜉03

−
2𝜉3

02

𝜉2
03

ln(1 − 𝜉03)
]
, (2.28)

where

π

6
𝛽𝑃0 =

𝜉00
1 − 𝜉03

+ 3𝜉01𝜉02

(1 − 𝜉03)2 +
3𝜉3

02 − 𝜉03𝜉
3
02

(1 − 𝜉03)3 , and 𝜉0𝑙 =
π

6

∑︁
𝛼

𝜌0𝛼𝜎
𝑙
0𝛼 . (2.29)

In addition, as noted by Leon et al. [45], the pore size distribution, 𝑣1, can be obtained from the
thermodynamic porosity and is defined as follows [51]:

𝑣1 = −
(
𝜕𝜙1
𝜕𝜎1

)
. (2.30)

3. Results and discussion

We consider a monodisperse HS fluid characterized by particle diameter 𝜎1 and number density 𝜌1
(or packing fraction 𝜂1 = π𝜌1𝜎

3
1 /6), confined in a porous matrix composed of size-polydisperse HS

obstacles quenched in equilibrium. The matrix particles are characterized by a size distribution 𝑓 (𝜎0)
and number density 𝜌0 (or packing fraction 𝜂0 = 𝜉03).

In the case of the size-polydisperse matrix, the discrete summation is replaced by an integral:

𝜉0𝑙 =
π

6

∑︁
𝛼

𝜌0𝛼𝜎
𝑙
0𝛼 −→ π

6

∞∫
0

d𝜎0𝜌0 𝑓 (𝜎0)𝜎𝑙
0 =

π

6
𝜌0𝑚𝑙 , (3.1)

where 𝑚𝑙 is the 𝑙-th moment of polydespersity-size distribution function 𝑓 (𝜎0):

𝑚𝑙 =

∞∫
0

𝜎𝑙
0 𝑓 (𝜎0)d𝜎0. (3.2)
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Figure 1. (Colour online) Dependence of the fluid density on the chemical potential, calculated in this
work using the SPT2a (dashed lines), SPT2b1 (dotted lines), and SPT2b3* (solid lines) approximations,
and compared against MC simulation data from reference [45] (symbols), at fixed matrix packing fraction
𝜂0 = 0.2 and for various widths of the rectangular size distribution: (a) 𝜎0 = 1, (b) 0.9 ⩽ 𝜎0 ⩽ 1.1, and
(c) 0.6 ⩽ 𝜎0 ⩽ 1.4. (d) Same as in panels (a)–(c), but the solid lines correspond to the new SPT2b3**
approach.
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Figure 2. (Colour online) Dependence of the fluid density on the chemical potential, calculated in this work
using (a) the SPT2a (dashed lines), SPT2b1 (dotted lines), and SPT2b3* (solid lines) approximations, and
compared against MC simulation data from reference [45] (symbols), at fixed width of the rectangular
size distribution, 0.6 ⩽ 𝜎0 ⩽ 1.4, and for various matrix packing fractions: 𝜂0 = 0.1 (red lines and
filled circles), and 𝜂0 = 0.2 (blue lines and filled triangles). (b) Same as in panel (a), but the solid lines
correspond to the new SPT2b3** approach.
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Taking into account expressions (2.27), (3.1) and (3.2), in the case of a size-polydisperse matrix we
can determine the geometric porosity as follows:

𝑝0(𝜆𝑠) = 1 − π

6
𝜌0

[
𝑚3 + 3𝜆𝑠𝜎1𝑚2 + 3 (𝜆𝑠𝜎1)2 𝑚1 + (𝜆𝑠𝜎1)3 𝑚0

]
. (3.3)

The presented theoretical expressions in the previous section are sufficient for the investigation of the
influence of size-polidespersity on the HS fluid in size-polydisperse porous media. We note that the
expressions for 𝑝′0 and 𝑝′′0 needed for calculation 𝐴 and 𝐵 in (2.7) are:

𝑝′0 = − π

2
𝜌0𝜎1𝑚2, 𝑝′′0 = −π𝜌0𝜎

2
1𝑚1. (3.4)

The influence of the matrix packing fraction, 𝜂0 (or the geometrical porosity, 𝜙0 = 1−𝜂0), for polydis-
perse matrices with rectangular and Schultz–Zimm size distributions was investigated by Leon et al. [45].
It was shown that, for certain values of the distribution parameters, both distributions lead to very similar
values of the thermodynamic porosity 𝜙1. Moreover, for sufficiently broad size distributions, the thermo-
dynamic porosity, 𝜙1, is larger than that of a monodisperse matrix at the same geometrical porosity, 𝜙0,
reflecting the more efficient packing of matrix particles of different sizes compared to a one-component
HS system. Another important characteristic of porous materials is the pore size distribution, 𝑣1, defined
in equation (2.30). According to the calculations of Leon et al. [45], for a rectangular matrix particle
size distribution, 𝑣1 exhibits a single maximum, the position of which depends on the matrix density.
Specifically, increasing the matrix packing fraction shifts this maximum toward smaller test particle
diameters. At low matrix packing fractions, 𝜂0, where the geometrical porosity, 𝜙0, is close to unity,
variations in the matrix particle size distribution have only a minor effect on the pore size distribution, 𝑣1.
By contrast, at higher matrix packing fractions (lower 𝜙0), the position of the maximum of 𝑣1 becomes
increasingly sensitive to the width of the matrix particle size distribution. Similar qualitative behavior is
observed for the Schultz–Zimm distribution.

Now we calculate the adsorption isotherms. To validate our theory and to allow direct comparison
with previous studies [45], we first consider a rectangular size distribution:

𝑓 (𝜎0) =


1
𝜎0,𝑈 − 𝜎0,𝐿

, 𝜎0,𝐿 ⩽ 𝜎0 ⩽ 𝜎0,𝑈 ,

0, otherwise.
(3.5)

In figure 1 we demonstrate the effect of polydispersity on chemical potential at 𝜂0 = 0.2 and various
widths of the rectangular distribution calculated using different SPT approximations and compared
against MC simulations from reference [45]. As we can see from figure 1, increasing matrix size
polydispersity decreases the chemical potential at fixed fluid densities. Moreover, the SPT2b3* and
SPT2b3** approximations are in good agreement with the MC simulation data, while SPT2b1 and
especially SPT2a are less accurate. However, the simulation data lie between the predictions of the
SPT2a and SPT2b1 approximations. As demonstrated in the subsequent figures, this bracketing remains
valid at higher values of 𝜂0. With increasing 𝜂0, however, the width of this bracket increases, leading to
a deterioration in predictive accuracy. At sufficiently large 𝜂0 and reduced fluid density 𝜌∗1, the SPT2b3*
approximation moves outside this bracket. This behavior lies in the core idea for introducing and deriving
the new SPT2b3** approximation, which significantly improves the theoretical predictions at higher
values of 𝜂0 and 𝜌∗1.

Next, in figure 2, we illustrate the effect of the matrix packing fraction on the chemical potential for
a fixed size distribution of matrix particles, 0.6 ⩽ 𝜎0 ⩽ 1.4. Increasing the matrix packing fraction from
𝜂0 = 0.1 to 𝜂0 = 0.2 leads to a significant decrease in the chemical potential at fixed fluid densities. It
is worth noting that for a comparable matrix packing fraction, 𝜂0 = 0.157, the case of a monodisperse
porous medium was previously studied using SPT and computer simulations [21]. In that work, it was
shown that the SPT2b1 and SPT2b3* approximations yield chemical potentials closest to the simulation
data. A similar trend is observed in the present study for the size-polydisperse matrix (see figures 1 and 2).
However, the situation changes drastically with increasing matrix packing fraction. At 𝜂0 = 0.25, and
especially at 𝜂0 = 0.3, these approximations exhibit noticeable deviations from the simulation results (see
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figure 3a, b, and c). Therefore, as discussed above, we introduce a new approximation, SPT2b3**, which
is obtained from equation (2.17) by neglecting the last term in the expansion given in equation (2.16).
In figure 3(d), we demonstrate excellent agreement between the analytical results obtained within the
new SPT2b3** approximation and the MC simulation data for 𝜂0 = 0.25 (black line and squares) and
𝜂0 = 0.3 (red line and circles) at a fixed obstacle size distribution, 0.6 ⩽ 𝜎0 ⩽ 1.4. The same level of
agreement is observed for a narrower distribution, 0.9 ⩽ 𝜎0 ⩽ 1.1, at 𝜂0 = 0.3 (blue line and circles).
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Figure 3. (Colour online) Dependence of the fluid density on the chemical potential, calculated in this
work using the SPT2a (dashed lines), SPT2b1 (dotted lines), and SPT2b3* (solid lines) approximations,
and compared against MC simulation data from reference [45] (symbols), for: (a) 𝜂0 = 0.25 and
0.6 ⩽ 𝜎0 ⩽ 1.4; (b) 𝜂0 = 0.3 and 0.6 ⩽ 𝜎0 ⩽ 1.4; and (c) 𝜂0 = 0.3 and 0.9 ⩽ 𝜎0 ⩽ 1.1. (d) Same as in
panels (a)–(c), but the solid lines correspond to the new SPT2b3** approach.

Finally, we show that the new SPT2b3** approximation can be simply extended to an arbitrary
continuous obstacle size distribution, which is a key advantage of the proposed SPT-based approach. In
particular, in figure 4 we present analytical results for the chemical potentials and pressures when the
obstacle matrix is characterized by a Schultz–Zimm size distribution:

𝑓 (SZ) (𝜎0) =
1
𝛾!

(
𝛾 + 1
𝜎̄0

)
𝜎

𝛾

0 exp
[
−
(
𝛾 + 1
𝜎̄0

)
𝜎0

]
, (3.6)

where
∞∫
0

𝑓 (SZ) (𝜎0)d𝜎0 = 1,
∞∫
0

𝜎0 𝑓
(SZ) (𝜎0)d𝜎0 = 𝜎̄0. (3.7)

Trends qualitatively similar to those observed for the rectangular distribution are found here. Both the
matrix packing fraction and obstacle size polydispersity influence the chemical potential, with the impact
of polydispersity becoming increasingly pronounced at higher matrix packing fractions.
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Figure 4. (Colour online) Dependence of the fluid density on the chemical potential (a) and on the pressure
(b), obtained within the SPT2b3** approximation for a Schultz–Zimm distribution at matrix packing
fraction 𝜂0 = 0.2 and various degrees of polydispersity: 𝛾 = 99 (solid lines), 𝛾 = 24 (dashed lines), and
𝛾 = 8 (dotted lines). Panels (c) and (d) show the corresponding results for 𝜂0 = 0.25.

4. Conclusions

In the present study, we have introduced a new SPT-based approach that provides fully analytical
expressions for the thermodynamic properties (the chemical potential and pressure) of a HS fluid confined
in size-polydisperse HS random porous matrices. First, we demonstrated excellent agreement with Monte
Carlo simulation data for the chemical potentials over a wide range of matrix packing fractions and degrees
of polydispersity in the case of a rectangular size distribution. We then applied the approach to systems
in which the matrix is characterized by a continuous Schultz–Zimm size distribution and evaluated both
chemical potentials and pressures.

The proposed theory extends previous SPT-based descriptions to significantly higher matrix packing
fractions and to a broad range of size polydispersities that may be described by arbitrary continuous
size distributions, thereby providing a reliable and fully analytical framework for the thermodynamic
properties of HS fluids in size-polydisperse random porous media.

By including additional weak attractive or strong associative interactions, the present model and
theoretical approach can serve as a reference system for the description, modelling, and prediction of phase
separation, aggregation, and diffusion of protein models in naturally crowded environments [39, 40, 52–
54]. In particular, expressions for the self-diffusion coefficient of a HS fluid in monodisperse HS porous
media obtained in previous studies [55, 56] can be simply extended to polydisperse random porous media
by replacing the geometric, 𝜙0, and thermodynamic, 𝜙1, porosities with the corresponding expressions
derived in the present work. Furthermore, taking into account the previous studies [19], the approach
developed here can be generalized to describe size-polydisperse HS fluids confined in size-polydisperse
random porous matrices.
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Термодинамiка твердосферних плинiв в полiдисперсному
невпорядкованому пористому середовищi: узагальнена
теорiя масштабної частинки

Т. Гвоздь, М. Гвоздь, М. Головко
Iнститут фiзики конденсованих систем iменi I.Р. Юхновського НАН України, вул. Свєнцiцького 1, 79011
Львiв, Україна

Точний опис базисних систем є головним завданням теорiй рiдкого стану для дослiдження бiльш складних
систем. Використовуючи теорiю масштабної частинки, ми отримали повнiстю аналiтичний опис термо-
динамiчних властивостей плину твердих сфер в невпорядкованому пористому середовищi, яке представ-
лене полiдисперсними за розмiром твердими сферичними перешкодами. Такий опис узагальнює iснуючi
пiдходи на випадок вищих значень коефiцiєнта упаковки частинок матрицi. Ми розрахували хiмiчнi по-
тенцiали дляширокого дiапазону параметрiв пористої матрицi, включаючи коефiцiєнт упаковки частинок
матрицi, ступiнь полiдисперсностi та розподiли розмiрiв частинокматрицi. У рамках запропонованого пiд-
ходу нашi результати демонструють вiдмiнну узгодженiсть iз наявними даними комп’ютерного моделю-
вання методомМонте-Карло та теорiями iнтегральних рiвнянь вширокому дiапазонi значень коефiцiєнта
упаковки частинок матрицi, 0.1 ⩽ 𝜂0 ⩽ 0.3, i ступенiв полiдисперсностi.

Ключовi слова: полiдисперснiсть, твердосферний плин, невпорядковане пористе середовище,
термодинамiка
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