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We investigate square-lattice skyrmion crystal states in a centrosymmetric spin model with momentum-depen-
dent magnetic interactions, including a uniform ferromagnetic interaction, easy-axis anisotropic interactions at
two orthogonal finite wave vectors, higher-harmonic wave-vector interactions, and an external magnetic field.
Using simulated annealing calculations, we determine the low-temperature magnetic phase diagram as func-
tions of magnetic field and uniform ferromagnetic interaction strength. We find that the skyrmion crystal phase
is stabilized at intermediate fields when the uniform ferromagnetic interaction is weak, exhibiting a noncopla-
nar double-𝑄 spin texture, finite scalar spin chirality, and higher-harmonic components. Increasing the uni-
form ferromagnetic interaction suppresses and eventually eliminates the skyrmion crystal phase through direct
first-order transitions to the fully polarized state, whereas its weakening expands the skyrmion stability region
and stabilizes a single-𝑄 conical spiral phase at high fields. These results clarify the mechanisms governing the
square-lattice skyrmion formation in centrosymmetric magnets.

Key words: skyrmion crystal, square lattice, centrosymmetric magnets, ferromagnetic interaction, magnetic
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1. Introduction

Skyrmion crystals (SkXs) have attracted considerable attention in condensed matter physics because
of their topologically nontrivial spin textures and their potential applications in spintronic devices [1–4].
In particular, the particle-like nature, nanoscale size, and efficient current-driven dynamics of skyrmions
provide promising routes toward next-generation information-storage and logic technologies [5–15].
While early studies mainly focused on SkX states stabilized by the Dzyaloshinskii–Moriya (DM) inter-
action [16, 17] in noncentrosymmetric magnets [18–24], such as MnSi [24–29], Fe1−𝑥Co𝑥Si [30–33],
Cu2OSeO3 [34, 35], and EuPtSi [36–43], subsequent theoretical and experimental developments have re-
vealed that noncoplanar multiple-𝑄 magnetic states can also emerge in centrosymmetric systems through
competing exchange interactions and/or itinerant-electron effects [44–51]. Representative examples in-
clude Gd2PdSi3 [52–58], Gd3Ru4Al12 [59–62], and GdRu2Si2 [63–67], where field-induced SkX phases
have been experimentally observed despite the absence of inversion-symmetry breaking. These findings
have significantly broadened the class of materials capable of hosting topological spin textures and have
stimulated intensive studies of skyrmion formation mechanisms beyond chiral magnets [2].

A remarkable feature of centrosymmetric skyrmion systems is that the stabilization mechanism is
often governed by the competition among several magnetic instabilities characterized by distinct ordering
wave vectors related by the crystal symmetry. In itinerant magnets, such instabilities naturally arise
from the momentum dependence of effective spin interactions mediated by conduction electrons [50]. In
particular, finite-𝑄 interactions originating from Fermi-surface effects favor spatially modulated magnetic
structures, while the coexistence of different ordering wave vectors can generate noncoplanar multiple-𝑄
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states through nonlinear mode coupling. This mechanism provides a unified framework for understanding
a variety of exotic magnetic textures, including SkX states [68–70], vortex crystals [71–73], hedgehog
crystals [74–76], and meron-antimeron crystals [77, 78], realized in centrosymmetric magnets.

Among these states, square-lattice SkX states have recently attracted increasing attention because
their stabilization mechanism qualitatively differs from that of conventional triangular-lattice SkX states.
In triangular-lattice systems, triple-𝑄 superpositions naturally emerge owing to the symmetry equivalence
among three ordering wave vectors related by lattice rotations. By contrast, square-lattice SkX states are
typically associated with the superposition of two orthogonal magnetic modulations. Such square-type
SkX states have been discussed particularly in tetragonal itinerant magnets such as GdRu2Si2 [63–
67], where magnetic anisotropy and competing interactions strongly influence the stability of double-𝑄
magnetic structures. As a consequence, the parameter region supporting square-lattice SkX states is often
relatively narrow, and small perturbations can significantly modify the magnetic phase competition [79–
85].

Recent theoretical studies have suggested that magnetic anisotropies play an essential role in stabilizing
square-type SkX textures in centrosymmetric systems [81–83]. Easy-axis anisotropies, in particular,
tend to enhance the out-of-plane spin component and promote noncoplanar double-𝑄 states composed
of orthogonal modulations. At the same time, high-harmonic wave-vector interactions can stabilize
multiple-𝑄 magnetic states even in the absence of explicit DM interactions [83, 86]. Such high-harmonic
wave-vector interactions are especially important in frustrated magnets because they provide nonlinear
couplings among symmetry-related ordering wave vectors and strongly influence the selection of magnetic
textures.

Despite these advances, the interplay between uniform ferromagnetic interactions and finite-𝑄
anisotropic interactions has not yet been systematically clarified within momentum-space spin mod-
els [50]. In many centrosymmetric systems, the magnetic energy contains both a 𝒒 = 0 uniform com-
ponent favoring collinear ferromagnetism and finite-𝑞 interactions favoring spatially modulated spin
textures. The competition between these two tendencies is expected to play a decisive role in determining
the stability of noncoplanar multiple-𝑄 states. However, previous studies have mainly focused either on
finite-𝑄 instabilities alone or on phenomenological spin models without explicitly examining how the
balance between uniform and finite-wave-vector interactions modifies the stability region of square-lattice
SkX states.

Motivated by these considerations, in the present study, we investigate the stability of square-lattice
SkX states in centrosymmetric magnets by considering a spin model on a square lattice with momentum-
dependent magnetic interactions in reciprocal space. In particular, we focus on the competition between
the uniform (𝒒 = 0) ferromagnetic interaction and anisotropic finite-𝑄 interactions that preferentially
enhance the spin component along the 𝑧 direction and promote modulated magnetic states with easy-axis
character. We also incorporate higher-harmonic wave-vector interactions that favor the superposition of
orthogonal magnetic modulations and thereby enhance the tendency toward double-𝑄 ordering. To clarify
the interplay among these interactions, we perform simulated annealing calculations and systematically
determine the low-temperature magnetic phase diagram together with the corresponding spin textures.
Our results demonstrate that the strength of the 𝒒 = 0 ferromagnetic interaction qualitatively changes
the stability of the square-lattice SkX phase. For sufficiently large uniform interactions, the SkX phase
disappears, and the system exhibits a first-order transition from either a single-𝑄 vertical spiral state
or a single-𝑄 collinear state directly into the fully polarized state. On the other hand, when the 𝒒 = 0
interaction is reduced, the stability region of the SkX phase is significantly expanded in the intermediate-
field region. In addition, a single-𝑄 conical spiral state emerges in the high-field region for weaker uniform
interactions. These results reveal how the competition between uniform ferromagnetism, anisotropic
finite-wave-vector instability, and higher-harmonic mode coupling controls the stability of square-lattice
SkX states in centrosymmetric systems.

The rest of this paper is organized as follows. In section 2, we introduce the centrosymmetric spin
model on a square lattice with momentum-dependent magnetic interactions and explain the simulated
annealing method used in the present study. Section 3 presents the low-temperature magnetic phase
diagrams obtained for different strengths of the uniform ferromagnetic interaction and discusses the
corresponding magnetic textures, spin structure factors, and field-induced phase transitions. We partic-
ularly focus on how the competition between the 𝒒 = 0 ferromagnetic interaction, anisotropic finite-𝑄
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interactions, and higher-harmonic wave-vector interactions controls the stability of square-lattice SkX
states in the presence of an external magnetic field. Finally, section 4 is devoted to a summary of the
present results.

2. Model and method

2.1. Spin model with momentum-space interactions

To investigate the stability of square-lattice SkX states in centrosymmetric magnets, we consider a
classical spin model on a square lattice. The model consists of bilinear interactions specified in momentum
space and is designed to describe the competition among the uniform ferromagnetic component, the
fundamental finite-𝑄 modulations, and the higher-harmonic wave-vector components generated by their
superpositions. The Hamiltonian is written as [87]

H = H0 + H𝑄 + H𝑄high + HZ, (2.1)

where each term is defined below.
The first term represents the uniform ferromagnetic interaction at 𝒒 = 0:

H0 = −𝐽0
∑︁

𝛼=𝑥,𝑦,𝑧

(𝑆𝛼
0 )

2. (2.2)

This term favors the uniform alignment of spins and competes with the finite-wave-vector interactions
that stabilize spatially modulated magnetic states. Here, the Fourier component of the spin is defined as

𝑆𝛼
𝒒 =

1
√
𝑁

∑︁
𝑖

𝑆𝛼
i e−i𝒒 ·𝒓𝑖 , (2.3)

where 𝑺𝑖 = (𝑆𝑥
𝑖
, 𝑆

𝑦

𝑖
, 𝑆𝑧

𝑖
) is a classical spin satisfying |𝑺𝑖 | = 1, 𝑁 is the number of lattice sites, and 𝒓𝑖 is

the position vector of site 𝑖.
The second term describes the fundamental finite-𝑄 interactions at two orthogonal ordering wave

vectors,

𝑸1 = (𝑄, 0), 𝑸2 = (0, 𝑄), (2.4)

with 𝑄 = π/3. These ordering wave vectors are responsible for single-𝑄 and double-𝑄 magnetic mod-
ulations on the square lattice. We introduce an easy-axis Ising-type anisotropy for these interactions
as

H𝑄 = −2
∑︁
𝜈=1,2

[
𝐽⊥𝑄

(
𝑆𝑥𝑸𝜈

𝑆𝑥−𝑸𝜈
+ 𝑆

𝑦

𝑸𝜈
𝑆
𝑦

−𝑸𝜈

)
+ 𝐽𝑧

𝑄
𝑆𝑧𝑸𝜈

𝑆𝑧−𝑸𝜈

]
, (2.5)

where 𝐽𝑧
𝑄

> 𝐽⊥
𝑄

favors out-of-plane spin modulations. This anisotropic finite-𝑄 interaction tends to
promote noncoplanar magnetic structures, such as the SkX, in an external magnetic field by enhancing
the 𝑧-spin component at the fundamental ordering wave vectors [88].

The remaining bilinear interactions are introduced at the higher-harmonic wave vectors generated
from the two fundamental modulations,

𝑸3 = 𝑸1 + 𝑸2, 𝑸4 = 𝑸1 − 𝑸2. (2.6)

Their contributions are given by

H𝑄high = −2𝐽𝑄high

∑︁
𝜈=3,4

∑︁
𝛼=𝑥,𝑦,𝑧

𝑆𝛼
𝑸𝜈

𝑆𝛼
−𝑸𝜈

. (2.7)

These terms do not introduce explicit nonlinear interactions; instead, they represent additional bilinear
exchange channels at the higher-harmonic wave vectors. They energetically support spin configurations
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containing Fourier components at 𝑸1±𝑸2, which naturally arise when two orthogonal fundamental mod-
ulations coexist. Thus, the higher-harmonic wave-vector interactions help stabilize double-𝑄 magnetic
states such as the square-lattice SkX [86, 89].

The last term is the Zeeman coupling to an external magnetic field:

HZ = −𝐻
∑︁
𝑖

𝑆𝑧
𝑖
. (2.8)

Throughout this study, the magnetic field is applied along the 𝑧 direction.
In the present model, the central control parameter is the relative strength of the uniform ferromagnetic

interaction 𝐽0 against the finite-wave-vector interactions. A large 𝐽0 favors a collinear ferromagnetic
alignment and suppresses the development of noncoplanar multiple-𝑄 textures. By contrast, reducing 𝐽0
enhances the relative importance of the finite-𝑄 and higher-harmonic wave-vector interactions, thereby
expanding the stability region of square-lattice SkX states and allowing other modulated phases, such
as single-𝑄 conical spirals, to appear. In the following calculations, we fix the interaction parameters as
𝐽⊥
𝑄

= 𝐽 − 𝐴/2, 𝐽𝑧
𝑄

= 𝐽 + 𝐴, and 𝐽𝑄high = 0.6 with 𝐴 = 0.3, while taking 𝐽 = 1 as the energy unit. The
strength of the uniform ferromagnetic interaction is parameterized as 𝐽0 = 𝛾𝐽, and the magnetic phase
diagram is investigated by varying 𝛾 and the external magnetic field 𝐻.

The uniform interaction at 𝒒 = 0 naturally arises as the zero-wave-vector component of the Fourier-
transformed exchange interaction. For example, starting from a generic real-space spin Hamiltonian,

H = −
∑︁
𝑖 𝑗

𝐽𝑖 𝑗 𝑺𝑖 · 𝑺 𝑗 , (2.9)

its Fourier transformation yields

H = −
∑︁
𝒒

𝐽 (𝒒) 𝑺𝒒 · 𝑺−𝒒 , (2.10)

where 𝐽 (𝒒 = 0) corresponds to the uniform ferromagnetic interaction, while maxima at finite wave
vectors describe competing magnetic instabilities toward modulated states. Such momentum-dependent
interactions naturally emerge from microscopic exchange mechanisms, including short-range exchange
interactions in localized spin systems and long-range Ruderman–Kittel–Kasuya–Yosida interactions in
itinerant magnets [90–92]. Within this effective momentum-space model, the parameter 𝛾 is introduced as
an independent tuning parameter that controls the relative strength of the 𝒒 = 0 interaction with respect to
the finite-𝑞 interactions, thereby enabling a systematic investigation of the competition between uniform
ferromagnetism and finite-wave-vector magnetic instabilities.

Such momentum-space effective spin models provide an efficient framework for describing magnetic
instabilities with specific spatial periodicities. Compared with real-space spin models, they enable direct
access to the dominant ordering wave vectors without explicitly treating complicated long-range inter-
actions in real space. In itinerant magnets, this approach effectively captures the magnetic instability
arising from Ruderman-Kittel-Kasuya-Yosida interactions [90–92] mediated by conduction electrons
owing to the Fermi-surface instability [93–95], while in frustrated localized-spin systems, it can phe-
nomenologically incorporate the competition among multiple exchange interactions through the structure
of momentum-dependent couplings [96–98]. For this reason, momentum-space effective models have
been widely employed to investigate the emergence of topological magnetic phases, including multiple-𝑄
SkX states [99], as well as to explain complex magnetic phase diagrams observed in real materials like
CeAuSb2 [100], EuNiGe3 [101], and EuAg4Sb2 [102, 103].

2.2. Numerical method

The low-temperature magnetic phases of the Hamiltonian in equation (2.1) are determined by simu-
lated annealing based on the classical Metropolis Monte Carlo method. The simulations are performed
without imposing any assumed magnetic structure, so that single-𝑄, double-𝑄, and fully polarized states
can be compared on the same footing.
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We use square lattices with periodic boundary conditions. The system size is chosen so that the
ordering wave vectors 𝑸1 and 𝑸2 are commensurate with the lattice (𝑁 = 122), which avoids artificial
frustration from the boundary condition. To assess finite-size effects, we additionally performed simu-
lations for a larger lattice with 𝐿 = 24. The field dependence of the magnetization, scalar spin chirality,
and Fourier amplitudes is nearly identical for 𝐿 = 12 and 𝐿 = 24, leading to the same magnetic phase
sequence, phase boundaries, and spin textures. Furthermore, no competing incommensurate states were
found in the parameter range investigated.

Starting from random spin configurations at high temperature 𝑇0 = 1–3, the temperature is gradually
reduced to the low-temperature region according to 𝑇𝑛+1 = 𝛼̃𝑇𝑛 with 𝛼̃ = 0.999995–0.999999, where 𝑇𝑛
is the 𝑛th temperature. The final temperature is set to 𝑇 = 10−4. At each temperature step, Monte Carlo
updates are performed for equilibration, and the final spin configurations are used to identify the stable
magnetic phases. Physical quantities are measured in the low-temperature regime by performing statistical
averages over 105–106 Monte Carlo sweeps after sufficient thermalization. To reduce the possibility of
trapping in metastable states, we repeat the calculations from several independent initial conditions and
also check configurations obtained near phase boundaries.

The magnetic phases are characterized using real-space spin textures, spin structure factors, and scalar
spin chirality. The spin structure factor for each spin component is defined by

𝑆𝛼
𝑠 (𝒒) =

1
𝑁

∑︁
𝑖, 𝑗

𝑆𝛼
𝑖 𝑆

𝛼
𝑗 ei𝒒 · (𝒓𝑖−𝒓 𝑗 ) , 𝛼 = 𝑥, 𝑦, 𝑧. (2.11)

The peak positions and relative intensities of 𝑆𝛼
𝑠 (𝒒) are used to distinguish single-𝑄 states from double-𝑄

SkX states and to identify the contribution of the higher-harmonic wave-vector components. To quantify
the contribution from each ordering wave vector, we also introduce the momentum-dependent magnetic
amplitude defined by

𝑚
𝜂
𝒒 =

√︄
𝑆
𝜂
𝑠 (𝒒)
𝑁

. (2.12)

This quantity characterizes the relative intensity of magnetic modulations in momentum space and is
useful for identifying the dominant ordering wave-vector components in competing magnetic states. The
in-plane contribution is extracted as 𝑆𝑥𝑦𝑠 (𝒒) = 𝑆𝑥𝑠 (𝒒) +𝑆

𝑦
𝑠 (𝒒) and 𝑚

𝑥𝑦
𝒒 =

√︁
𝑆
𝑥𝑦
𝑠 (𝒒)/𝑁 . In order to monitor

the field-induced evolution of the magnetic states, we evaluate the magnetization parallel to the external
magnetic field as

𝑀 𝑧 =
1
𝑁

∑︁
𝑖

𝑆𝑧
𝑖
. (2.13)

To characterize the degree of noncoplanarity in the magnetic textures, we calculate the scalar spin
chirality defined on elementary plaquettes of the square lattice:

𝜒sc =
1
𝑁

∑︁
𝑖

∑︁
𝛿=±1

𝑺𝑖 ·
(
𝑺𝑖+𝛿𝑥̂ × 𝑺𝑖+𝛿𝑦̂

)
≡ 1

𝑁

∑︁
𝑖

𝜒sc
𝑖 , (2.14)

where 𝑥 and 𝑦̂ are the unit lattice vectors along the horizontal and vertical directions, respectively. This
quantity measures the solid angle formed by the neighboring spins and therefore serves as an indicator
of topological magnetic textures. Nonzero values of 𝜒sc signal the presence of SkX phases.

3. Results

We first discuss the overall structure of the low-temperature magnetic phase diagram obtained by
simulated annealing. Figure 1 shows the phase diagram in the plane of the magnetic field 𝐻 and the
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Figure 1. (Colour online) Low-temperature magnetic phase diagram in the 𝛾–𝐻 plane obtained by
simulated annealing calculations for the momentum-space spin model in equation (2.1). Here, 𝛾 controls
the relative strength of the uniform ferromagnetic interaction at 𝒒 = 0. The phase diagram includes
the single-𝑄 collinear (1𝑄 collinear) phase, the single-𝑄 vertical spiral (1𝑄 VS) phase, the square-
lattice skyrmion crystal (SkX) phase, the single-𝑄 conical spiral (1𝑄 CS) phase, and the fully polarized
ferromagnetic (FM) phase. The stability region of the SkX phase strongly depends on the competition
between the uniform ferromagnetic interaction and the anisotropic finite-𝑄 interactions.

parameter 𝛾, which controls the relative importance of the uniform ferromagnetic interaction at 𝒒 = 0.
Five phases appear in the present parameter range: the single-𝑄 collinear (1𝑄 collinear) state, the single-
𝑄 vertical spiral (1𝑄 VS) state, the square-lattice SkX state, the single-𝑄 conical spiral (1𝑄 CS) state,
and the fully polarized ferromagnetic (FM) state. At low magnetic fields, the system first stabilizes the
single-𝑄 collinear state, where the dominant modulation appears in the 𝑧 component. With increasing
field, this state changes into the single-𝑄 vertical spiral state, in which the spin texture acquires transverse
components while retaining the single-𝑄 character. In the intermediate-field region, the square-lattice
SkX phase is stabilized in a finite parameter window. At higher fields, the SkX phase is replaced by the
single-𝑄 conical spiral phase or directly by the fully polarized ferromagnetic state depending on 𝛾.

A central feature of figure 1 is that the stability region of the SkX phase is strongly affected by the
uniform ferromagnetic interaction. When the 𝒒 = 0 interaction is relatively weak, the SkX phase occupies
a wide intermediate-field window. By contrast, when the uniform ferromagnetic component is enhanced,
the SkX region rapidly shrinks and eventually disappears, leading to a direct transition from a single-𝑄
modulated state to the fully polarized ferromagnetic state. This behavior reflects the competition between
the finite-𝑞 anisotropic interactions, which stabilize modulated noncoplanar textures, and the tendency
toward uniform spin alignment. Since the external magnetic field also favors a uniform magnetization, it
cooperates with the 𝒒 = 0 interaction to progressively suppress the double-𝑄 instability as 𝛾 increases.
Consequently, the SkX phase is stabilized only when the energy gain from the double-𝑄 modulation
overcomes the combined effects of the Zeeman coupling and the uniform ferromagnetic interaction. The
overall sequence of field-induced magnetic phases nevertheless remains unchanged because the finite-𝑞
interactions themselves are unaffected by 𝛾.

Representative real-space spin configurations are shown in figure 2. Figure 2(a) displays the single-𝑄
collinear state. The spins are almost parallel or antiparallel to the field direction, and the modulation is
visible only through the spatial alternation of 𝑆𝑧

𝑖
. Since the transverse spin components are absent, this

state has no scalar spin chirality. Figure 2(b) shows the single-𝑄 vertical spiral state. In this phase, the
spins rotate in a plane containing the field direction, forming a vertical spiral with a single modulation
vector. Although the spin texture is noncollinear, it remains coplanar, and therefore it does not produce a
net scalar spin chirality.
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(a) 1Q collinear

0

1
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(b) 1Q VS

0

1
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(c) SkX

0

1

-1

(d) 1Q CS

Figure 2. (Colour online) Representative real-space spin configurations obtained from simulated anneal-
ing calculations. Panels (a)–(d) correspond to the single-𝑄 collinear (1𝑄 collinear) phase at 𝛾 = 0.2 and
𝐻 = 0.1, the single-𝑄 vertical spiral (1𝑄 VS) phase at 𝛾 = 0.2 and 𝐻 = 0.7, the square-lattice skyrmion
crystal (SkX) phase at 𝛾 = 0.2 and 𝐻 = 1, and the single-𝑄 conical spiral (1𝑄 CS) phase at 𝛾 = 0.2
and 𝐻 = 1.15, respectively. The arrows indicate the in-plane spin components, while the color scale
represents the out-of-plane component 𝑆𝑧

𝑖
. The SkX phase in panel (c) exhibits a characteristic double-𝑄

noncoplanar texture accompanied by periodic swirling spin structures, in contrast to the single-𝑄 modu-
lated states in the other panels.

The SkX state shown in figure 2(c) is qualitatively different from these single-𝑄 states. The spin
texture consists of a periodic array of swirling spin configurations, where the in-plane spin components
wind around regions with a pronounced out-of-plane spin polarization. The texture is generated by the
superposition of two orthogonal modulations and is accompanied by higher-harmonic Fourier compo-
nents. The coexistence of the two fundamental modulations produces a noncoplanar spin configuration
with a finite scalar spin chirality. Unlike conventional Bloch- or Néel-type skyrmions, which exhibit
an axisymmetric spin texture with a uniform sense of in-plane rotation, the present square-lattice SkX
is intrinsically non-axisymmetric owing to the superposition of two symmetry-related ordering wave
vectors. Nevertheless, the spin texture continuously wraps the unit sphere within a magnetic unit cell and
carries a quantized skyrmion number 𝑛sk = +1, confirming that it is a genuine SkX. It is noteworthy that
the skyrmion cores are located nearly on lattice sites rather than at interstitial positions. This feature orig-
inates from the relatively strong easy-axis anisotropic interaction, which energetically favors a localized
out-of-plane spin polarization on lattice sites [104]. Figure 2(d) represents the single-𝑄 conical spiral
state. In this phase, the in-plane spin components form a single-𝑄 spiral, while the 𝑧 component remains
almost uniform due to the magnetic field. Thus, the single-𝑄 conical spiral state is noncoplanar in a local
sense but does not possess the two-dimensional topological texture characteristic of the SkX phase.

The topological character of the SkX phase is further confirmed by the real-space distribution of the
scalar spin chirality shown in figure 3. The scalar spin chirality exhibits a periodic pattern synchronized
with the square-lattice SkX texture. Importantly, the scalar spin chirality distribution has a uniform sign
over the magnetic unit cell, leading to a nonzero spatial average. This behavior distinguishes the SkX
phase from other noncollinear states in the phase diagram, such as the single-𝑄 vertical spiral and single-
𝑄 conical spiral states. In the former state, the scalar spin chirality is absent both locally and globally,
whereas in the latter state, finite local scalar spin chirality develops but its spatial average remains zero.
The finite scalar spin chirality in figure 3 reflects the solid angle subtended by the neighboring spins and
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0
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-1

Figure 3. (Colour online) Spatial distribution of the scalar spin chirality in the square-lattice skyrmion
crystal (SkX) phase obtained by simulated annealing calculations. The noncoplanar spin arrangement
produces a periodically modulated distribution of scalar spin chirality over the magnetic unit cell.

is the microscopic origin of the topological nature of the SkX state.

0
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(a) 1Q collinear
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(b) 1Q VS

0
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(c) SkX
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0

(d) 1Q CS
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0

Figure 4. (Colour online) Spin structure factors for representative magnetic phases obtained in the present
model. Panels (a)–(d) correspond to the single-𝑄 collinear (1𝑄 collinear) phase, the single-𝑄 vertical
spiral (1𝑄 VS) phase, the square-lattice skyrmion crystal (SkX) phase, and the single-𝑄 conical spiral (1𝑄
CS) phase, respectively. The parameters are the same as those in figure 2. The intensity plots display the
momentum-space distribution of the magnetic modulations. The single-𝑄 phases exhibit the dominant
spectral weight at a single ordering wave vector, whereas the SkX phase is characterized by simultaneous
intensities at two orthogonal wave vectors together with finite higher-harmonic wave-vector components
originating from the double-𝑄 superposition.

The corresponding momentum-space information is summarized in figure 4. In figure 4(a), the single-
𝑄 collinear state shows Bragg peaks only in the 𝑧 component at the fundamental ordering wave vector. The
absence of the in-plane spectral weight is consistent with the real-space collinear texture in figure 2(a).
In figure 4(b), the single-𝑄 vertical spiral state exhibits both in-plane and out-of-plane peaks at a single
ordering wave-vector direction, reflecting the coplanar spiral modulation. Thus, the transition from the
single-𝑄 collinear state to the single-𝑄 vertical spiral state can be understood as the development of
transverse spin components while keeping the single-𝑄 character.

Figure 4(c) shows the structure factor in the SkX phase. In contrast to the single-𝑄 states, the spectral
weight appears at both orthogonal ordering wave vectors. In addition, finite intensities are found at
higher-harmonic wave vectors related to 𝑸1 ± 𝑸2. This momentum-space structure is a clear signature
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of the double-𝑄 nature of the square-lattice SkX state. The higher-harmonic wave-vector components
are not merely secondary features; they help shape the square-symmetric spin texture and reinforce the
stability of the noncoplanar double-𝑄 state. Figure 4(d) displays the single-𝑄 conical spiral state, where
the in-plane component retains a single-𝑄 peak, while the out-of-plane component is dominated by the
uniform component associated with the field-induced magnetization. This spectral feature is consistent
with the conical spiral texture in figure 2(d).
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Figure 5. (Colour online) Magnetic-field dependence of the physical quantities for a parameter set at 𝛾 = 0
where all modulated phases appear successively before entering the fully polarized ferromagnetic state.
(a) Magnetization 𝑀 𝑧 , (b) squared scalar spin chirality (𝜒sc)2, and (c) momentum-resolved magnetic
amplitudes at the relevant ordering wave vectors (𝑚𝜂

𝑸𝜈
)2. The vertical dashed lines indicate the phase

boundaries determined from anomalies in these quantities. The finite scalar spin chirality appearing only
in the intermediate-field region identifies the square-lattice skyrmion crystal (SkX) phase, while the
changes in the Fourier amplitudes reflect the reconstruction between single-𝑄 and double-𝑄 magnetic
states.

We next examine the field evolution of the magnetic observables. Figure 5 presents the representative
case where all four modulated phases appear sequentially before the system reaches the fully polarized
ferromagnetic state. The magnetization in figure 5(a) is almost zero in the single-𝑄 collinear state, starts
to increase in the single-𝑄 vertical spiral state, and exhibits a clear jump at the transition to the SkX phase.
The discontinuity in 𝑀 𝑧 gradually indicates that the single-𝑄 vertical spiral–SkX transition is first order.

33705-9



S. Hayami

Inside the SkX phase, 𝑀 𝑧 increases with the magnetic field, reflecting the progressive enlargement of the
field-polarized spin component. The transition from the SkX phase to the single-𝑄 conical spiral phase is
accompanied by another abrupt change in magnetization, suggesting a first-order character. At still higher
fields, the magnetization approaches saturation as the system enters the fully polarized ferromagnetic
phase.

The scalar spin chirality in figure 5(b) provides a direct diagnostic of the SkX phase. It is zero in
the single-𝑄 collinear and single-𝑄 vertical spiral phases, becomes finite only in the SkX phase, and
disappears again in the single-𝑄 conical spiral and fully polarized ferromagnetic phases. The onset and
disappearance of 𝜒sc occur discontinuously at the phase boundaries, again supporting the first-order
nature of the transitions involving the SkX state. Figure 5(c) shows the Fourier amplitudes at 𝑸1 and
𝑸2. In the single-𝑄 collinear and single-𝑄 vertical spiral phases, one ordering wave vector dominates,
whereas the other remains almost absent. In the SkX phase, both 𝑸1 and 𝑸2 components become finite,
demonstrating the double-𝑄 character. In the single-𝑄 conical spiral phase, the double-𝑄 balance is lost,
and the system returns to a single-𝑄 modulation before becoming fully polarized.
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Figure 6. (Colour online) Magnetic-field dependence of (a) 𝑀 𝑧 , (b) (𝜒sc)2, and (c) (𝑚𝜂

𝑸𝜈
)2 at 𝛾 = 0.3.

Compared with figure 5, the stability region of the square-lattice skyrmion crystal (SkX) phase is reduced
due to the enhanced uniform ferromagnetic interaction.

Figure 6 shows another representative field scan at 𝛾 = 0.3. Compared with the 𝛾 = 0 case in figure 5,
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the overall sequence of magnetic phases remains unchanged, whereas the magnetic-field window of the
SkX phase is significantly reduced. As shown in figure 6(a), the magnetization exhibits sharper changes
around the SkX phase, reflecting the enhanced competition between the uniform ferromagnetic interaction
and the double-𝑄 instability. Correspondingly, the scalar spin chirality in figure 6(b) remains finite only
over a narrower field range, indicating that the topological phase is destabilized as the balance shifts toward
uniform magnetization. The Fourier amplitudes in figure 6(c) further show that the coexistence region
of the two ordering wave vectors, 𝑸1 and 𝑸2, is substantially reduced, while the adjacent phases remain
dominated by a single modulation. These results demonstrate that increasing 𝛾, namely strengthening
the 𝒒 = 0 ferromagnetic interaction, primarily suppresses the double-𝑄 instability without qualitatively
changing the sequence of field-induced phase transitions.
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Figure 7. (Colour online) Magnetic-field dependence of (a) 𝑀 𝑧 and (b) (𝑚𝜂

𝑸𝜈
)2 at 𝛾 = 0.6. The square-

lattice skyrmion crystal (SkX) phase disappears in this parameter region, and the system undergoes a
direct transition from the single-𝑄 vertical spiral state to the fully polarized ferromagnetic state.

For a stronger uniform ferromagnetic tendency at 𝛾 = 0.6, the SkX phase disappears, as shown
in figure 7. The system first enters the single-𝑄 collinear state at low fields and then changes into the
single-𝑄 vertical spiral state. However, instead of forming the SkX phase at intermediate fields, the
system undergoes a direct transition into the fully polarized ferromagnetic state. The magnetization in
figure 7(a) exhibits a sudden jump to the saturated value, which indicates a strong first-order transition.
Since the scalar spin chirality is absent in the entire field range, no topological double-𝑄 phase is
stabilized. The Fourier amplitudes in figure 7(b) also show that the spectral weight remains single-𝑄
before it collapses at the transition to the fully polarized ferromagnetic state. This result demonstrates
that a sufficiently strong 𝒒 = 0 interaction suppresses the noncoplanar double-𝑄 instability and favors a
direct single-𝑄–ferromagnetic transition.

Figure 8 represents the limiting case where the uniform ferromagnetic interaction at 𝛾 = 1 is so strong
that even the single-𝑄 vertical spiral region is almost completely eliminated. As shown in figure 8(a), the
magnetization jumps directly from the single-𝑄 collinear state to the fully polarized ferromagnetic state
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Figure 8. (Colour online) Magnetic-field dependence of (a) 𝑀 𝑧 and (b) (𝑚𝜂

𝑸𝜈
)2 at 𝛾 = 1. For strong

uniform ferromagnetic interaction, the system exhibits a direct first-order transition from the single-𝑄
collinear phase to the fully polarized ferromagnetic state without stabilizing intermediate noncoplanar
phases.

at a low magnetic field. The transition is strongly first order, reflecting the direct competition between the
finite-𝑄 collinear modulation and the uniform ferromagnetic state. The Fourier amplitudes in figure 8(b)
vanish abruptly at the same transition field. This behavior indicates that the finite-𝑄 modulation cannot
survive once the Zeeman energy and the uniform ferromagnetic interaction cooperate to polarize the
spins. In this regime, the anisotropic finite-𝑄 interaction is insufficient to stabilize either a vertical spiral,
a conical spiral, or the SkX phase.

We finally discuss the opposite regime, where the uniform ferromagnetic interaction is weakened.
Figures 9 and 10 show that the SkX phase becomes more robust and that the high-field single-𝑄 conical
spiral phase is also stabilized over a wider field interval. In figure 9(a) for 𝛾 = −0.2, the magnetization
increases through the sequence single-𝑄 collinear, single-𝑄 vertical spiral, SkX, single-𝑄 conical spiral,
and fully polarized ferromagnetic states. Compared with figures 5 and 6, the SkX phase extends to higher
fields. The finite scalar spin chirality in figure 9(b) appears over a broader field window, demonstrating
the enhanced stability of the topological double-𝑄 state. The Fourier amplitudes in figure 9(c) show
sizable contributions from both 𝑸1 and 𝑸2 in the SkX phase, whereas the single-𝑄 conical spiral
phase is characterized by the recovery of a single dominant modulation together with a large uniform
magnetization.

This tendency becomes even clearer in figure 10 for 𝛾 = −0.4. The SkX phase occupies a broad
intermediate-field region, and the single-𝑄 conical spiral phase persists up to higher fields before the sys-
tem becomes fully polarized. The magnetization in figure 10(a) changes stepwise at the phase boundaries,
while the scalar spin chirality in figure 10(b) remains finite only in the SkX phase. The Fourier amplitudes
in figure 10(c) reveal that the double-𝑄 spectral weight is well developed in the SkX phase. After the
transition to the single-𝑄 conical spiral phase, one of the modulations becomes dominant, and the system
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Figure 9. (Colour online) Magnetic-field dependence of (a) 𝑀 𝑧 , (b) (𝜒sc)2, and (c) (𝑚𝜂

𝑸𝜈
)2 at 𝛾 = −0.2.

Compared with the cases for positive 𝛾, the square-lattice skyrmion crystal (SkX) phase extends over a
wider magnetic-field region, and the single-𝑄 conical spiral phase is stabilized in the high-field regime.

gradually approaches the fully polarized ferromagnetic state with increasing field. These results indi-
cate that the weakening of the 𝒒 = 0 ferromagnetic interaction allows the finite-𝑄 and higher-harmonic
wave-vector interactions to control the magnetic texture over a wider field range.

The above results establish the following physical picture. The anisotropic finite-𝑄 interaction favors
modulated states with a sizable 𝑧-spin component, while the higher-harmonic wave-vector interaction
supports the coexistence of orthogonal modulations. Their cooperation stabilizes the square-lattice SkX
phase. The uniform 𝒒 = 0 ferromagnetic interaction, on the other hand, competes with this mechanism
by favoring collinear spin alignment. When this uniform component is too strong, the double-𝑄 SkX
phase is suppressed, and the system undergoes a first-order transition from a single-𝑄 state to the fully
polarized ferromagnetic state. When it is weakened, the double-𝑄 instability becomes more effective,
leading to an enlarged SkX region and the appearance of the single-𝑄 conical spiral phase at high fields.
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Figure 10. (Colour online) Magnetic-field dependence of (a) 𝑀 𝑧 , (b) (𝜒sc)2, and (c) (𝑚𝜂

𝑸𝜈
)2 at 𝛾 = −0.4.

The reduction of the uniform ferromagnetic interaction further enlarges the stability region of the square-
lattice skyrmion crystal (SkX) phase and broadens the field range of the single-𝑄 conical spiral phase
before entering the fully polarized ferromagnetic state.

Thus, the stability of square-lattice SkX states in centrosymmetric magnets is controlled by a delicate
balance among uniform ferromagnetism, anisotropic finite-wave-vector instability, and higher-harmonic
wave-vector interactions.

4. Conclusions

In summary, we have investigated the stability of square-lattice SkX states in a centrosymmetric spin
model with momentum-dependent magnetic interactions. The model contains four essential ingredients:
the uniform ferromagnetic interaction at 𝒒 = 0, the easy-axis anisotropic interactions at the fundamental
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wave vectors 𝑸1 and 𝑸2, the higher-harmonic wave-vector interactions at 𝑸1 + 𝑸2 and 𝑸1 − 𝑸2, and
the Zeeman coupling to an external magnetic field. By performing simulated annealing calculations, we
constructed the low-temperature magnetic phase diagram as a function of the magnetic field and the
parameter 𝛾, which controls the strength of the uniform ferromagnetic interaction.

We found that the square-lattice SkX phase is stabilized in the intermediate-field region when the
uniform ferromagnetic interaction is sufficiently weak. The SkX state is characterized by a double-
𝑄 noncoplanar spin texture with finite scalar spin chirality and simultaneous spectral weights at two
orthogonal ordering wave vectors together with higher-harmonic wave-vector components. A central
result of the present study is that the uniform 𝒒 = 0 ferromagnetic interaction strongly controls the
stability of the SkX phase. For larger positive 𝛾, the uniform component suppresses the double-𝑄 texture,
causing the SkX phase to shrink or disappear through direct first-order transitions from the single-𝑄
modulated phases to the fully polarized ferromagnetic state. On the other hand, reducing the uniform
ferromagnetic interaction enlarges the SkX region and stabilizes the single-𝑄 conical spiral phase in the
high-field regime.

These results clarify that the square-lattice SkX phase in centrosymmetric systems is governed by
a delicate balance among uniform ferromagnetism, easy-axis finite-wave-vector instability, and higher-
harmonic wave-vector interactions. The uniform ferromagnetic interaction acts as a competing factor
against the double-𝑄 SkX formation, whereas the finite-𝑄 anisotropic and higher-harmonic wave-vector
interactions cooperate to stabilize the noncoplanar topological texture. The present findings, therefore,
provide a useful guideline for understanding and controlling square-lattice SkX states in centrosymmetric
magnets, especially in itinerant or frustrated systems where effective magnetic interactions are naturally
structured in momentum space.
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Gawryluk D. J., Pomjakushina E., Ōnuki Y., Arita R., Tokura Y., Kanazawa N., White J. S., Nat. Commun.,
2023, 14, 8050, doi:10.1038/s41467-023-43814-x.

102. Neves P. M., Kurumaji T., Wakefield J. P., Ip C. I. J., Cubitt R., Hayami S., White J. S., Checkelsky J. G., ACS
Nano, 2026, 20, No. 19, 14029–14038, doi:https://doi.org/10.1021/acsnano.5c18732.

103. Neves P. M., Kurumaji T., Wakefield J. P., Hiess A., Steffens P., Qureshi N., Cubitt R., DeBeer-Schmitt L. M.,
Palmstrom J. C., Hayami S., Bartkowiak M., Zolliker M., White J. S., Checkelsky J. G., Phys. Rev. X, 2026,
16, 021054, doi:10.1103/bjq3-py7l.

104. Hayami S., Yambe R., Phys. Rev. Res., 2021, 3, 043158, doi:10.1103/PhysRevResearch.3.043158.

33705-18

https://doi.org/10.1103/PhysRevX.8.041022
https://doi.org/10.7566/JPSJ.89.103702
https://doi.org/10.1103/PhysRevB.103.064414
https://doi.org/10.1103/PhysRevB.103.104408
https://doi.org/10.1103/PhysRevB.105.174437
https://doi.org/10.1103/PhysRevB.105.104428
https://doi.org/10.1103/k62j-1lyz
https://doi.org/10.7566/JPSJ.91.023705
https://doi.org/10.1103/PhysRevB.106.174437
https://doi.org/10.1016/j.jmmm.2020.167181
https://doi.org/10.1016/j.jmmm.2023.170547
https://doi.org/10.1103/PhysRev.96.99
https://doi.org/10.1143/PTP.16.45
https://doi.org/10.1103/PhysRev.106.893
https://doi.org/10.1103/PhysRev.124.329
https://doi.org/10.1103/PhysRev.124.346
https://doi.org/10.1088/0022-3719/14/23/018
https://doi.org/10.1051/jphys:019820043080128300
https://doi.org/10.1126/science.1114727
https://doi.org/10.1038/s41598-021-90308-1
https://doi.org/10.1038/s42005-021-00558-8
https://doi.org/10.1038/s41467-023-43814-x
https://doi.org/https://doi.org/10.1021/acsnano.5c18732
https://doi.org/10.1103/bjq3-py7l
https://doi.org/10.1103/PhysRevResearch.3.043158


Competition between uniform ferromagnetism and finite-wave-vector instabilities

Конкуренцiя мiж однорiдним феромагнетизмом та
нестiйкiстю зi скiнченним хвильовим вектором у
скiрмiонних кристалах на квадратнiй ґратцi

С. Хаямi
Вища школа наук, Унiверситет Хоккайдо, Саппоро 060-0810, Японiя

Ми дослiджуємо стани скiрмiонного кристалу на квадратнiй ґратцi в центросиметричнiй спiновiй моде-
лi з магнiтними взаємодiями, що залежать вiд iмпульсу, включаючи однорiдну феромагнiтну взаємодiю,
анiзотропнi взаємодiї “легка вiсь” на двох ортогональних скiнченних хвильових векторах, взаємодiї хви-
льових векторiв вищих гармонiк та зовнiшнє магнiтне поле. Використовуючи розрахунки моделювання
вiдпалу, побудовано низькотемпературну магнiтну фазову дiаграму як функцiю магнiтного поля та одно-
рiдної феромагнiтної взаємодiї. Виявлено, що кристалiчна фаза скiрмiона стабiлiзується в промiжних по-
лях, коли однорiдна феромагнiтна взаємодiя слабка, демонструючи некомпланарну подвiйну 𝑄 спiнову
текстуру, скiнченну скалярну спiнову хiральнiсть та компоненти вищих гармонiк. Збiльшення однорiдної
феромагнiтної взаємодiї пригнiчує та, зрештою, знищує кристалiчну фазу скiрмiона через прямi переходи
першого порядку до повнiстю поляризованого стану, тодi як її зменшення розширює область стабiльно-
стi скiрмiона та стабiлiзує конiчну спiральну фазу з одним 𝑄 у сильних полях. Цi результати уточнюють
механiзми, що регулюють формування скiрмiонiв квадратної ґратки в центросиметричних магнетиках.

Ключовi слова: скiрмiонний кристал, квадратна ґратка, центросиметричнi магнетики, феромагнiтна
взаємодiя, магнiтна анiзотропiя, взаємодiя хвильового вектора вищих гармонiк
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