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Exponential potentials were used since Kramers, Hellman, Glauberman, Yukhnovskii and Kelbg for solving prob-
lems of quantum chemistry, ionic solutions and plasmas. Here we develop the theory further and add new
results, in particular with respect to the quantum-statistical theory. In particular, we derive the Kelbg quantum
potential for the exponential interactions and discuss screening as well as the problem of thermodynamic stabil-
ity. Further we give new applications to a qualitative theory of alkali plasmas and fusion plasmas. We show that
the exponential potential and the early analytical results of Yukhnovskii and Kelbg allow a qualtative analytical
treatment of such difficult problems as the phase transitions in electrolytes and alkali plasmas.

Key words: strong electrolytes, high-temperature plasmas, oscillatory correlations

1. About exponential interactions

For modelling Coulomb-like systems, the class of exponential potentials is well suited as demonstrated
first by Kramers, Hellman, Glauberman, Yukhnovskii and Kelbg for solving problems of quantum
chemistry, ionic solutions, alkali plasmas and other interesting physical systems [1–14]. We develop
further a systematic continuation of the work by Yukhnovskii and Kelbg on the exponential potential,
which we started in [15]. We derive some new results by using the known classical and quantum statistical
theory, which might be useful for further applications. In particular, we develop new applications to the
thermodynamics of alkali plasmas and dense high-temperature plasmas as in the center of stars or probably
in some future fusion devices as well. The exponential potential as a regularized Coulomb potential
proposed first in 1927 by Kramers in quantum theory, turned out to be very useful for applications
in quantum chemistry [1–3], in the theory of ionic solutions [4, 8, 9, 13] and for modelling alkali
plasmas [16, 17]. The original form of the exponential potential contains only one free parameter 𝛼
which is a reciprocal length, responsible for a regularization at 𝑟 = 0 and is given by

𝑉𝑖 𝑗 (𝑟) =
𝑒𝑖𝑒 𝑗

4π𝜖𝑟
[1 − exp(−𝛼𝑟)], 𝜖 = 𝜖0𝜖𝑟 , (1)

where 𝑒𝑖 are the ionic charges and 𝜖𝑟 is the relative dielectric constant of the medium. Glauberman
and Yukhnovskii used this potential first for solving equilibrium problems of electrolyte theory. The
applications to electrolytes were extended by Günter Kelbg to transport properties [6, 7]. Afterwards
Kelbg opened a completely new field by fruitful applications to plasma physics [11, 12, 24, 25].
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Figure 1. (Colour online) Left-hand: alkali plasmas: exponential potential for opposite ions (red) for
two different parameters of repulsive forces (in blue and green). Right-hand: high-temperature plasmas
including reactions: exponential potential combined with attracting fusion forces (red curve). For com-
parison, the bare nuclear potential is shown (in green). The hump resulting from additional repulsive
forces is the Coulomb barrier. Reactions may occur only by coming from the free states on the r.h.s. and
crossing the barrier. The result of reactions are bound states close to 𝑟 = 0.

Additional short-range forces: Now we introduce the second free parameter by adding a prefactor
to the exponential

𝑉𝑖 𝑗 (𝑟) =
𝑒𝑖𝑒 𝑗

4π𝜖𝑟
[1 − 𝐴𝑖 𝑗 exp(−𝛼𝑟)] . (2)

This opens the door for new applications, in particular to alkali plasmas [1–3, 17, 28, 32]. A
good description of opposite charged particles in Cs-plasma provides, e.g., the choice 𝐴 = 1.583,
𝛼 = 1.082 · 108 cm−1 [11, 12].

For many problems, the exponential potential, even in its extended form, is just a first approximation
and additional short-range forces should be added, e.g., in the form of additional short-range terms𝑉 ′

𝑖 𝑗
(𝑟):

𝜓𝑖 𝑗 (𝑟) =
𝑒𝑖𝑒 𝑗

4π𝜖𝑟
[1 − exp(−𝛼𝑟)] +𝑉 ′

𝑖 𝑗 (𝑟). (3)

Several authors studied alkali plasmas in this spirit [10, 17]. Due to the complex structure of the ions we
need here a more detailed description by more parameters [28, 32]. Rather flexible is the addition of the
following short-range exponential [10–12, 17]

𝑉 ′
𝑖 𝑗 (𝑟) = 𝐵𝑖 𝑗 exp

(
− 𝑟2

𝑅2
𝑖 𝑗

)
, 𝐵𝑖 𝑗 =

𝑒𝑖𝑒 𝑗

4π𝜖
𝑎

𝑅𝑖 𝑗
. (4)

The parameters 𝑎 and 𝑅𝑖 𝑗 can be considered as additional adjustable parameters. For the examples Cs and
(Na) we find, e.g., [11, 12] 𝑎 = 2.214, (3.362) a.u., 𝑅 = 0.871, (0.487) a.u.. Note that the sorts indexes
𝑖, 𝑗 were here omited. Potentials of this type are nowadays generally accepted for the description of real
plasmas, in particular for alkali plasmas [33]. Applications to electrolytes have also been proposed [34].
So far extended exponentials are not widely used in electrolyte theory in comparison with hard-core
models. However, one should not overlook that on the one hand charged hard cores are very successful in
modelling the electrolytes, but on the other hand all quantum-chemical calculations lead to exponential-
like potentials as was already known by Hellmann [1–3]. On the other hand the simulations of the mean
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force potential show that the effective interactions of ions in solution are rather complicated but always
smooth [35]. We will also discuss here a class of problems connected with fusion plasmas. The fusion of
nuclei in the center of the sun and in modern fusion devices is due to attracting nuclear forces [39, 40].
In reality, fusion plasmas contain many species of charged particles as electrons and several nuclear
species like protons 𝑝, deuterons 𝑑, tritium nuclei 𝑡 and helium nuclei He++. In the first approach to
fusion plasmas we leave the electrons out by smearing them in a background and restrict ourselves to just
one nuclear reaction between 𝑝 and 𝑑, neglecting also helium nuclei, which is essenetial for the so-called
𝑝-𝑝-chain keeping only one pair reaction having a relatively high gain:

𝑝 + 𝑑 → 𝑡 + 5.43 MeV. (5)

Further, we do not consider here the spin as a variable and use another frequently used simplification
by smearing out the electrons, so that they form a uniform negative background. In order to model the
internucleon energetic processes, we use the simple short-range potential:

𝑉 ′
𝑖 𝑗 (𝑟) = −𝐴 exp

(
− 𝑎0𝑟

2) . (6)

The constants for the equations are phenomenological, that is, they are determined by fitting the equations
to experimental data in a way that the properties of nucleon-nucleon interaction are modelled at least
qualitatively, i.e., 𝐴 ∼ 5 MeV, 𝑎0 ∼ 3 fm−2.

For the illustration in figure 1 we schematically present the form of exponential potential for opposite
ions including two different parameters of repulsive forces. The applications which we discuss here are
just examples and we do not claim to develope an exhaustive theory. Anyhow, we want to demonstrate
here again that the exponential potential introduced into the statistical theory of charged particles by
Glauberman and Yukhnovskii in Lviv and and Kelbg in Rostock, is a quite rich potential model with
respect to applications to electrolytes and plasmas.

2. Classical Coulombic systems

2.1. Charge distributions

The basic characteristic quantity which we will study here, i.e., the charge-charge correlations in
Coulombic systems, which may be expressed by the pair correlation function which is defined in the
Bogolyubov approach as [8, 9, 29]

𝐹𝑖 𝑗 (1, 2) = 1 + 𝑔𝑖 𝑗 (1, 2)

with the correlation function defined in the Bogolyubov theory by

𝑔𝑖 𝑗 (1, 2) + 𝛽𝑉𝑖 𝑗 (1, 2) + 𝛽
∑︁
𝑘

𝑛𝑘

∫
𝑉𝑖𝑘 (1, 3)𝑔 𝑗𝑘 (2, 3) d3 = 0. (7)

This approximation may be considered as the first term of an expansion with respect to the plasma
parameter [8, 9, 29]. We introduce now the charge density around a charge of species 𝑖 by

𝜎𝑖 (𝑟) =
∑︁
𝑗

𝑛 𝑗𝑒 𝑗𝑔𝑖 𝑗 (𝑟). (8)

The charge density has in average the opposite sign of the central ion, which determines many physical
quantities as thermodynamic functions, structure factor etc.

As shown by Yukhnovskii and Kelbg, a simple and effective model of an electrolyte is the exponential
interaction with only one 𝛼-parameter. The charge density is for this model exponentially decaying at
small densities 2𝜅/𝛼 < 1, (𝜅 = 1/𝑟D, 𝑟D is the Debye radius) [29],

𝜎𝑖 (𝑟) = − 𝑒𝑖𝜅
2

4π𝜖𝑟 (𝑝2 − 𝑠2)
[

exp(−𝑝𝑟) − exp(−𝑠𝑟)
]

(9)
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with [8, 9, 29]

𝑝

𝛼
=

1
2

(√︂
1 + 2

𝜅

𝛼
−

√︂
1 − 2

𝜅

𝛼

)
,

𝑠

𝛼
=

1
2

(√︂
1 + 2

𝜅

𝛼
+

√︂
1 − 2

𝜅

𝛼

)
. (10)

In the case that 𝛼 is species-dependent, the solution is more complicated but for small 𝜅 we may use
𝑝 = 𝜅 and 𝑠 = 𝛼𝑖 𝑗 . The Coulomb energy is determined by the given charge density around an ion and we
find the result [29]

𝑈𝐶 =
∑︁
𝑖

𝑁𝑖𝑈
𝑐
𝑖 = − 𝑉

8π
𝜅3√︁

1 + 2𝜅/𝛼
= − 𝑉

8π𝜖
𝜅3

(1 + 2𝛾/𝛼) . (11)

Here, 𝛾 is a variable defined by 𝜅 = 2𝛾(1 + 𝛾/𝛼) which provides a form of the equations, which is
convenient for comparisons with the Debye–Huckel (DH) and the mean spherical approximation (MSA
theory) [29]. For large densities with 2𝜅/𝛼 > 1, i.e., 2/𝛼 > 𝑟D, we find a solution which is oscillating [29]:

𝜎𝑖 (𝑟) = −𝑒𝑖
𝛼2

8π𝜖𝑞𝑡
[

exp(−𝑞𝑟) sin(𝑡𝑟)
]
, (12)

𝑡/𝛼 = (1/2)
√︁

2(𝜅/𝛼) − 1, 𝑞/𝛼 = (1/2)
√︁

1 + 2𝜅/𝛼. (13)

At 𝜅 > 𝛼/2, the charge density is in the Yukhnovskii–Kelbg (YK) theory given by

𝜎YK
𝑖 = −𝑒𝑖

2𝜅2√︁
4(𝜅/𝛼)2 − 1

[
exp(−𝑞𝑟) sin(𝑡𝑟)

𝑟

]
. (14)

The transition from exponential to oscillatory behavior occurs at 2𝜅/𝛼 = 1. We note further that the result
for the electrical energy for 2𝜅/𝛼 > 1 is the same as for lower values of 𝜅/𝛼, i.e., in this order there is no
qualitative change of thermodynamics at the point of transition.

2.2. Thermodynamic functions

Standard models for the thermodynamic functions of classical ionic solutions are known since the
work by Debye, Hückel and Bjerrum in 1920-ies based on the model of hard charged spheres. These
models are well elaborated [8, 9, 13, 14]. Problems of particular interst were modern versions of Bjerrum’s
mass action law and the question of Coulombic phase transitions [19–21]. Surprisingly enough, some
questions are still open for the class of exponential potentials in spite of so many studies [13, 14]. Here, we
plan to fill this evident gap by giving some further clasical and quantum statistical calculations. The first
result is about the virial series for exponential potentials including the second virial coefficient. Without
giving the needed calculations which are rather trivial in detail, we give the virial series for exponential
potentials.

A perturbation theory may be based on the quasi-exponential approximation [30, 31]

𝐹𝑖 𝑗 (𝑟) = exp(𝑔𝑖 𝑗 ) = (1 + 𝑔𝑖 𝑗 ) +
[

exp(−𝛽𝑉 ′
𝑖 𝑗 + 𝑔𝑖 𝑗 ) − 1 − 𝑔𝑖 𝑗

]
, (15)

which leads to a cluster expansion for the free energy [8, 9, 11, 12, 27, 31]

𝐹 = 𝐹id + 𝐹exp +
𝑉

2

∑︁
𝑖 𝑗

𝑛𝑖𝑛 𝑗

∫
d2

[
exp(−𝛽𝑉 ′

𝑖 𝑗 + 𝑔𝑖 𝑗 ) − 1 − 𝑔𝑖 𝑗 −
1
2
𝑔2
𝑖 𝑗

]
+ · · · . (16)

The first correction to the ideal part is here given by the exponential interaction part which corresponds to
an improved Debye law. The success of the description by exponential potentials is based on the fact, that
an essential part of the short-range effects is included by an optimal choice of the exponential potential.
According to Yukhnovskii and Kelbg, we get for the contribution of the exponential potential [8, 9]

𝛽𝐹exp =
𝜅3

12π
𝑓

( 𝜅
𝛼

)
, 𝑓

( 𝜅
𝛼

)
=

3𝛼3

4π𝜅3

(
𝑌2 − 2𝑌 + 2

3
𝑌3 − 1

2
𝑌4 + 5

6

)
,

𝑌 = 2 + 𝑋, 𝑋 =

√︂
1 + 2

𝜅

𝛼
. (17)
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Figure 2. (Colour online) The excess chemical potential (red) and a Debye-Hückel-like aproximation
(green) which is exact only for small densities but nicely reproduces the overall shape.

The excess chemical potential is given by expression [8, 9]

𝜇ex
𝑖 = −

𝑒2
𝑖
𝛼

4π𝜖

√︁
1 + 2𝜅/𝛼 − 1√︁

1 + 2𝜅/𝛼
= −

𝑒2
𝑖
𝛼

4π𝜖

(
1 − 1√︁

1 + 2𝜅/𝛼

)
. (18)

Because of the complicated analytical structure, a simple analytical Debye–Hückel-like approximation
is often used

𝜇ex1
𝑖 = −

𝑒2
𝑖
𝜅

4π𝜖
1

1 + 1.5𝜅/𝛼 . (19)

This first low-order contribution due to the exponential potential have been extensively discussed. The
relation between the Debye–Hückel-like (DH), which corresponds to ionic size 𝑎 = 3/2𝛼, and the
YK-function for the chemical potential was discussed in detail in [27]. Here, it has been shown that
essential differences appear in the asymptotic behaviour for large 𝜅∗ (𝜅∗ = 𝜅√𝛼𝑒, where 𝛼𝑒 is the degree
of association). For the pressure we may also use an approximation which is correct only in the first
deviations from Debyes law and correct in the asymptotic for large 𝜅, for example:

𝛽𝑝 ≃ 𝑛∗0 + 2𝑛∗ − 𝜅∗3
12π

𝜑YK

(
𝜅∗

𝛼

)
,

𝜑YK(𝑥) ≃
1

1 + (3/8)
√
π𝑥 + (π/6)𝑥2 , (20)

where 𝑛∗0 = 𝑛0(1 − 𝛼𝑒), 𝑛∗ = 𝑛𝛼𝑒, 𝑥 = (𝜅 ∗ /𝛼).
We calculate now the contribution of bound states to the second virial coefficient in the form of a

series, like it is known for hard core systems. We concentrate here on symmetrical binary systems which
is an enormeous simplification and most essenstial results remain also true for unsymmetrical systems, at
least asymptotically [8, 9]. For the contributions of forth and higher orders in the interactions, we define
in the case 𝐵 = 0, the contribution of the 4th and higher orders by:

(𝛿𝐹)4+ =
𝑉

2

∑︁
𝑖 𝑗

𝑛𝑖𝑛 𝑗

∫
d2

[
exp(−𝛽𝑉𝑖 𝑗 ) − 1 + 𝛽𝑉𝑖 𝑗 −

1
2
(𝛽𝑉𝑖 𝑗 )2 − 1

6
(𝛽𝑉𝑖 𝑗 )3

]
, (21)
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we remember that 𝐵 is the parameter of short-range interaction (4). For the symmetrical case, there
are many compensations and it occurs that the most essential contributions are provided by the terms
which are even in (𝑒𝑖𝑒 𝑗 ) and define a dimensionless characteristic function known from the hard-core
case [8, 9]. For the exponential potential, the characteristic function reads including an asymmetric
Gaussian repulsion:

𝑀 (𝑏𝑒, 𝐵, 𝑅) =
1
2

∞∫
0

d𝑥 𝑥2 exp
{
𝐵 exp

[
−𝑏 exp

(
− 𝑟

2

𝑅2

)]} {
exp

[
𝑏𝑒

𝑥
(1 − exp(−𝑥))

]
− exp

[
−𝑏𝑒
𝑥

(1 − exp(−𝑥)) − 2 − 𝑏2
𝑒

𝑥2 (1 − exp(−𝑥))2
]}
, 𝑏𝑒 = 𝑍

2ℓ𝛼, ℓ =
𝑒2

4π𝜖
, (22)

where 𝑍 is the valency of ions in the considered symmetric system, ℓ −→ 𝑒2/(4π𝜖 𝑘𝑇), 𝑇 is the
temperature. Here, 𝑏𝑒 is for the exponential potential a modified Bjerrum parameter, and the characteristic
bound state function 𝑀 (𝑏𝑒) has for large 𝑏𝑒 the asymptotics:

𝑀 (𝑏, 𝐵 = 0) ≃
√︂

π

8
exp(𝑏𝑒)
𝑏

3/2
𝑒

. (23)

Note that this asymptotics is different from that of the Bjerrum function [8, 9]. The Taylor expansion of
the bound state function reads in terms of 𝑏𝑒:

𝑀 (𝑏𝑒, 𝐵 = 0) =
∑︁

𝑚=2,4,..
𝐶2𝑚𝑏

2𝑚
𝑒 . (24)

For the first coefficient 𝐶4, we get, e.g.,

𝐶4 =

∞∫
0

d𝑥
24𝑥2

[
1 − exp(−𝑥)

]4 ≃ 1
48
. (25)

We know that for hard charged spheres, the corresponding Bjerrum function 𝑀 (𝑏) possesses a quickly
convergent Taylor series with known coefficients [8, 9]. For exponential potentials, the other coefficients
𝐶2𝑚 are still to be calculated. The result for hard spheres may be taken as a first rough approximation for
the case of exponential interactions. In the case of extended exponential potentials, we have additional
contributions to be bound state function.

2.3. Bound states, mass action laws and phase transitions

As shown in [8, 9] the function 𝑚(𝑏) known as Ebeling function which is really a part of the second
virial coefficient which, being not included in the linear theory, determines, in the case of hard charged
spheres, the mass action constant of association and this way determines the bound state effects. For the
exponential potential, we get for associating electrolytes with 𝑏𝑒 ≫ 1, the mass action function

𝐾 (𝑇) = 8π
𝛼3 𝑀 (𝑏𝑒, 𝐵, 𝑅), 𝑏𝑒 =

𝑍2𝑒2𝛼

4π𝜖 𝑘𝑇
. (26)

We see that 𝑏𝑒 plays for exponential interactions the role of the old Bjerrum interaction parameter
𝑏 = 𝑍2𝑒2𝑎/4π𝜖 𝑘𝑇 . We note that our result refers so far to the case that there are no additional interactions
𝐵𝑖 𝑗 = 0. In the case of additional attractive terms with large 𝐵-parameters, possibly a minimum at finite
𝑟 is formed as for alkali plasmas. In this case, more advanced, possibly quantum-statistical calculations
are needed. The similarity of the classical case to the theory of symmetrical associating ionic solutions
analyzed in [9, 18–20] is striking. The nonideal mass action law for the degree of association 𝛼𝑒 of an
exponential system reads

1 − 𝛼𝑒
𝛼2
𝑒

=
8π𝑛𝑖
𝛼3 exp(−𝛽𝜇±ex)𝑀 (𝑏𝑒, 𝐵, 𝑅), (27)
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where 𝜇±ex = 𝜇+ex+𝜇−ex is the total excess chemical potential of the solution. As an application, we consider
now the question of thermodynamic stability. In lowest approximation we use the expression (19), i.e.,
the Debye–Hückel-like lowest approximation for the excess chemical potential which allows analytical
checks of the stability [11, 12]. One of the necessary conditions for thermodynamic stability reads

𝜕𝜇±ex/𝜕𝑛 > 0. (28)

An ionic solution or a plasma is stable, if the total excess chemical potential, the sum of contributions
of both charges is increasing [18], otherwise the charges will move against the concentration gradient
(diffusion instability). At the border between stability and instability we have critical parameters. For
the first approximation to the chemical potential given by equation (19), the problem may be solved
analytically similar to [11, 12], and we find in the present case that the border between stability and
instability is reached at

𝑏𝑐𝑟𝑒 =
32
3
, (𝜅ℓ)𝑐𝑟 ≃ 16. (29)

At stronger interactions and at higher densities, the system shows diffusion instabilities and forms two
phases with different properties. For hard sphere ions, this was first shown in [18], and was analyzed in
detail later, e.g., in [21, 22]. This analysis also includes numerical and experimental confirmations [23].
We also refer here to more precise estimates for ionic hard core solutions and several experimental
studies [21, 23]. It would be interesting to check the influence of the deviations of the YK-theory of the
chemical potential from the DH-theory at large 𝜅∗ [27] and further to check the critical density for the
new theory of exponential potentials by simulations. Evidently, simulations for exponential potentials are
not yet known.

3. Statistical theory of quantum plasmas

3.1. Generalized Kelbg potential and pair ditribution

All the known classical results can be transferred to the quantum case using Kelbs recipe which
provides a reasonable first approximation. Kelbg did not show in a fundamental work that for point
charges, i.e., for hydrogen, the quantum interactions have approximately the form of the classical expo-
nential interactions [24–26]. This way the classical theory for the exponential potential leads in a first
approximation directly to approximate results for quantum plasmas. We have just to replace the classical
𝛼 which is a constant, through the thermal wave length, which is temperature-dependent

1
𝛼

→ 𝜆 =
ℎ̄√︁
𝜇𝑘B𝑇

. (30)

Here, 𝜇 is the relative mass of two particles which meet. Using Kelbgs recipe, we may transfer all the
known classical results to the quantum case, which provides at least a reasonable first appoximation. The
Kelbg approximation provides the correct physics in a very simple way. The strict quantum statistics,
however, is much more difficult. As demonstrated first by Kelbg for the pure Coulomb potential, i.e.,
for hydrogen, the strict quantum theory may be developed based on Slater functions or like Vedenov-
Larkin and others on Green functions [12, 26]. So far the Kelbg theory has not been generalized to
other models of interactions as, e.g., the exponential potential. We will very briefly give here only the
lowest approximations for the exponential potential and discuss higher approximations in the interaction
parameter and the role of bound states only, assuming a weak degeneracy. We will show that this extension
is of some relevance for alkali plasmas and possibly for fusion plasmas as well. The main application of
a quantum statistics of exponential interactions is so far to alkali plasmas which are often descibed by
the exponential interaction model [10–12, 33].

Systems with exponential interactions may be treated in a similar way as Yukawa systems, which are
a prototype of interactions having a Fourier transform. The Coulomb case appears as a limiting case and
there are many other interesting applications. As well known, the transition from classical to quantum
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systems may be most easily performed by using the technique of Slater functicons, which for a pair of
charges 𝑎, 𝑏 are denoted as 𝑆𝑎𝑏 (𝑟) and are a kind of generalization of the pair Boltzmann factor

exp(−𝛽𝑉𝑎𝑏 (𝑟)) → 𝑆𝑎𝑏 (𝑟). (31)

We use representations of the Slater function by plane waves as already used in the pioneering papers by
Uhlenbeck and Bethe [11, 12, 26] and find:

𝑆𝑎𝑏 (𝑟) = A
∫

dk exp[−k · r] exp[−𝛽𝐻̂𝑎𝑏] exp[+ik · r], ℎ̄𝐻𝑎𝑏 = − ℎ̄

2𝑚𝑎𝑏

Δ +𝑉𝑎𝑏,

where the first term is the kinetic part of hamiltonian, 𝑚𝑎𝑏 is the relative mass. The Slater function of a
pair is the diagonal element of the pair density operator. We may use the general expansion technique for
density operators with 𝑒2 as a small interaction parameter. This way we get the expansion

𝑆𝑎𝑏 = 𝑆
(0)
𝑎𝑏

+ 𝑆 (1)
𝑎𝑏

+ 𝑆 (2)
𝑎𝑏

+ . . . .

The Fourier representation in the distance coordinate space reads

𝑆
(𝑛)
𝑎𝑏

(t) =
∫

dr 𝑆 (𝑛)
𝑎𝑏

(r) exp[it · r] . (32)

In order to find the virial coefficient we need only an integral over the Slater sum and it is sufficient to get
the Fourier transforms in the zero point 𝑡 = 0. In order to calculate the Fourier transforms of the Slater
function we define

𝑣𝑎𝑏 (r) = exp[−ik · r] exp[−𝛽𝐻̂𝑎𝑏] exp[ik · r],

and the Fourier transform
𝑣𝑎𝑏 (k, t) =

∫
dr exp(it · r)𝑣𝑎𝑏 (k, r). (33)

Using these definitions we are able to use our general perturbation scheme by transforming to the
𝑣𝑎𝑏-functions. We find for the first two iterations

𝑣
(1)
𝑎𝑏

(k, t) = −𝛽
𝛽∫

0

d𝛽′ 𝑉̃𝑎𝑏 (t) exp[−𝜆2
𝑎𝑏 (t

2 − 2k · t) (1 − 𝛽′/𝛽)],

𝑣
(2)
𝑎𝑏

(k, t) =
1

8π3

𝛽∫
0

d𝛽′
𝛽′∫
0

d𝛽′′
∫

dt′ 𝑉̃𝑎𝑏 (t − t′)𝑉̃𝑎𝑏 (t′)

exp{−𝜆2
𝑎𝑏 [(t

2 − 2k · t) (1 − 𝛽′/𝛽) + (t′2 − 2k · t′) (𝛽′/𝛽 − 𝛽′′/𝛽)]}. (34)

On the basis of these approximations for the Bloch functions, we find the free energy up to the second
order in the coupling strength 𝑒2. In the same way, we may go further to any order. By introducing the
first iteration of the 𝑣𝑎𝑏 function, which is the Kelbg approximation, given before into the formula for the
Slater functions, for the corresponding Fourier transforms negelecting symmetry effects we get

𝑆𝑎𝑏 (t) =
𝜆𝑎𝑏3

π3/2

∫
dk exp(−𝜆2k2)𝑣𝑎𝑏 (k, t, 𝛽). (35)

Similar expressions for Coulomb and Yukawa plasmas are already known [11, 12] and may be combined.
This way we get the Slater function in first approximation, which contains three Fourier-transformable
contributions

𝑆
(1)
𝑎𝑏

(t) = −𝛽4πℓ𝑎𝑏
(

1
𝑡2

− 1
𝑡2 + 𝛼2

)
𝑀

(
1,

3
2

;−1
4
𝜆2
𝑎𝑏𝑡

2
)
+ 𝐵𝑖 𝑗𝐹

𝐺
𝑎𝑏 (t), (36)
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where the first terms are expressed by the Kummer function (or confluent hypergeometric function)
𝑀 (𝑎, 𝑏; 𝑧) similar to the Coulomb potential in Kelbgs theory. The last term corresponds to the Gaussian
contribution, which is still to be extra evaluated but may be possibly better included into the short range
contributions,

𝐹𝐺
𝑎𝑏 (t) = −𝛽π𝑅3

𝑎𝑏

𝛽∫
0

𝑑𝛽′ exp
[
− ℎ̄2

2𝑚𝑎𝑏
(t2) − 2(k · t) (𝛽 − 𝛽′) − 𝛽′

4
𝑅2
𝑖 𝑗 t

2
]
. (37)

Introducing the Fourier transform of the Gaussian, we get

𝑆
(1)
𝑎𝑏

(t) = −𝛽
[
4πℓ𝑎𝑏

(
1
𝑡2

− 1
𝑡2 + 𝛼2

)
+ π𝐵𝑎𝑏𝑅

3
𝑎𝑏 exp

(
− 𝛽

4
𝑅2
𝑎𝑏t2

)]
𝑀

(
1,

3
2

;−1
4
𝜆2
𝑎𝑏𝑡

2
)
. (38)

The evaluation of the inverese Fourier transform is still to be done. We have now a closed expression
for the Fourier transform of the unscreened distribution function including exponential and Gaussian
interactions. In some cases it may be useful to shift the last term 𝐹𝐺

𝑎𝑏
to the short-range terms. The inverse

transformations are not yet known. By using the aproximation 𝑀 (𝑎, 𝑏; 𝑧) ∼ 1/[1 − (𝑎/𝑏)𝑧] we get for
the long-range part the simple expression

𝑆
(1)
𝑎𝑏

(t) = −𝛽4πℓ𝑎𝑏
(

1
𝑡2

− 1
𝑡2 + 𝛼2

)
· 1
(1 + 𝜆2

𝑎𝑏
𝑡2/6)

≃ −𝛽4πℓ𝑎𝑏

(
1
𝑡2

− 1
𝑡2 + 𝛼2

𝑞

)
, (39)

1
𝛼2
𝑞

=
1
𝛼2 + 𝜆

2
±

6
. (40)

Note that this quite simple result for alkali plasmas reduces for quantum hydrogen with 𝛼 → ∞ to Kelbgs
known estimate 𝛼𝑞 =

√
6/𝜆. Since the formulae have now the same form as for the classical case, we

may repeat the classical YK-screening procedure in the same way by just replacing 𝛼 → 𝛼𝑞 , and get
this way new quantum pair correlation functions for alkali plasmas. Performing then the Fourier inverse
transform leads for 𝜅 < 𝛼𝑞/2 to

𝑔𝑖 𝑗 (r) = −
ℓ𝑖 𝑗

(𝑝2
𝑞 − 𝑠2

𝑞)𝑟
[

exp(−𝑝𝑞𝑟) − exp(−𝑠𝑞𝑟)
]

(41)

and for larger plasma densities with 𝜅 > 𝛼𝑞/2 it leads to an oscillatory correlation function

𝑔𝑖 𝑗 (r) = −
2ℓ𝑖 𝑗𝜅2√︁

4(𝜅/𝛼𝑞)2 − 1

[
exp(−𝑞𝑞𝑟)

sin(𝑡𝑞𝑟)
𝑟

]
, (42)

𝑡𝑞 = (𝛼𝑞/2)
√︃

2(𝜅/𝛼𝑞) − 1, 𝑞𝑞 = (𝛼𝑞/2)
√︃

1 + 2𝜅/𝛼𝑞 . (43)

We see that in the present approximation the form of the classical YK-formulae is retained with replacing
the classical𝛼 by the new characteristic quantum parameter𝛼𝑞 defined by equation (40). This corresponds
to the approximation of the Kummer function given before. We note here that formulae for the quantum
parameters of alkali plasmas similar to equation (40) had been used already before as in an empirical
extension of the theory of alkali plasmas including quantum effects [11, 12]. Here, the quantum parmeters
for alkali plasmas have been derived in a consequent way from the quantum statistics of the exponential
potential. A more precise evaluation of the integrals which is still to be done would include error functions
like in the original Kelbg theory for pure Coulomb systems.

3.2. Free energy, pressure and mass action law

Having access to the Fourier transform of the correlation functions [here 𝑆𝑎𝑏 (t)] opens the way to
several applications to quantum systems. For instance, Bogolyubovs quantum statistics for Bose gases
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demonstrate that contributions to the excess pressure, and the sound velocity 𝑐𝑠 can be represented by
Fourier transforms of the two particle correlations

𝛿(𝛽𝑝) = 𝑛2𝑆2(t = 0), 𝑐𝑠 =

√︃
𝑛𝑆2(t = 0). (44)

Similar to Bogolyubov’s theory, for plasmas contributions to the excess free energy due to the non-
Coulombic parts of the interactions in terms of the Fourier transforms of the Slater functions we get

𝛿𝐹 = −1
2
𝑉

∑︁
𝑎𝑏

𝑛𝑎𝑛𝑏 ·
∑︁
𝑝⩾1

[
𝛿𝑆

(𝑝)
𝑎𝑏

(t = 0)
]
. (45)

Using these formulae we get corrections to the Coulombic part of the free energy and may also obtain
the sound velocity. In a similar form we may derive corrections to the pressure of the plasma

𝛿(𝛽𝑝) =
∑︁
𝑎𝑏

𝑛𝑎𝑛𝑏 ·
∑︁
𝑝⩾1

[
𝑆
(𝑝)
𝑎𝑏

(t = 0)
]
. (46)

For additional potentials in the form of exponential or Gaussian potentials, we do not have divergence
problems in carrying out the integrals. Note that 𝑡 → 0 corresponds to 𝑟 → ∞. Putting together these
results we arrive at expressions for the free energy of the gases with exponential Coulombic interactions.
So far in this consideration we neglected the exchange effects for the first two orders in the coupling 𝑔𝑎𝑏.
Note, that the “quantum virial functions” 𝑄 for the direct contributions are in principle infinite series in
the coupling strength 𝑒2. We calculated here only the first lower orders.

We are coming now to the problem of quantum bound states. We study here the theory for exponential
interactions only in an elementary quasi-chemical approach. Further we restict the consideration to regions
of still weak correlations and low density. This is of relevance in particular for the studies of alkali
plasmas [11, 12, 17, 33] and possibly also for fusion plasmas, as will be shown. In a first approximation,
we may follow the observation of Kelbg, that the classical theory for the exponential potential leads
directly to approximate results for hydrogenic quantum plasmas by replacing the classical 𝛼 which is
a constant expressed by the quantum wave length, which is temperature-dependent. In the case of the
exponential potential, the Kelbg prescription is to be replaced by

1
𝛼

→ 1
𝛼𝑞

=

√︄
1
𝛼2 + 𝜆

2
±

6
. (47)

The new quantum 𝛼-parameter 𝛼𝑞 depends on the temperature and on 𝜇± as the relative mass of two
particles (electron and ion or proton and deuteron), which meet and possibly may form bound states.
However, we have to note here that so far our screening procedure is valid only for the case when we
approximate all relative masses by just one, namely that for the most relevant pair as a rule 𝜇± or the
reacting pair, i.e., 𝜇𝑝𝑑 . In this way, the potential between the reacting particles is possibly strongly
influenced by screening.

Using Kelbgs recipe we may transfer all the known classical results to the quantum case which
provides a reasonable first appoximation. This refers, in particlular, to the excess chemical potential
which determines the mass action law, the degree of ionization 𝛼𝑒. This way instead of equation (27) we
get the quantum Saha equation for exponentially interacting Coulomb systems

1 − 𝛼𝑒
𝛼2
𝑒

= 𝑛𝐾2(𝑇) · exp[−𝛽ℓ𝐺YK(𝜅∗, 𝜆, 𝛼𝑞)] . (48)

Here is 𝛼𝑒 = 𝑛∗/𝑛, the relation of density of free charged particles to the total density of that species (free
and bound); the screening quantity 𝜅∗ is to be calculated as 𝜅∗ = 𝜅√𝛼𝑒. An aproximate quantum version
of the ionization depression function 𝐺YK(𝑥) was developed recently in [27]. The new approximation
corresponding to the present more complete approximation equation (42) has still to be worked out.

The new function for the exponential potential called 𝑄YK-approximation (QYKA) is similar to the
standard Debye–Hückel like approximation (QDHA) but it is characterized by a longer range with respect
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to the density-dependent screening parameter 𝜅∗. In the plasma theory based on the Yukhnovskii–Kelbg
approach, we use a temperature-dependent quantum 𝛼-parameter 𝛼𝑞 , and the dimensionless parameters
𝑥 = 𝜅𝜆±, 𝑋 =

√︁
1 + 2𝜅/𝛼𝑞 as well as the Yukhnovskii–Kelbg-functions:

𝐺YK(𝑥) =
6

√
π𝑥

[
1 − 1√︁

1 + (
√
π/3)𝑥

]
, 𝑥 =

𝜅

𝛼𝑞
, (49)

𝜑YK(𝑥) =
1
𝑥3

(
1
4
𝑋3 − 2

3
𝑋 + 2 − 3

4𝑋

)
= 1 − 9

4
𝑥 + 9

2
𝑥2 − 35

4
𝑥3 . . . . (50)

This way we get the equation of state (EOS) for the plasma

𝛽𝑝 = 𝑛∗𝑖 + 𝑛∗𝑒 + 𝑛∗0 −
𝜅∗3

24π
𝜑YK

(
𝜅∗, 𝜆, 𝛼𝑞

)
, 𝜅∗2 = 4πℓ𝑍2(𝑛∗𝑒 + 𝑛∗𝑖 ), (51)

with the mass action law

𝑛∗0
𝑛∗𝑒𝑛

∗
𝑖

= 8π
√
π𝜆3

𝑖𝑒𝜎(𝑇) exp
[
− 𝑍2ℓ𝜅∗𝐺YK(𝜅∗, 𝜆, 𝛼𝑞)

]
. (52)

This is all we know so far about the pressure and the IPD (ionization potential depression) of the plasmas
with exponential interaction. We discuss now the mass action constant of the assumed pair reactions and
assume in this simplest version of the theory that a bound state spectrum 𝐸𝑠𝑙 is known or can be estimated
by solution of the Schrödinger equation. This way we arrive at the expression

𝐾2(𝑇) =
∑︁
𝑠𝑙

𝑔𝑠𝑙 [exp(−𝛽𝐸𝑠𝑙) − 1 + 𝛽𝐸𝑠𝑙] . (53)

Following Planck and Larkin, we assume here the standard renormalization procedure, which is used
to avoid singularities [36]. From earlier work we know that in a strict quantum-statistical theory, the
convergence is achieved in this smooth, analytical way [36]. For the Coulomb potential, the quantum-
statistical exact treatment of the bound state problem is known [11, 12, 36]. For the exponential potential,
this problem is still to be solved in a strict way similar to [36] for helium. Staying here within an
elementary approach, we need only estimates for the bound state spectrum and the mass action law.
We should notice that this simple version of the theory neglects all finer effects as, e.g., the interaction
between charged and neutral particles [28].

3.3. Applications to alkali plasmas and to fusion plasmas

The model of plasmas interacting by exponential potential is quite general which we demonstrate
here by giving two examples. The first one is devoted to alkali plasmas [11].

Alkali plasmas: We first define a dimensionless pressure function by defining 𝜋(𝜇𝐵) = 𝑝ℓ3/𝑘B𝑇 .
This quantity depends mainly on the Bogolyubov plasma parameter 𝜇𝐵 = ℓ𝜅∗ and the temperature, but
scrupulously also on the characteristic material parameter 𝛼 and on the temperaure through 𝜆. In figure 3
we show the pressure function of an alkali-like plasma which is described by a simplified EOS like
equation (21) over 𝜇𝐵 for different parameters in a schematic way. The critical Bogoliubov parameter
𝜇𝑐 ≃ 8 is for our model alkali plasma only about one half of the value for hydrogen [11].

In order to simplify the calculations of the pressure, we used a simplified Pade formula (21) for the
dimensionless Coulomb part of the pressure using the approximation and find this way an expression
which is not more complicated than the Van der Waals equation

𝜋𝑐 =
𝑝𝑐ℓ

3

𝑘B𝑇
= 0.0796𝜇2

𝐵 − 0.02653
𝜇3
𝐵

[1 + 𝐴(𝜇𝐵/𝑎) + 𝐵(𝜇𝐵/𝑏)2]
. (54)

We should note however that this Pade approximation is only qualitatively correct, since it takes into
account only the first deviations from the limiting law and the aymptotics by adapting the parameters 𝐴, 𝐵.
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Figure 3. (Colour online) Qualitative shape of the high-temperature isotherms of the pressure func-
tion 𝜋𝑐 = 𝑝𝑐ℓ

3/𝑘B𝑇 of alkali plasmas for different temperatures as a function of the Bogoli-
ubov sreening parameter 𝜇𝐵 = ℓ𝜅∗ [we used equation (55) for the drawing with 1/𝛼 = 2 Å for
𝑇 = 1000, 3000, 6000, 10000 K (from below)]. According to our estimate, the curves for 𝑇 < 3000
K are unstable and the critical situation is a bit above 𝑇 ∼ 3000 K which is at least in the region of
observed critical points for alkali plasmas.

The drawing in figure 3 is a principal scheme for alkali-like plasmas made with equation (55) with
adapted parameters 𝐴, 𝐵 is an estimate. Accordingly, the shape of the pressure is only semi-quantitative,
although it shows a reasonable behaviour including a phase-transition-like behaviour with wiggles below
an estimated critical temperature about 𝑇 ∼ 3000 K. We remember that the experiments for cesium,
rubidium, natrium, potassium and lithium plasmas show a gas-liquid transition in the region 𝑇𝑐 ≃ 2000–
3500 K [28]. However, our curves are not quantitative, or theoretical chritical temperature is still too high
in comparison with experimental data, which is 𝑇𝑐 ≃ 2000 K for cesium and for other alkali plasmas is
in the range up to 3500 K [28]. One of the reasons of the still existing disagreement between the present
theory and the experiments is that we neglected higher order contributions in the formula (49) and (50), as
well as polarization and other relevant effects [11, 28]. This way, the theory of alkali plasmas given here
still needs several refinements, an advantage being, however, the complete analyticity of the formulae in
the framework of the exponential potential [9, 14].

Proton-deuteron fusion plasmas: The following approach to a model of fusion plasmas is to be
considered just as a first approach which has to be checked and worked out. In order to avoid any
misunderstandings we would like to say first, that we do not have in mind here controlled thermonuclear
fusion plasma, which are generally highly non-equilibrium but have in mind natural fusion plasmas
like in the Sun which are probably in a kind of local thermodynamic equilibrium. Here, the term
local thermodynamic equilibrium means that some degrees of freedom are in equilibrium and a local
temperature and a local pressure exist. The degrees of ionization are not in equilibrium and the study
of this degree of ionization is our interest. This is a traditional object of astrophysics [37, 38]. However,
one may hope that any progress in this field might be also beneficial for the study of inertial fusion in
laboratories. In order to model fusion plasmas in local thermodynamic equilibrium, we use here the model
discussed in section 1 in a simplified version based on the Kelbg approximation as in subsection 3.1. We
think it is needless to say here once again that due to increasing needs of energy sources, the physics of the
largest natural ressource of energy is to be further explored. The fusion processes in the center of the Sun
and maybe sometimes regarding the technical fusion equipment are nowadays in the center of interest.
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Figure 4. (Colour online) Exponential potential model equations (4) and (56) for repulsing Coulomb
and attracting nuclear forces between two charged nuclei (in red). The bound nuclear states are located
within the well, only the highest ones may be involved in tunneling processes. The screened potential
is also shown (in green) for higher densities as well as the hypothetically assumed energetic level of
the free plasma particles (blue line at 0.5). Evidently, the tunneling through the barrier is supported by
screening [37], which was treated here in the YK-approximation which is much better than previously
applied screening procedures.

We mention only a few of recent fusion studies [39, 40]. We want to prove here in a small study that the
exponential potential may be useful in modelling a fusion plasma in local thermodynamic equilibrium.
So far we used the exponential potential already for modeling different kinds of modifications of the
Coulomb law at small distances. In fusion plasmas we have a new kind of force, the nuclear force which
is responsable for energy providing reactions like the so-called 𝑝-𝑝-chain reaction which plays a big role
in the Sun and has a relatively high gain.

The nature of nuclear forces is complex. The discussion of these problems is beyond the scope of
this study. We will confine ourselves to use a very simple model of the nucleon-nucleon interaction
which fulfils just the condition that the ground state is at least in first approximation in agreement with
the observations [37]. Our simple ansatz consists of an exponential Coulomb term and a contribution
of fusion forces. This ansatz allows us to model the hump between the Coulomb tail and the well of
attracting nuclear forces:

𝑉𝑛𝑛 (𝑟) =
𝑒2

4π𝜖𝑟
[1 − exp(𝛼0𝑟)] − 𝐴 exp

(
− 𝑎0𝑟

2) . (55)

Here, 1/√𝑎0 characterizes the range of the nuclear attractive forces (𝑎0 is a characteristic parameter
of nuclear forces) and 1/𝛼0 is the range where the validity of the Coulomb law ends, both lengths
beeing in the femtometer range (see the schema figure 1). The values of these two lengths can only be
roughly estimated. We prefer values which are in accdordance with the observed reaction gains. The long
range contribution to the interaction forces is modified in the plasma by screening effects. By using the
quantum-statistical version of the YK-screening theory given here we find for the screened potential

𝑉̃𝑛𝑛 (𝑟) =
𝑒2

4π𝜖𝑟
[

exp(−𝑝𝑞𝑟) − exp(𝑠𝑞𝑟) − 𝐴 exp(−𝑎0𝑟
2)

]
, (56)

where the parameters 𝑝𝑞 , 𝑠𝑞 are given as before in the framework of the Yukhnovskii–Kelbg theory
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by equation (10) with the modification 𝛼 → 𝛼𝑞 . A comparison of unscreened and screened potential
between proton and deuteron is shown in figure 4.

The proper statistical definition of reaction constants in systems with Coulomb interacrtions is a quite
difficult problem and the answer is not unique. According to Onsager, the definition of a bound species
is not unique. We have some freedom in the choice of the definition [11, 12]. In the case of a Coulombic
pair, an alternative good choice is according to Planck, Larkin and others [36] given by the prescription
to omit the divergent terms in a Taylor expansion. We show in figure 4, how the assumed profile of
the actual Coulomb and nuclear potential is changed by screening the exponential part of the potential
in a dense plasma according to the given formulae for the screened potential (9) and (10) modified by
quantum effects according to equation (48) for 𝛼𝑞𝑟D > 2. We also note the transition to an oscillatory
pair distribution for 𝛼𝑞𝑟D < 2.

The quantitative description of the nuclear force relies on equations that are partly empirical [37–40].
Despite the long history of nuclear physics, it is still not possible to write down, exact formulae for the
two-nucleon interaction. In a first approach we leave the electrons out by smearing them in a background
and restrict ourseleves to just one nuclear reaction, also neglecting helium nuclei in the 𝑝-𝑝-chain keeping
only one pair reaction having a relatively high gain.

4. Conclusions

This work is a continuation of the previous paper [15] where we aimed to extend the work by
Yukhnovslii and Kelbg on the classical and quanten statistical theory of the exponential potential. We
show that this theory is very powerful with respect to new applications. Here we develop, e.g., new
applications to electrolytes and alkali plasmas and also propose a new application to fusion plasmas.
By using and extending the old analytical results for the thermodynamic functions of Coulomb systems
with exponential interactions, we succeed to give applications to such complicated problems like phase
transitions in electrolytes and alkali plasmas by using fully analytical and simple graphical methods. We
underline this way the power of analytical theories which should not be neglected in comparision with
new powerful simulation methods, since they offer a more comprehensive understanding of the details.
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До статистичної теорiї сильних електролiтiв i
високотемпературної плазми: новi застосування праць
Юхновського та Кельбга II

В. Ебелiнг1, М. Головко2
1 Iнститут фiзики унiверситету Гумбольдта, Берлiн, Нiмеччина
2 Iнститут фiзики конденсованих систем iм. I. Р. Юхновського Нацiональної академiї наук України,
вул. Свєнцiцького, 1, 79011 Львiв, Україна

Експоненцiальнi потенцiали використовувалися з часiв робiт Крамерса, Гельмана, Глаубермана, Юхнов-
ського та Кельбга для розв’язання задач квантової хiмiї, теорiї iонних розчинiв i плазми. В данiй роботi ми
далi розвиваємо цi пiдходи та представляємо новi результати, зокрема стосовно квантово-статистично те-
орiї. Зокрема, отримано квантовий потенцiал Кельбга для експоненцiальних взаємодiй i обговорюється
екранування, а також проблема термодинамiчної стiйкостi. Далi наводяться новi застосування якiсної те-
орiї плазми на основi лужних елементiв та плазми на основi термоядерного синтезу. Показано, що ви-
користання експоненцiального потенцiалу та попереднiх аналiтичних результатiв з праць Юхновського
та Кельбга уможливлюють якiсний аналiтичний розгляд таких складних проблем, як фазовi переходи в
електролiтах та плазмi на основi лужних елементiв.

Ключовi слова: сильнi електролiти, високотемпературна плазма, осциляцiйнi кореляцiї

33501-16


	About exponential interactions
	Classical Coulombic systems
	Charge distributions
	Thermodynamic functions
	Bound states, mass action laws and phase transitions

	Statistical theory of quantum plasmas
	Generalized Kelbg potential and pair ditribution
	Free energy, pressure and mass action law
	Applications to alkali plasmas and to fusion plasmas

	Conclusions

