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The magnetic properties and hysteresis loops for the hexagonal Ising nanowire (HIN) with a core-shell structure
consisting of mixed spins with the core spin being spin-5/2 and the shell spins being spin-3/2 are studied. The
Blume-Capel model is considered by using the mean-field approximation (MFA) based on the Gibbs-Bogoliubov
inequality for free energy. The impact of different bilinear interaction parameters (J¢¢, Jss, Jes) between the
core, shell, and core and shell spins, respectively, including the crystal (D, D) and external magnetic fields
(h = he = hy) at the core and shell sites, are taken into consideration. In order to obtain phase diagrams on
various planes, the thermal changes of the net, core, and shell magnetizations are investigated for various values
of our system parameters. It is discovered that the model exhibits only second-order phase transitions when
h = 0.0 for D greater or equal to zero, first- and second-order phase transitions for 4 # 0.0 and compensation
temperatures for all A.

Key words: mean field theory, Blume-Capel model, hysteresis loops, compensation temperature,
magnetization, mixed-spin system

1. Introduction

It is well known that as the considered spins get higher, the magnetic behaviors of the materials
become richer, displaying various critical phenomena. Furthermore, their mixtures induce extra critical
behaviors, such as the compensation temperature at which net magnetization becomes zero before the
critical temperatures. Therefore, they have been investigated under various circumstances, following a
variety of approaches.

A mixture of high spins with spin-3/2 and spin-5/2 displaying interesting critical features was con-
sidered in some works. The phase diagrams and internal energies of the ferrimagnetic Ising system with
interlayer coupling were studied by the effective field theory (EFT) with correlations [[1]. In order to study
the critical behaviors of the Blume—Capel (BC) Ising ferrimagnetic system, the exact recursion relations
were considered on the Bethe lattice with various coordination numbers [2]]. The exact recursion rela-
tions were applied to study the magnetic properties of the BC Ising ferromagnetic system on the two-fold
Cayley tree that consists of two sublattices A and B [3]]. The magnetic properties of a mixed spin-3/2 and
spin-2 and a mixed spin-3/2 and spin-5/2 Ising ferromagnetic system with different anisotropies were
studied by means of mean-field theory (MFT) and the dependence of the phase diagram on single-ion
anisotropy strengths was examined [4]. The dynamic phase transitions and compensation temperatures
were examined within the MFA for the Ising system with a crystal field interaction under a time-varying
magnetic field on a hexagonal lattice by using Glauber type stochastic dynamics [3]. The magnetizations
of a multilayer thin film described by the transverse Ising model were investigated within the framework of
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the EFT with correlations, and the influence of the surface exchange coupling and transverse fields on the
magnetization and phase transition temperatures was discovered [[6]. The ferrimagnetic Ising model with
nearest neighbor (NN) interactions was studied in the MFA for both square and simple cubic lattices, and
the equilibrium magnetizations and the compensation temperatures were obtained [[7]. The critical and
compensation temperatures of a ferrimagnetic Ising system with mixed spins, S;“ =3/2 and a'jB =5/2,
were analyzed using Monte Carlo (MC) simulations [8]. The magnetic properties of a ferrimagnetic Ising
model with two crystal fields in a longitudinal magnetic field were studied by MC simulations [9]]. The
magnetic properties of the Ising ferrimagnetic system in a graphene layer were explored by means of MC
simulations, and the effects of next-nearest neighbors exchange interactions and crystal field anisotropy
on the critical and compensation behavior of the system were investigated [10]. The MC simulation
techniques were carried out to study the magnetic behaviors of a mixed Ising system on a square lattice,
where spin-3/2 alternates with spin-5/2 in two interpenetrating sublattices A and B [11]. The dynamic
magnetic properties of the Ising bilayer system consisting of the mixed (3/2, 5/2) Ising spins with a
crystal field interaction in an oscillating field on a two-layer square lattice were studied using the dynamic
mean-field theory based on the Glauber-type stochastic dynamics [[12].

This mixed-spin model was also considered for a more sophisticated system, such as the core—shell
structured nanowires. Experimental research on core—shell magnetic nanowires made by fusing several
magnetic materials was conducted in the recent years [13]]. The benefit of these materials is that they
convey multifunctional capabilities due to the integrated properties of multiple materials. Additionally,
due to this mixing, the core—shell structure can exhibit compensating phenomena.

This type of core—shell structured nanowire has also attracted theoretical interest. The dielectric
properties of Ising ferrielectric nanowires with a spin-3/2 core and a spin-5/2 shell structure were system-
atically studied using the MC simulation in the presence of the external longitudinal electric field. The
specific heat, compensation points, susceptibility, and hysteresis behaviors were examined [[14]. The MC
simulations based on the metropolis algorithm were performed to study the critical and compensation
temperatures of a core—shell nanowire with mixed spin-3/2 and 5/2, respectively, for an Ising antiferro-
magnetic system, and the influence of nearest neighbor exchange interactions and crystal field anisotropy
on the critical and compensation behaviors of the system was analyzed [15]. The magnetic properties
and hysteresis behavior of a ferrimagnetic cubic Ising nanowire with mixed spin-3/2 and spin-5/2 in
which the atoms are placed alternately by the MC simulation to investigate the effects of the exchange
interactions and crystal field on the magnetic properties and hysteresis behavior of the nanowire [[16].
Again, the MC simulation was carried out to investigate the dynamic magnetic behaviors of the ferri-
magnetic mixed spin (3/2, 5/2) Ising-type borophene nanoribbons with core—shell structure. The effects
of the crystal field, exchange couplings and time-dependent oscillating magnetic field on the dynamic
magnetic characteristics were discussed [17]. The phase diagrams and hysteresis loops of a ferrimagnetic
mixed spin (3/2, 5/2) hexagonal Ising nanotube with core—shell structure within the framework of MC
simulation based of the Metropolis algorithm was applied and the effects of the longitudinal crystal field
of the shell sublattice, the exchange couplings were studied on the magnetization behaviors, magnetic
susceptibility curves, phase diagrams, and hysteresis loops [[18} [19]]. A cylindrical Ising nanotube that
consists of 3/2 core spins surrounded by 5/2 shell spins was introduced and studied with the MFA and
MC simulations in the presence of crystal and external magnetic fields [20].

It should be noted that the MFA by using the Gibbs—Bogoliubov inequality was carried out for the
nanostructure models including spin-1 and spin-1/2 such as for the magnetic properties of an hexagonal
nanosystem with the molecular field-type calculation and MC simulations [21]], for the thermodynamic
states of the hexagonal nanotube system obtained from an eighteen-site cluster within an improved
MFA [22]] and for a seven-site cluster within an improved MFA [23]].

Note also that the MFA is well recognized to provide just a rough depiction of the true situation while
overestimating particle interaction. Efforts to improve the homogeneous the MFA are always increasing.
Since the Gibbs—Bogoliubov inequality states that the free energy of a system is always less than that
computed by a trial function, the chosen trial function prevents the MFA from being overestimated,
resulting in an improvement.

It is clear from the above references that the mixed spin with spin-3/2 and 5/2 nanowire model is only
examined using the MC simulations, to the best of our knowledge. Therefore, in this work, we consider
another method. Thus, the hexagonal Ising nanowire with a core—shell structure consisting of mixed
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spins, with the core being spin-5/2 and the shell spins being spin-3/2 is studied for the BC model using
the MFA based on the Gibbs—Bogoliubov inequality for free energy.

The rest of the work is organized as follows: section 1 presents the model and the method MFA
based on the Gibbs—Bogoliubov inequality for free energy. Section 2 contains all our findings in terms
of thermal variations of magnetizations, phase diagrams, and hysteresis loops. The final section includes
a brief summary, comparisons, and discussions.

2. The model and method

The model under consideration is a mixed spin model with spins 3/2 and 5/2 in a hexagonal nanowire,
as schematically depicted in figure 1| Each hexagon has one core-spin S = % which is enclosed by six
shell-spins Q = % The hexagonal wire is chosen to have N = 7 layers and thus consists of a total of
Nt =N spins.

Figure 1. (Colour online) Schematic representation of spin-5/2 chain with hexagonal spin-3/2 shell. The
red and black circles represent the magnetic atoms of spin S = 5/2 in the core and spin Q = 3/2 on the
surface shell, respectively.

The Hamiltonian of the model may be written as follows:

H = —Jg Z Sin_Jc Z SmSn — Js Z QiQm_DcZ:(Si)2

(i.J) (m,n) (i,m) i

= Dy ) Q) =h) Si=h ) On @1

where S; is a spin-5/2 having the values of +5/2, +3/2, +1/2 and Q ; is spin-3/2 with the values of +3/2,
+1/2. The first sum runs over all pairs of the NN sites between the S—Q spins (core—shell interactions),
the second one runs over all core spins of NN hexagons between the S—S spins (core—core interactions),
and the third sum contains the interactions of the shell spins between the NN hexagons of Q—Q spins
(shell-shell interactions). Thus, the bilinear exchange interaction parameters J.s, J. and J; describe the
couplings between the S—Q, S—S and Q—Q, respectively. D, and D are the crystal field parameters active
at the sites of core and shell spins, respectively. 4 is the external magnetic field taken to be equal at each
lattice sites.
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The approximated free energy of the system can be obtained from a variational principle using the
Gibbs—Bogoliubov inequality given as

G(H) < G(Hyp) + (H — Hy), 2.2)

where G (H) is the free energy of the system described by the Hamiltonian given in equation (2.1)), i.e.,
the exact free energy. G(Hy) is the average free energy of the trial Hamiltonian Hy which depends on
variational parameters and (H — Hyp) denotes the thermal average of the value H — Hy over the ensemble
defined by Hy.

In the calculations, we have followed the conventional procedure of [24f]. The trial Hamiltonian is
assumed to be in the form given as

Ho== " (1Si+DcS?) = > (1:0m + D0, (2.3)

4 m

where A, and Ay are the two variational parameters related to the molecular field acting on the core and
shells of the hexagonal nanowire.

After some straightforward calculations, the expression for the variational free energy g of equa-
tion is obtained as

_ N HpDc > 98D 3
g = B{ln [Zexp( 1 )cosh(zﬁ/lc)+2exp( 7 )cosh(zﬁ/lc)
+ 2exp (’%) cosh (%ﬁ/lc) ]} - 6—N{ln [2 exp (9'B4DS ) cosh (%,B/ls)

B
BD 1
+ 2exp T cosh Eﬁ/ls +(-2J. M, —6J.sMs —h+A.)M,
+ (—4JsMy —JesMe — h+ A5) M. 2.4

The parameters 4. and A are found by the minimization procedure, i.e., taking the derivatives of
equation (2.4) with respect to A, and A4 and equating zero leads to our desired parameters. Thus, one
obtains

Ade = 2J:Mq+6Jc.sMs+ h,

As = A Mg+ JcsMe+ h. (2.5)
As the final equations, the magnetizations of the core and shell spins may be obtained by using M, =
—% 06796 and M = —% 5795_, which are calculated respectively as

Ssinh (381.) +3e~*FPe sinh (384, ) + e~%Pe sinh (181.)

= , 2.6
“ " 2cosh (3BAc) +2e~4BDe cosh (3 8A.) +2e~%BDe cosh (151.) (20)

and

3sinh (384,) + P> sinh (184,)

s = . 2.7
2 cosh (34,) +2e=28Ds cosh (184y) @D

It should also be mentioned that the average total magnetization per site of an hexagon is given as

M. +6M;

|Mr| = ) (2.8)
7
which was investigated in detail by varying our system parameters to calculate the thermal variations and

to obtain the phase diagrams in the next section.
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3. The characteristics of magnetizations and the phase diagrams

In this section, the thermal variations of the core (M, ), shell (M), and total average (M7) magneti-
zations are examined when the external magnetic field is turned on and off. Their behaviors enable us to
obtain the possible phase transition temperatures, i.e., the phase diagrams of the model. Additionally, the
magnetic hysteresis loops are also examined.

3.1. Thermal variations of magnetizations and hysteresis loops

As our first illustrations, we have investigated the thermal variations of the core and shell magnetiza-
tions, M. and M| respectively, with the external magnetic field turned off. It is also assumed that J.; < 0.0
corresponds to the AFM interactions between the core and shell spins and, J. > 0.0 and J; > 0.0 are
for the FM interactions between the shell and between the core spins, respectively. Thus, the core and
shell spins are oriented in an antiparallel fashion, as shown in figure[2[a)-(d). The ground states (GS) of
M, and M, are 5/2 and —3/2 as expected. As the temperature increases, they both decrease to terminate
at the common second-order phase transition temperature, i.e., 7;.. In figure 2(b), the values of J. = 2.0
and Jg = 0.75 are larger than the corresponding values in figure [J(a). Thus, the magnetizations persist at
higher temperatures, leading to higher 7. In figure [Jc) and (d), the values of the crystal field D, = 0.0
and D = 0.5 are respectively exchanged, showing that D is more dominant since magnetizations endure
higher temperatures and thus a higher 7. appears again.

Ms

Mc

2 Lo (d)
0 5 10 15 2

kgT/lJes| kgT/lJes|
Figure 2. (Colour online) Thermal variations of the core and shell magnetizations M, and M.

Figure [3] illustrates the effects of an external magnetic field on the thermal changes of M. and
M. When h < 0.0, as shown in figure [3(a)—(c), both magnetizations start from their GS values. As
temperature increases, they decrease to present jumps at the first-order phase transition temperatures, 7;.
While M, jumps from negative to positive values, M, does the opposite. The jumps get less pronounced
as h becomes less negative. At & = 0.0, as shown in figure [3[d), both magnetizations vanish at the 7.
Figure [3[(e) is obtained for 4 = 2.0 and does not present any phase transitions. The final characteristic
behavior is displayed in figure [3(f) where M, presents a T; but M, does not show any phase transitions.
Note also that all the figures with 2 # 0.0 show that magnetizations approach the zero asymptoticaly at
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higher temperatures.

Figure 3. (Colour online) Thermal variation of the core and shell magnetizations M. and M, with

\ L(e)]
10 15 20
kBT/|Jcs|

! L(f) ]

10 15 20

kgl/|Jes|

Jes =-1.0,J.=2.0,J3 =0.5, D, = Dg = 1.0 for selected values of A.
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Figure 4. The average total magnetization | M| versus the temperature.
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Figure[]is obtained in correspondence with figure[2]for Mr. According to equation (2.8)), My contains
six M and one M, for each hexagon which must be kept in mind for understanding the figures. The GS
of |[Mr| = 1(2.5 -6 x 1.5)/7| ~ 0.9285 since J.5 < 0.0, thus, |Mr| has this value at zero temperature.
The compensation temperature, Tcomp, is the temperature that appears before 7, and the magnetizations
of six shell spins compensate the magnetization of the core spin. It is clear from figure [d((a) and (b) that
as J increases, the T and Tiomp appear at higher T, since when J; > 0.0, the FM phase is supported. The
same can also be expected for J. > 0.0. In the last two figures, the values of D and D, are exchanged.
It is clear that when Dy is larger than D, the critical temperatures are seen at higher 7. This may be
caused by the higher number of shell spins than core spins and by the crystal field being positive.

0,15

h=-0.45

M|

kBT/lJcsl
! T h=-02 ! ‘ ‘ Th=00]
_ 075 4 = 05 —
s =
05— Tcomp, N 05— N
] Teomp
0,25~ —
TC
ol(d) | /
0 5 10 15 20
kgT/Jes|
1 \
h=25
0,75 —
T
= 0,5 ] —
0.25 S~ —
(f) \
0
0 5 10
kgT/Jes| kgT/|cs|
Figure 5. The average total magnetization |M7| versus the temperature with J.3 = —1.0, J. = 2.0,

Js =0.5, D, =1.0, Dg = 1.0 for selected values of h.

Similarly, figure[5[(a)—(f) is calculated with respect to figure[3{a)—(f) for the given values of A = —0.75,
—-0.45,-0.2, 0.0, 2.0 and 2.5. They all start again with the same GS value. The first figure shows one 77,
the second one two Teomp and a Ty, the third one a Teomp and a T;, the fourth one a Teomp and a T, (for
h = 0.0), the fifth one only a T.omp and the last one only a 7;. It is clear that the existence of a Tcomp can
be accompanied with the phase transitions of any kind or can exist independently. The places of 7, and
T; and the expected positions of T¢onyp are in agreement with ﬁgure@ as expected.

In order to investigate the effects of the system parameters on the magnetic hysteresis loops, the total
average magnetization curves of the system are plotted as a function of the external magnetic field &
for various temperatures, as shown in figure [6] The first two figures show that My for T = 0.5 and 1.5
have two straight portions in the negative and positive & regions with a sharp rise about 2 = 0.0. For
T = 0.5, there is only one cycle since the magnetization lines during the rise do not cross each other.
When T = 1.5, the lines cross each other during the rise which leads to three loops. For T = 5.0, the three
loops become more pronounced, but the straight portions of My disappear and appear gradually rising as
hrises. As T increases to 10.0, the middle loop disappears, and only two loops remain for +/ regions. As
T increases further to 13.0, these two loops disappear but now concentrate as one loop around 4 = 0.0.
Finally, all the loops disappear when 7" = 20.0.
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Figure 6. The hysteresis loops with J.g = —1.0, J. = 2.0, J¢ = 0.5, D, = 1.0, Dy = 1.0 for selected
values of 7.

3.2. The phase diagrams with 2 = 0.0 and 2 # 0.0

Having investigated the thermal changes of magnetizations under various circumstances, we are
now ready to obtain the phase diagrams when 2 = 0.0 and & # 0.0 cases: Figure [7(a) is obtained for
Jes ==1.0,Js =0.5and D, = Dy = 1.0 on the (J., kgT/|J.s|) plane shows that the T,.-line starts at high
temperatures for J. = 0.0 and increases as J. increases. This is obvious since increasing J. values try to
align the spins of the cores in favor of the FM phase. The corresponding Tomp-line starts on the T,.-line
and changes very slowly as J. increases. A similar phase diagram is also obtained on the (D, kgT/|Jcs|)
plane for J.;, = -1.0, J. = 2.0, J; = 0.5 and Dg = 0.5 as given in figure Ekc). Now, the T,-line appears
to be straight, and the Teomp starts from the negative D values. Figurb) obtained for J.; = —1.0,
Je =2.0and D, = Dy = 1.0 on the (Js, kgT/|J.|) plane and figure [/(d) calculated for J.; = —1.0,
Jo =2.0,Js =0.5and D, = 0.5 on the (D, kgT/|J.s|) plane show different characteristic behaviors.
The Tomp-lines start immediately with J; = 0.0 in figure b) and with Dy = 0.0 in figure d) and rise as
Js and Dy rise, respectively. Then, they combine with the 7,.-lines. Note also that the 7,.-line of figure |Zkb)
increases at a constant rate as J increases further, but for figure |de), the increase of the T,-line slows
as Dy increases further. The increase of the critical lines with increasing J¢ and D in comparison with
their corresponding core spin values is clear since each shell contains six spins.

The final illustration of this work, obtained on the (h, kgT/|J.s|) plane for J.; = —1.0, J. = 2.0,
Js =05and D, = D = 1.0, is quite interesting. It contains a 7.-line starting at a high 7 for 42 < 0.0,
then decreasing as h increases, then after making a dip, it starts rising with increasing /# and finally
becomes constant. In addition, a T;-line starts from the lower temperature for 2 < 0.0 again, increases
with increasing £, and then terminates at an end point. The T¢omp-line is also observed, which presents
a reentrant behavior in the 4 < 0.0 region, then decreases in temperature with increasing /# which then
terminates combining with the second portion of a T;-line. Now this 7;-line decreases as T increases. It
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is clear from the inset that these three lines at higher 7 do not combine.
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Figure 7. (Colour online) The phase diagrams on the (a) (J¢,kgT/|Jcsl), (b) (Js, kT /|Jesl),
(©) (D¢, kpT/|Jes|) and (d) (D, kT /|Jcs|) planes.
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Figure 8. (Colour online) The phase diagram on the (4, kT /|Jcs|) plane.
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4. The summary, conclusions and comparisons

In this work, the magnetic properties and hysteresis loops of a HIN with a mixed spin core—shell
structure are examined. To consider the Blume—Capel model, the MFA based on the Gibbs—Bogoliubov
inequality for free energy is utilized. Several bilinear interaction parameters (J.c, Jss, J.s) between
the core, shell, and core and shell spins, as well as the crystal (D., D) and external magnetic fields
(h = h. = hy) at the core and shell locations, are considered. Thermal variations in the net, core, and
shell magnetizations are investigated for various values of our system parameters in order to generate
phase diagrams on the (J;, kgT/|Jcs|), (D¢, kBT /|Jcs|) and (h, kT /|Jcs|) planes. It is found that the
model only exhibits the second-order phase transitions when 4 = 0.0 for D greater or equal to zero,
first- and second-order phase transitions when 2 # 0.0, and compensation temperatures for all 4. The
Teomp-line for i # 0.0 presents a reentrant behavior at higher temperatures due to the existence of two
compensation temperatures for the given parameters. The calculated hysteresis behavior only displays
three loops at maximum, as in [14} [18, [20]]. Even if there are quantitative differences between this work
and the existing ones, we can mention a few works that present very strong qualitative similarities. Our
first phase diagram given in figure[7(a) is qualitatively similar to the figure[5a) of [15], figure [7] of [16]
and figure 3{(a) and[d{(a) of [20]]. Our figure[7(b) is also qualitatively similar to figure[5[b) of [15], figure[7]
of 18]}, figure[§]of [19] and figure [3(b) and [{(b) of [20]. Figure 3(c)—(d) and figure [ (c)-(d) of [20] are
also identical with our figure[7(c)—(d). The phase diagram on the (h, k gT/|Js|) plane was also presented
in figure g] of [15] for A > 0 which is similar to our figure @ Our T,-line is similar, but the Teomp-line
declines as h increases, contrary to [[15]] where it becomes constant.
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HaHoApiT 3 rekcaroHasibHOIO CTPYKTYPOIO “A4p0-06010HKA" 3i
cniHamwm cniH-3/2 Ta cniH-5/2

M. Kapimy™ P, A. €cydpy? E. An6aitpail

L HauioHanbHa Lwkona eHepreTukuy Ta iHxeHepii Abomes
2 IHCTUTYT MaTeMaTUUHKX Ta Gi3UYHUX HayK, AaHr6o, beHiH
3 iznunwii dakynbTeT, YHiBepcmTeT Abomes-Kanasi, beHiH

4 diznynuii dakynbTeT, YHiBepcuTeT Epaxiec, 38039, Kaiicepi, TypeuunHa

JocnigKeHo MarHiTHi BNacTUBOCTI Ta MeT/i rictepe3ncy Ans rekcaroHajabHOro HaHoApoTy I3iHra 3i CTPyKTypoto
“Sp0-06010HKa", IO CKNAZAETHCA 3i 3MILLAHMX CNiHIB, KOAW CMNiH AAPa Ma€e AOpPiBHIOE 5/2, a cniH 06010HKK
— 3/2. Mogenb bntoma-Kanens po3rmsgaerbcs y HabAMXKeHHi cepeHbOro Noas Ha OCHOBI HepiBHOCTI lN66ca-
Boronto6oBa Ans BinbHOT eHeprii. BpaxoBaHO BM/IMB Pi3HMX NapameTpiB HeniHiiHoi B3aemMogii (Jec¢, Jss, Jes)
MiX S4pOM, 060/I0HKOO Ta CniHamMu siApa i 06010HKK, BigNoBiIAHO, BKAtoYatoumn kpuctan (D¢, D) Ta 30BHiLLHI
MarHiTHi nons (h = he = hg)y By3nax agpa i 06010HKU. LLLo6 oTpumaTi Ga3oBi giarpaMu Ha PisHVX MIOLLMHAX,
AOCNIAXKYIOTCA TEMI0Bi 3MiHW HaMarHiYeHOCTi CiTKW, fApa Ta 060N0HKM MPU Pi3HUX 3HAYEHHAX NapameTpis
cucteMu. BusiBneHo, LWo Mogenb AeMOHCTPYE nule dasosi nepexoam apyroro pogy, konm h = 0.0 ans D €
HeBiZ'EMHUM, a Takox 3HaligeHo Gpa3oBi NepexoAn NepLuoro Ta Apyroro poay ans i # 0.0 Ta komneHcauiiiHi
TeMnepatypu Ans BCix h.

KnrouoBi cnoBa: Teopis cepegHboro rnoss, Mogens baroma-Kanens, nemi ricrepesucy, remnepartypa
KoMreHcayii, HaMarHi4yeHicTb, cucTema 3i aMiLLaHVMy criiHamu
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