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This is part of an unpublished work in collaboration with Ralph Kenna. It was probably not mature enough at the
time it was submitted more than ten years ago and it was rejected by the editors, but some of the ideas had later
been published partially in subsequent works. I believe that this “draft” reveals a lot about Ralph’s enthusiasm
and audacity and deserves to be published now, maybe as a part of his legacy.
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My friend Ralph Kenna

I am writing these words a few days after Ralph Kenna has passed away. Ralph was much more than a
collaborator, he was my friend. We have had a long, fruitful, friendly, enriching scientific collaboration.
His enthusiasm led him to produce new, original, and often revolutionary ideas. This is one of the
elements of Ralph’s personality. This truly sealed our friendship, together with our conception of Physics
and the views of the world that we shared, through strong social and political commitment.

Our collaboration has left many ideas
unresolved, drafts unpublished, some probably
too daring and based on speculations that were
too poorly supported. Still, I would like to
submit to the editors of this journal one of these
texts which dates from 2012, with Jean-Charles
Walter as a third co-author. The paper was
rejected, but I think that it is worth publishing
as part of Ralph’s legacy, along with some of
the critical comments made at the time by the

referees, that led to its rejection. " _ Ay il /
Photo, courtesy of Thierry Platini.

This is not to circumvent the work of the referees. The article included a hypothesis that was probably
insufficiently supported, at least not enough to convince the referees, but it reflected much of the audacity
of which Ralph was capable. Ralph has always been unwavering in his support for Ukraine, in particular
since the Russian invasion. The publication of one of his bold scientific texts by a Ukrainian journal
could be seen as a mutual, unfortunately, posthumous support.

The unpublished paper

I am writing these lines as if it were Ralph’s work alone. This allows me to pay tribute to the fact
that I considered him the driving force behind our collaboration. We were very complementary in our
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way of working, I believe. I sometimes held him back in speculations, and if I allowed myself a wink,
even when he mixed Star Trek with our work! The cover letter had been written by Ralph. His style
can be recognized as his enthusiasm, using words like “fundamental issues of statistical physics in high
dimensions”, “Our new theory incorporates or subsumes existing theories” or “shift in the paradigm”:

The material in our paper connects with fundamental issues of statistical physics in high
dimensions. We identify subtle, hidden flaws — even at the level of mean-field theory —
which we believe have profound consequences. Because of the subtle nature of the issues
we address, we offer here a very brief contextualization. (...) The statistical mechanics
of condensed-matter, high-dimensional physics have been puzzling for a long time. It has
been summed up by Kurt Binder et al. as “a rather disappointing state of affairs” — “the
existing theories are not so good”. In addition, systems with free boundary conditions have
been described by Peter Young et al. as particularly “poorly understood”. Since they are
experimentally accessible, the understanding of such systems impacts our understanding of
finite-size materials with surfaces, comprising particles with long-range interactions. Our
new theory incorporates or subsumes the existing theories and is compatible with a vast
amount of analytical and numerical evidence. However, our theory goes beyond this and
introduces a powerful new principle that predicts and explains important features missed by
current theories. For free boundaries, we show why 40 years of literature on the subject is
based on an incorrect assumption.

We believe there is no current empirical or analytic evidence pointing against our new
theory and it represents a shift in the paradigm of finite-size scaling and Landau mean-field
theory in high dimensions. For these reasons, we would be grateful if you would consider
the paper.

Q-information-entropic foundations of scalingin
high dimensions and emergence of four
dimensionality
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The emergence of a length scale that exceeds the linear extent of a finite-size, high-dimensional, pseudocritical
system, and originates in the dangerous-irrelevant-variable mechanism of the renormalization group, is
accompanied by a separation of associated dimensions. Here, we show that this phenomenon manifests
a negative anomalous dimension associated with the correlation function alongside the effective, vanishing
(Gaussian) one and allows universal extension of hyperscaling to high-dimensions as well as a second,
fundamental fluctuation-response relation. We offer an information-entropic explanation for this phenomenon
including for logarithmic corrections at the critical dimension. This mechanism offers a way to manifest
short-range, high-dimensional Euclidean quantum-field systems as a four-dimensional without dimensional
compactification or sub-manifold restrictions.

Key words: phase transition, critical exponents, upper critical dimension, hyperscaling relation, dangerous
irrelevant variable

It is well known that standard finite-size scaling (FSS) is valid below the upper critical dimension
d = d. when hyperscaling holds and where the correlation length is comparable to the linear extent of a
system exhibiting a continuous phase transition [1]. Above d., standard hyperscaling breaks down, and
the bulk critical behaviour there is described by mean-field exponents [2]. FSS was analyzed for d < d.,
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Euclidean ¢* theory and the Ising model with periodic boundary conditions (PBC) [3H22] following
large-n analytical studies by Brézin [2]. The breakdown of standard FSS and hyperscaling is attributed to
Fisher’s dangerous irrelevant variables [23] in the renormalization-group (RG) framework [3H6} [10, [11]].
To repair FSS above d., Binder introduced another length scale that emerges from the RG treatment,
dubbed the thermodynamic length [3} 8} [16]. Below d., it coincides with the correlation length, while
above d., it scales as a power of the system size. Extensive comparisons with numerical simulations
have been performed and FSS above the upper critical dimension with PBCs is now considered to be
well understood [[12H15) 24} [25]). Tt is therefore perhaps surprising that, although the role of dangerous
irrelevant variables in the breakdown of hyperscaling in high dimensions is well developed [3H22],
FSS above the upper critical dimension was summarized by Binder et al. as “a rather disappointing
state of affairs — although for the ¢* theory in d = 5 dimensions, all exponents are known, including
those of the corrections to scaling, and in principle very complete analytical calculations are possible,
the existing theories clearly are not so good” [17, 25]. In contrast to the PBC case, there have been
relatively few studies of high-dimensional systems with free boundary conditions (FBC) [7, 22], which
are complicated by additional scaling fields associated with boundaries in the RG picture [24} 26]. The
situation with FBCs was recently described in reference [21] as “poorly understood”. Here, we present
an alternative, corroborative theory and show that high-dimensional Ginzburg—Landau—Wilson physics
is less “trivial” than hitherto realized. Although delivering some correct scaling and FSS behaviour
above d., it is indeed lacking in several respects, most seriously for FBCs at the pseudocritical point. A
comprehensive picture emerges by simply separating notions of underlying space and emergent space.
The corresponding two notions of the correlation function, one of which has a stretched exponential form,
are then associated with two separate anomalous dimensions and two associated fluctuation-response
relations, only one of which is captured by mean-field theory. At the critical dimension, there are
analogous pairs of logarithmic terms and scaling relations [27, [28]]. We demonstrate that existing analytic
and numerical-based understandings of FBCs at pseudocriticality are unfounded and propose to postulate
that FSS there is more similar to the PBC case than hitherto realized. Hyperscaling may then be extended
beyond the upper critical dimension universally. After presenting numerical evidence supportive of our
claims, we then propose an information-entropic foundation[T] which lays behind, and greatly simplifies
the dangerous-irrelevant-variables picture and delivers a new prediction for logarithmic corrections at
d=d,.

With the reduced temperature ¢ denoting the distance from the critical point, the standard, leading,
critical scaling forms for the specific heat, spontaneous magnetization, susceptibility and correlation
length are coo (1) ~ [t]™%, Mmoo (t) ~ |t1B, xoo(t) ~ |t|77 and £, (¢) ~ ||, respectively. Here, the subscript
indicates the linear extent of the system. At ¢ = 0, the magnetization in field scales as me(h) ~ |h|'/¢.
For sufficiently large distances r, and for d < d., the correlation function decays exponentially away
from criticality G (r) ~ r~P exp(—r/&) while at the critical point itself it reduces to a simple power law,
G(r) ~ r~d=2*m Mean field theory predicts p = (d — 1)/2 outside the critical point and n = 0 at
criticality. The six standard critical exponents a, 3, ¥, ¢, v and nj are related through the scaling relations.
Of these, the hyperscaling relation

vd=2-a for d<d., (1.1)

is conspicuous in that it involves the dimensionality d and fails above the upper critical dimension, which
is d. = 4 for the Ising model. There, Landau’s mean field exponents are @ =0, 8 =1/2,y = 1,6 = 3,
v =1/2,n = 0. Below d. dimensions, it is well known that the finite-size counterpart of the correlation
length ¢ scales with the system extent &7 ~ L and FSS is obtained by fixing the ratio &7, /£ (¢) [1]]. Above
d = d., one has instead that FSS is governed byE]

&p, ~ L1, where ¢=d/d., (1.2)

which arises through dangerous irrelevant variables, at least for PBC’s [2H17]. The quantity ép, has
been dubbed characteristic length in reference [24] and has been related to the correlation length [2, [21]],

I[Footnotes are BB comments as of 2023.] This is probably the most audacious claim in the paper.

2 After a suggestion of M.E. Fisher, the exponent g was later denoted in our subsequent papers as the archaic Greek letter ¢, see
e.g. [46147]. T adhere to this notation in the rest of this text and use ¢ instead of g. The first 34 references are those of the original
paper, those starting from [46] are additional references available at the end of this article.
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thermodynamic length [3L (8] or coherence length [24]. The emergence of the power-law relationship (1.2))
may be understood heuristically by demanding that the volume associated with £p, (measured in units
of xp in d. dimensions, say) should correspond to the actual volume of the system (measured in units of

Zo in d dimensions),
gPL de (L d
2 I el 1.3
( X0 ) 20 (-

The replacement &, (¢) ~ £p, yields |¢] ~ L~=%/¥_ so that the susceptibility scales as

?
xL~L% =L%. (1.4)

Equation does not, however, capture the logarithms present in d. dimensions and these are addressed
below. Evidence from a variety of studies supports equation (I.4) for PBC’s [2H51[7-22]], but the prevailing
picture is that ¢ = 1 for FBC’s [[7, 22} 130, 31]].

That ¢ is indeed d/d. can be seen from the Lee-Yang zeros of the partition function, which offer
another way to characterize phase transitions [32, [33]. The standard scaling behaviour for the edge
of their distribution is Aedge (1) ~ t* where A = f36 is the gap exponent. The FSS for the jth zero is
hi(L) ~ (j/ L4)A%/vd [[34]). Following reference [28] [29], we write the finite-size susceptibility in terms

Lll

of the Lee-Yang zeros as yz ~ L™¢ Y hl‘.z(L) which, at pseudo-criticality gives

J=1
Ld
209 289
xo~ L5 (L), (1.5)
=1

Together with the standard, static scaling relations 28+y = 2—a and 8(6—1) = y, matching equation (1.4
to equation (I.3) gives the requirement that

Vd_

- 2-a. (1.6)

This recovers the standard hyperscaling relation (I.T)) below d. dimensions provided ¢ = 1 there, as is
well established. However, if ¢ = 1 persisted above d. = 4 (in the Ising case), equation (I.5) would
deliver a spurious leading logarithm in the d = 6 case, irrespective of boundary conditions. Since
there is, in fact, no such logarithmic correction to the leading scaling behaviour [2} 27H29 35 [36]], this
indicates that ¢ cannot be 1 even for FBCs. The incorporation of ¢ into equation (1.6) essentially extends
hyperscaling (I.1)) beyond the upper critical dimension.

Having separated the notions of emergent length, volume, and dimensionality from those of the
original system in equation (I.3)), it is sensible to distinguish the associated spaces. We refer to the original
d-dimensional system as Q-space, the Q-lattice or the Q-continuum and emergent, d.-dimensional one
as P-space, hence the notation &p, .

Fisher’s fluctuation-response relation is associated with the correlation function G (r), which is also
dimension dependent and needs reexamination to account for whether the distance is measured in the
d-dimensional Q-space or the emergent d.-dimensional P-space. When these are not distinguished
(below the upper critical dimension), the standard derivation is to integrate G over space giving

I3
X~JGMW*W~§”, (1.7)
0

leading to v(2 — 1) = y.
Replacing G (r) by unity in equation li gives the volume of space to be O‘EL drrd=! = &4 This is
correct below the upper critical dimension where £;, ~ L. Above d = d., however, bounding the integral

by &p, would erroneously give the volume of space to be §;’£ ~ L%/dc  The problem is due to the
failure to separate the notions of distance in P-space and Q-space. If the integral is bound by £p, , one
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must integrate over the d. dimensions of P-space. Alternatively, if the integral is d-dimensional, it must
be bound by £, = (ép,) /%~ L. With x referring to P-space distance, the former approach gives

épy

XL~ J Gp(x)x®tdx ~ £, (1.8)
0

where G p(x) is the P-space correlation function

e~X/épp,
Gp(x) ~ T2 (1.9)
away from criticality and
1
GP()C) NW (110)
at it. This identifies the usual Fisher law
np=2-2 (1.11)
v

as a P-space relation. With y/v = 2, we see that the mean field theory only captures the anomalous
dimension of emergent P-space: np = 0. The P-distance x is related to displacement z in Q-space via
x ~ z%. In terms of this underlying scale, the counterparts of equations (1.9) and (1.10) are

o—(2/é0,.)% 1
GQ(Z) ~ Z(d——l)/Z and GQ(Z) ~ m, (1.12)

respectively. Integrating this function over the d dimensions of Q-space yields the correct FSS
formula (T.4). We identify the anomalous dimension in fundamental Q-space as

9
nQ=2(1—?)=2—77, (1.13)

which is the fluctuation-response relation there.

Since @ and v in the extended version of hyperscaling (I.6) are universal, ? may be expected to be a
new critical exponent. However, conventional wisdom has it that ¢ = 1 for FBC’s in particular, and that
X1 cannot diverge more rapidly than LYY = L? above d. [4,17,1100111], 21} 30]]. In this sense, convention
holds that FSS is not quite universal after all. Indeed, the failure to properly separate £p, from &g, ~ L
in equation , and in conventional FSS, would instead lead to the Gaussian form y;, ~ L2

To test for universality, we simulated the Ising model in 5D using lattices with both PBCs and FBCs.
In figure[T|(a), the FSS of the susceptibility peak is plotted against L in 5D and the form (I.4) is verified,
in agreement with references [2H5] [8H22 24, [25]] in the PBC case.

For FBCs, the proportion of sites in the bulk of a size-L lattice is (1 — 2/L)¢, the remaining ones
being in lower-dimensional manifolds. Thus, the L = 4 to L = 20, 5D lattices of the recent numerical
work [22] have only between 3% and 59% of sites in the bulk and do not represent five-dimensionality.
The resulting conclusion is that y; ~ L? is therefore not a 5D one. On the theoretical side, it is reported
in reference [7] that equation (I.4) “cannot hold for free boundary conditions because it lies above a
strict upper bound” (namely LY/ = L?) established in reference [30] (see also reference [31]]). However,
that upper bound was determined at 7., not at 77, and using the fluctuation-response relation (I.TT])
instead of (I.T3). Moreover, the Fourier analysis of reference [7], which yielded the same conclusions,
neglects the quartic part of the Ginzburg—Landau-Wilson ¢* action because of an expectation that the
Gaussian result should “apply as an exact leading order result in more than four dimensions”. It was
shown in references [12H14] that for PBC, the anomalous FSS behaviour (T.4) is obtained from precisely
this term. These observations, together with the conclusion that ¢ = 1 delivers leading logarithms in
d = 6 from equation (I.3), indicate that the FSS paradigm from numerical and analytical conclusions
in over 40 years of literature on the susceptibility of FBC lattices above d. is unsupported, at least at
pseudocriticality [[7, 122,30, 131]].
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Figure 1. (Colour online) (a) The susceptibility peak for 5D lattices with PBCs gives an effective exponent
of 5/2 as predicted by Q-theory, rather than the Gaussian value 2. A similar plot for FBCs delivers the
same result once boundary sites are removed. (b) The second-moment correlation-length peak, Lee-Yang
edge, pseudocritical point and correlation function on 5D PBC lattices support the Q-theory predictions
&~ LY, hy ~ L9/, he ~L73% 1, ~L™ %Y and G ~ L~(d=29) gver conventional FSS (which is
equivalent to ¢ = 1 in each case).

We simulated 5D FBC Ising lattices up to L = 40. To probe the d-dimensionality of the system, we
remove the contributions of sites close to the surfaces resulting in lattice cores of size L/2. The plot
demonstrates that this procedure changes the apparent effective critical exponent from 2 (coming from
the 4D surface sites and erroneously hinting at Gaussian behaviour) to 5/2. (In fact in figure [I(a), the
susceptibility peaks for FBC lattice cores are multiplied by 5 to bring them within the range of the plot,
but this does not affect scaling.) This supports the universality of 9 and modified FSS at pseudocriticality.

To numerically extract the correlation length, we use the second moment of the correlation function &y .
The FSS of the correlation-length peak and the pseudocritical point are given in figure [T(b) for PBC’s
and verify the 5D scaling forms &7, ~ ép, ~ L>*and t; ~ L™/ over the Gaussian forms &, ~ L and
tr, ~ L72. The validity of modified FSS above d. = 4 is further confirmed for the Lee-Yang edge, which
scales as h(L) ~ L~'5/* instead of h(L) ~ L~3. The pseudocritical field scales as h.(L) ~ L~'3/4
instead of as L3, (The Lee-Yang zeros are multiplied by 10* and the pseudocritical field by 200 to bring
them within the range of the plot.) The form G ~ L™>/? from equation is also verified and the
Gaussian form G ~ L2 is dispelled (see also reference [12-14]). This represents a fundamental change
in our understanding of the behaviour of the correlation function in high dimensions — the hitherto
widely accepted mean field value of zero for the anomalous dimension is an effective one, holding when
the distance is measured in emergent P-space only. In terms of the more fundamental distance scale of
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Q-space, the anomalous dimension is negative and given by equation (1.13]).

To summarize so far, above the upper critical dimension, a second notion of distance &p, ~ LF
emerges alongside &g, ~ L [2L[3}15, 18 21, 24]. Each length scale has an associated dimensionality; d for
the fundamental Q-space and d. for emergent P-space. Correlation decay is governed by the stretched
exponential (@) in Q-space and the more usual form @) in P-space. Defining vp = 9vg = v restores
the new hyperscaling and fluctuation-response relations and to the standard forms vD = 2—a
and v(2 —n) = vy, provided (D, v,n) = (d,vg,no) in Q-space and (D, v,n) = (d., vp,np) in P-space.
The thermodynamic limit is then characterized by £p_ ~ [¢|772 and £ép, ~ [¢t|7”F in fundamental and
emergent space and only the latter is captured by mean-field theory. Thermodynamic functions ¢, m and
x and associated exponents a, 3, y, ¢ are the same in Q-and P-space since, rather than notions of length
or dimensionality, they involve sums over the lattice or integrals over the continuum.

We now turn to logarithmic corrections at the upper critical dimension itself and propose a deeper
reason behind the heuristic arguments for equation (I.2) given earlier. FSS at the upper critical dimension
exhibits multiplicative logarithmic corrections of the form [2} 21} 27, 28]

é~L(nL)*, (1.14)

which is not captured by the heuristic argument associated with equation (I.3). An empirical observation,
which to our knowledge has gone unnoticed in the literaturd?) is that the relationship

!

%= a. (1.15)
appears to hold for models at their upper critical dimensions: d. = 4 for the Ising and O (n) models for all
values of n; d. = 6 for m-component spin glasses for all m, as well as for percolation and the Yang-Lee
edge problem; and d. = 20 for models with long-range interactions characterised by o [28},129]. Models
below the upper critical dimension which exhibit logarithmic corrections, on the other hand, have ¢ = 0
(e.g., the 4-state Potts and Ising models in d = 2, the random-bond or site Ising model in d = 2, and the
n-color Ashkin-Teller model) 28, [29]).

A transformation of the form x = z° from Q-space to P-space is not bijective and is therefore
associated with a loss of information, which should be taken into account. According to the Landauer
Principle, any such logically irreversible transfer of information must be accompanied by an entropy
increase [37]. Recent experiments verify that information is indeed physical and the conversion of
information to energy is possible [38l 139]. In statistical mechanics, information is measured through
Shannon or Hartley entropy, which is an extensive concept provided the system under consideration has
short-range interactions. The Hartley information content of Q-space is H = In W where W = (L%)! is
the number of ways to place L spins on the Q-lattice. Assuming the information loss is proportional to
the amount of information available, Landauer’s theory predicts the energy gain in mapping from Q- to
P-space is g—‘;‘;L'ePL - L%p, =In(L) = L9n L? by Stirling’s approximation. Here, eg, and ep, are
the internal energies in Q-and P-space, respectively, and, dominated by the regular part, are constant to
the leading order. Above the upper critical dimension, we have seen that we must account for long-range
correlations since ¢ > 1 and 7o < 0 in Q-space. We, therefore, promote the Hartley information entropy
to Tsallis’s Q-logarithmic form, so that

de
PL
aTq -

1~blng LY, (1.16)

for constants a and b. The Q-logarithm, defined as In; z = (z4=! = 1) /(G — 1), becomes a usual logarithm
in the limit § — 1. The identification ¢ = 1/9 yields &ép, ~ L¥(1+cL™(4749<)), recovering equation
as the dominant behaviour when d > d, together with the same corrections as those from the RG
treatment of the susceptibility in references [12H14]]. If d < d., equation (I.16) delivers £ép, ~ L with
corrections which are swamped by the Wegner irrelevant-field terms [41-43]]. In addition, the 9 = 1 limit
delivers equation (I.15)), explaining the observations made earlier for various models. This also explains
why ¢ = 0 in models away from their upper critical dimensions [2829].

3An argument was later given in [48]].
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When d = d., the P- and Q-space correlation functions and become Gp(x) ~
x~e=241) (Inx) 7P and Go(x) ~ z~(4=2+) (Inz)"e, respectively. With & (1) ~ |t|™(=1Int[)” and
Yoo(t) ~ |t]7Y(=1In|t])?, logarithmic analogues to and are jp = 9 — 7(2 - n) and
o =7 — (¥ — 9)(2 — n) respectively (also see supplemental material). In condensed matter physics,
systems with long-range interactions have a lowered upper dimensionality [15} 44]]. Thus three, or even
two-dimensional systems may reside above d. and be experimentally accessible. In the RG approach
to such systems, the lattice spacing has physical meaning and the physical quantities are the bare ones.
Similarly, in condensed matter, the Q-space introduced here is physical, while P-space is a mathematical
construct without direct physical meaning. This is why the anomalous dimension is given by the new
equation (T.T3)) rather than equation (T.TT).

In high-energy, fundamental-particle systems, on the other hand, the lattice spacing is an artificial
construct that regularizes quantum field theories. Continuous phase transitions, where the correlation
length (inverse mass gap) diverges, are the portals through which such theories return to the continuum
limit. Physics takes place on the length scale &7, = £p, and the RG philosophy is that the emergent
(renormalized) quantities are the physical, observable ones. Similarly, in Q-theory, P-space is physical
spacetime which emerges via Q-information-entropic, dangerous irrelevancy [4} [12H15] 23] through
Binder’s thermodynamic or correlation length [3| 14, 8 [16] (see supplemental material). Thus, a d. =
4-dimensional physical system, with length scale £p, , emerges from a Euclidean field theory with length
scale L and arbitrary dimensionality d > 4, while the anomalous dimension is the mean-field one given
by equation (I.1T).

Finally, in discussing spontaneous symmetry breaking, Coleman famously remarked that “a little man
living inside . . . a ferromagnet would have a hard time detecting the rotational invariance of the laws of
nature” [45]. We now realize that he is confronted with a similar difficulty if he attempts to measure the
dimensionality of his world. Since physics takes place on a scale associated with the emergent length,
any attempt to measure the extent of a high-dimensional universe yields £ép, rather than the underlying
length L and the little person’s world will appear to have dimensionality d. = 4 rather than d. Although
we start with a highly correlated (vg = ?vp , ¢ > 1,770 < 0) d > 4 dimensional Q-space, the physical
universe necessarily emerges as a Gaussian (vp = v = 1/2, np = 0) four-dimensional one. The extension
of hyperscaling to above four dimensions through the Q-information-entropic, dangerous-irrelevant
mechanism proposed here delivers an explanation for the four-dimensionality of our physical universe
without the need for dimensional compactification or submanifold restrictions which are features of other
high-dimensional theories. Q-theory, therefore, provides a mechanism for hiding the extra dimensions
that have long been suspected.

Acknowledgements: We thank Christophe Chatelain and Yurij Holovatch for discussions. This work is
supported by the EU FP7 IRSES Projects 269139 and 295302.
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The critiques from the referee

We received three referee reports. Two of them (say A and B) suggested the paper be submitted to

a more specialized journal, stating it was not of sufficient general interest. B agreed that “the issue of
FSS for d > 4 certainly requires better understanding” and that our “ideas and claims might ... constitute
progress”. C said we “raise some interesting issues about scaling” and expose “an inconsistency which
may not have been pointed out before”. All this is rather positive (we all know that the general interest
issue is referee-dependent).
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The problem of “Q-entropy”

More serious is that both Referees A and C were puzzled by our derivation of equation (I.16)) and our
usage of the term “Q-entropy” and Referee B was concerned that our paper lacked a “solid foundation in
terms of a viable theory”. Also, Referee C asked “Surely if I live in a seven-dimensional world, I would
be able to look out in all seven dimensions, and not think that I was living in only four dimensions?”.

As we see, the major criticism concerns the very subject of the article, and although more details
were available in the Supplemental Material that we had provided in support of our submission, this did
not convince the Referees. We gave up and did not submit the same paper anywhere else, since we agreed
eventually our hypothesis was not solid enough.

Nevertheless, I think it is useful now to provide an answer, using other insights from unpublished
material. We based the central hypothesis using a nonextensive entropic start. We were aware that
nonextensive entropy, while enjoying the support of some famous names (Gell-Mann [49]]) is not
universally supported (Nauenberg [50]]). Nonextensive entropy is a generalization of the traditional
Boltzmann-Gibbs entropy used in statistical mechanics. It has found applications in various fields,
including complex systems, systems with long-range interactions which depart from extensivity, and
non-equilibrium statistical mechanics (for example the volume from the Sante Fe Institute on the Sciences
of Complexity edited by Gell-Mann and Tsallis [49] is devoted to applications in complex systems). On
the other hand, nonextensive entropy has faced several critiques. One of the main critiques revolves
around its theoretical foundations and the departure from the standard principles of statistical mechanics.

Despite these caveats, since this single hypothesis is capable of explaining (i) the coincidence of the
finite-size correlation length with system size below the upper critical dimensionality (ii) the power-law
scaling & = LY above d.., (iii) the multiplicative log corrections to the FSS of & in a multitude of models
at d. and their absence in models away from d., we felt it constitutes progress.

Let us look at the problem with the elaboration of equation @), but before that, a few comments
are in order to clarify the meaning of the different lengths introduced in the original submission. The
quantity called correlation length, £(t) ~ |t|™", is, as usual, the characteristic length appearing in the
correlation functions, e.g., that which measures the typical exponential decay of the correlations when
approaching criticality. What we denote as ép, ~ L and call characteristic length is just the physical
length associated with the lattice (Q-space) and &ép, ~ L?, called emergent, is the finite-size critical
correlation length (in P-space). The thermodynamic length was introduced in reference [3] to account for
the fact that £, does not govern FSS in P-space. In terms of our notations, it is £(¢) ~ 7]7¥/% and its
FSS counterpart was called coherence length in reference [24].

In terms of the finite-size correlation length, the volume of the system in emergent space is P =
(€1 /x0)% while that of the physical space is Q = (L/z9)¢. Here, x( and z are lattice units.

We will show that the hypothesis

P~Q or ¢&e~Ld (2.17)

is valid to first approximation (i.e., to the leading order) for d. = 4, where the symbol “~” indicates
asymptotic proportionality (similar scaling behaviour at least to leading order). Equation does not
constitute a full description of correlation-volume scaling because it does not capture the logarithmic
corrections in equation (I.14) which are present when d = 4.

Moreover, the map associated with equation (2.17) is not bijective. In particular, if ¢ > 1, a given set of
coordinates in some reference frame of the P-space is not sufficient to reconstruct a corresponding event
in the Q-space unambiguously. The loss of information in going from Q-space to P-space is associated
with the fact that long-range correlations are introduced in Q-space automatically. The reason is that even
short-range correlations between contiguous sites in P-space translate to interactions between several
non-adjacent sites in Q-space. These are consistent with the notion that £; emerges from dangerous
irrelevant variables (DIVs) and Renormalization Group (RG) (see reference [51[]) but not the other way
— the RG is a semi-group, not a group. These arguments mean the information-cardinality of Q-space is
greater than that of P-space — a Q-microstate contains more information than a P-microstate.

Therefore, the RG DIV transformation from Q-space to P-space is logically irreversible in the sense
that the former cannot be uniquely determined from the latter. According to the Landauer Principle,
information is physical and the deletion of information is a dissipative process accompanied by an
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entropy increase, and conversion of information to energy is possible [52H54]]. The information content
is measured through the Shannon entropy,

w
H==Y piinpi, 2.18)
i=1

where p; is the probability of the particular message i from the “message space” which contains W
messages [S5]. If the microstates i have equal probability, the information entropy becomes the Hartley
entropy [56]

H=IW. (2.19)

In the case of thermodynamic probabilities, the connection between information entropy and
thermodynamic Gibbs entropy comes by identifying the (reduced) Gibbs entropy with the amount
of Shannon information needed to uniquely determine the microscopic state of the system from its
macroscopic description.

Here, we write the total energy content of Q- and P-space as

EQ = QEQ, Ep = PEP, (220)

in terms of the energy densities in each space, and these energies are expected to differ due to the difference
in their information content. In the discrete case, W = P!/(P — Q)! distinct pieces of information
(messages) are required to reconstruct Q-space from P-space. The corresponding Hartley entropy is

P!

HQ—)P =

The Landauer energy gain associated with this loss of information in going from Q-space to P-space is
kgTHg_, p. Conservation of energy/information then demands that

Ep—Eg =kgTHg-p. (2.22)
Now, defining 1 = ep/ep and k = kgT/€eg, we have, using Stirling’s formula,
AP-Q=«k(PInP—-(P-Q)In(P-0Q) - Q), (2.23)
and introducing r = Q/P < 1 this becomes
AP-Q =«kQ(InP+ (1 —r HIn(1-r)-1). (2.24)

The leading contribution reads as AP — Q ~ kQ In P [then, 7 ~ 1/(xkInP) and (1 —r~ ") In(1 = r) = 1],
which can be iterated to produce

R

AP -0 «QInP

kQ(InQ +InlnQ +...)

KQIIIQ(1+O(hI:anQ)).

Note that the dominant Q term is not that on the left which we started with. Instead, it is the newly arising
term coming from the information entropy — the term on the right.
Atd =d. =4, inserting P ~ 52 and Q ~ L* into equation (2.25) recovers equation li with

1

1

(2.25)

Q=1/d.=1/4. (2.26)

To deal with the d > 4 case, we have to take the character of the interactions on the two spaces
into account. We started with a model in Q-space with only nearest-neighbor interactions. Long-range
correlations emerge in Q-space (7o < 0 and ¢ > 1) but not in P-space (yp = 0). Therefore, the
long-ranged correlations are a property of the Q-lattice, not a property of the spin interactions, which
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remain short-range. To take this into account, we promote the measure of information content to Tsallis’
g-entropy [49]. A minimalist way to do this is to promote the entropic logarithm in equation (2.23) to a
g-logarithm:

AP - Q ~kQlIng Q, (2.27)
where -
Qi — 1
InjQ = —— 2.2
ng 0 = = (2.28)

which delivers the ordinary logarithm when § — 1. Equation (2.27) is then equation (I.T6) in the form
A&l > kL g (L) + L. (2.29)

The value of g is chosen to recover equation (I.2) to the leading order, as well as the main corrections to
scaling calculated by Luijten and Bl6te [57]]. In the case of the susceptibility they got

xr =L (ag+a\fLY? + b L7+ ), (2.30)

where f ~ L4442 je. y; ~ LY?(1 + cL* 9 + ...). In the case of the correlation length, this would
translate into
&~ LA+ L+ .. (2.31)

This is exactly what we get using § = 1/9.

The problem with FBCs

Referee B did not feel “that a coherent and viable FSS theory has been developed for free boundary
conditions”. Referee C suggested checking the rounding exponent alongside the other exponents. We had
done this, and we confirmed the Referee’s expectation that both the rounding and shifting exponents are
d/2 for PBCs and for FBCs we confirmed the Referee’s expectation that the shift exponent is 2 and the
rounding exponent is d /2. The Referee’s motivation here was that, if the shift is bigger than the rounding,
T, will be too far from 7}, to “feel” the peak — which will be outside the FSS zone. This would explain
why, even if yz (T;) (at the pseudocritical point) scales as L4/? for FBCs, y.(T.) (at the critical point)
may scale differently, like L? at 7., and may rescue Gaussian FSS at 7. for FBC.

We had checked this explicitly too and we found that in 5D y (T;) (at the critical point with FBCs)
scales as L'-71(?) ysing all sites of the Q-lattices or L'-92(2) using only sites at the core of the lattices.
This was close to, but not quite the Gaussian behaviour expected by the Referee. Therefore, we had not
been able to confirm the Referee’s expectation that it is Gaussian at criticality. Specifically, we were able
to claim, in our revised version that (i) Q-space systems with PBCs and d > d. are not Gaussian either
at criticality or at pseudocriticality. Instead ¢ = d/d. governs modified FSS. This was in agreement with
Luijten’s and Blote’s numerics in the PBC case at criticality [58]]. (ii) Q-space d > d. systems with
FBCs are not Gaussian at the pseudocritical point. Instead, ¢ = d/d. governs modified FSS there. Thus,
pseudocriticality with FBCs is essentially the same as pseudocriticality with PBCs and obeys modified
FSS. (iii) Q-space d > d. systems with FBCs may or may not be Gaussian at the critical point, but with
currently available lattices our numerics were not supportive of Gaussian behaviour there. The question
went on attracting the attention of the community later [59,160], and even recently, Ralph was still involved
in trying to solve this difficult question [61]. (iv) All d > d. systems in P-space are Gaussian, as per
Landau theory.

Since 2012

Since 2012, a few papers that I consider as important in the field have been published, clarifying, or
completing some of the perspectives presented in the present paper.

As far as I know, Wittmann and Young [62]] were the first to study the FSS of Fourier modes in
high dimensional Ising models. They have shown that the modified FSS that allows for violation of
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hyperscaling due to a dangerous irrelevant variable applies only to k = 0 fluctuations, and that “standard”
FSS applies to k # 0 fluctuations. Nevertheless, the denomination of “standard” was referring to Landau
scaling while an elucidation in references [60, 63] has shown that this should be understood as Gaussian
Fixed Point scaling.

The universality class of the percolation problem above its upper critical dimension d. = 6 was
studied from the perspective of the role of the dangerous irrelevant variable in systems with PBCs and
FBCs in reference [64]].

After the spectacular work of Luijten [58] in 1997, the case of the logarithmic corrections of the Ising
Model exactly at d. = 4 was revisited very convincingly recently by Lv et al. [65]].

The work of Langheld et al. [[66] has extended Q-FSS to quantum systems in a remarkable manner.
The study was performed in the case of a finite d-dimensional Transverse Field Ising Model (TFIM),
a quantum system of Pauli spin operators interacting in nearest neighbours, ~ o-l.zo-; (the long-range
interacting case was also considered), with an additional transverse interaction ~ ho;*. The quantum
time evolution plays the role of an additional space dimension for the classical analogue L¢ X co of
dimension D = d + 1. For the d-dimensional quantum system, the upper critical dimension is thus
d:. =3 = D, — 1 and the exponent ¢ takes the value ¢ = d/3 = (D - 1)/(D. — 1) which differs from
a D-dimensional classical analogue for which one would have ¢, = D/4. The hyperscaling relation
also needs to be rewritten. d-dimensional classical systems below their upper critical dimension have
2 — @ = vd. d—dimensional quantum systems have 2 — a = v(d + z) in terms of the anisotropy exponent
(that distinguishes the time direction from the spatial ones), and above their upper critical dimension,
quantum systems have 2 — @ = v(% +2).

Random field Ising models above their upper critical dimension (d. = 6) in d = 7 were studied very
recently by Fytas et al. in reference [67]] where the anomalous FSS of the correlation length &7 ~ L§ was
confirmed for the first time in a disordered system.

Some personal thoughts

A scientist leaves a mark through his scientific production, and his articles, but also through how he
has left his mark on the people he has encountered, his students, and his colleagues. Ralph is certainly
one of those people whose memory will stay with us for a long time. I think he would have been happy
to have this article published and I don’t think I’m betraying his wishes by submitting it to Condensed
Matter Physics.
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Mpo ogHy Heony6ikoBaHy po60oTy 3 Panbpom KeHHOIO

[P Kenria %, B. Bepuf®

1 LleHTp gocnifKeHHSs PigunH i cknagHux cuctem, YHiBepcuTeT KoBeHTpi, AHMIS
2 JlabopaTopis TeopeTnyHoi ¢ismkm Ta ximii, CNRS - YHiBepcutet SlotapuHrii, UMR 7019, HaHci, ®paHuis
3 Konabopauis L4, Nainuur-NoTtapuHris-/bBis-KoBeHTpi, EBpona

Lle yacTvHa Heony6aikoBaHoi po6oTu y cnisnpat 3 Panbdom KeHHoto. MMoBipHO, BoHa 6yna Lije HeaoCTaTHLO
3piNoK0 Ha MOMEHT MOAaHHSA NOHaA AecATb PokiB TOMy. BigTak, ii Bigxununnun pegakropu, ane gesiki igei nisHiwe
6ynn YacTkoBO ony6NikoBaHi y HaCTyNHKX poboTax. f BBaxato, Lo Ls “d4epHeTka” Ay>e 6arato po3nosigae npo
eHTy3ia3M Ta cMinuBicTb Panbda i ToMy 3ac/yroBye Ha ny6ikaL,ito 3apas, MOXMBO, IK YaCTUHA A0ro CNaALLMHN.

KntouoBi cnoBa: yHiBepca/bHiCTb, CKiH4eHHOBUMIPHWI CKEHAIHT, BEPXHS KPUTNYHA PO3MIPHICTb
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